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FOREWORD 

Vladimir Aleksandrovich Fock was one of the group of brilliant 
physics theoreticians whose work built the magnificent edifice of 
the quantum theory. 

Forty five years have passed since he wrote the first edition of 
this unique course in quantum mechanics, which was the first of 
its kind in the Soviet Union and· one of the first in the world. 

Despite the 45 years, the nature of this book, the organization 
of the material, and the interpretation of specific topics all appear 
more natural today than when the book was first published. This 
is a feature of none but books whose authors have taken an active 
part in creating the subject of research and have understood it 
much more deeply than most of their contemporaries. 

Practically every section of the course has to do with the au
thor's own re!learch, much of which has become an essential ele
ment of the quantum theory. This lends the course the special 
attraction of being basic. 

As the title indicates, the book lays no claim to complete 
coverage of the subject. It gives only the simplest applications in 
addition to the basic concepts of the theory. Many of the more 
complex problems, such as the theories of molecules, atomic 
nuclei, and solids, are not included in the course. 

The changes and additions to be found in the second edition 
are primarily related to the introductory part of the course, 
Chapter I, and concern the philosophical foundations of the quan
tum theory. Fock considered it of prime importance to formulate 
the basic concepts of quantum mechanics from the proper mate
rialistic standpoint. The views outlined in Chapter I evolved from 
numerous discussions, some with Niels Bohr. In fact, there is 
evidence that Fock's eriticism of "non-observability in principle" 
prompted Bohr to abandon this idea in his later works. Because 
of the attention paid to the epistemological aspects of the theory 
and their detailed and consistently materialistic interpretation, 
this book differs favourably from other courses. 

The new edition is also augmented by sections devoted to the 
method of a self-consistent field, to the intrinsic symmetry of the 
hydrogen atom, and to other problems. Due to this it more fully 
reflects Fock's contribution to the quantum theory. 

Finally, some revisions have been made in the section on the 
Dirac equation and the positron theory, which was such a sensa-
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6 Foreword 

tion when the book was first written. Fock recognized the great
ness of the theoretical prediction of the existence of antiparticles 
but always emphasized the incompleteness of the positron theory, 
since it is impossible to give an exact description of the processes 
of creation and annihilation with a single-particle equation. 

One of the remarkable features of Pock's scientific work is his 
amazing mathematical powers, his ability to solve complicated 
mathematical problems using the simplest and most unexpected 
methods. This quality is especially evident in his scientific papers, 
of course, but in this book too one can easily feel the author's 
brilliant mathematical individuality combine~;! with a precise and 
simple manner of presentation. 

The preparation of the second edition proved to be the last 
work of V. A. Fock. We feel sure that those who use this book to 
study quantum mechanics will experience the joy of dealing with 
a primary source and feel the spirit of that wonderful time when 
the horizons of human knowledge were immeasurably expanded 
in a matter of years. Fock witnessed and participated in this 
process. 

The author died before the book came out, but he did succeed 
in preparing most of it for press. 

The Institute of Physics at 
Leningrad State University 

1976 

Professor M. G. Veselov 
Professor Yu. N. Demkov 



PREFACE TO THE SECOND RUSSIAN EDITION 

The second edition of this book, unlike the first, devotes a 
separate chapter to the nonrelativistic theory of the electron spin 
(Pauli's theory of the electron) and contains a chapter on the 
many-electron problem of quantum mechanics. In addition, some 
of the author's findings have been incorporated as separate 
sections. Otherwise, the subject matter of the book (both the mathe
matical theory and its physical interpretation) remains the same, 
except for certain new formulations of an epistemological charac
ter (the concepts of relativity with respect to the means of obser
vation and of potential possibility), which has necessitated chang
ing the expression "the statistical interpretation of quantum me
chanics" to "the probabilistic interpretation". The new formula
tions are more precise than the previous ones. 

The title of the book speaks for itself. The word "fundamen
tals" can be understood as "basic principles" or as "introductory 
facts". 

We hope that although more than 40 years have passed since 
the book was written, the material in it has not lost its timeliness 
and will be useful to students of quantum mechanics. 

1974 V. A. Fock 



PREFACE TO THE FIRST RUSSIAN EDITION 

This book was conceived as an elaboration of the reports on 
Dirac's theory of the electron delivered by the author at the 
Leningrad State Optical Institute in early 1929. The original plan 
was, however, expanded to include Dirac's theory, which is con
sidered in Part Ill, the basic concepts of quantum mechanics 
(Part 1), and Schrodinger's theory (Part II). 

From the vast subject of the quantum theory the author has 
chosen material limited in two respects. First, the book considers 
none but the main principles and simplest applications of quantum 
mechanics. It concerns itself exclusively with the one-body prob
lem. It does not deal with the many-body problem or the Pauli 
exclusion principle, basic to that problem. Second, the author has 
sought to confine himself to that part of the theory that is con
sidered proved, that is, quantum mechanics proper. He has not 
examined quantum electrodynamics since this theory has yet to 
be fully elaborated. 

The author's main purpose is to introduce the reader to a new 
set of ideas differing greatly from the classical theory. He has 
endeavoured to avoid using images from the classical theory as 
being inapplicable to quantum physics. Rather, he has attempted 
to familiarize the reader with the basic concepts underlying a 
quantum description of the states of atomic systems. 

As for the presentation of material the author believes that a 
fairly detailed examination of the mathematics of a problem 
facilitates rather than hinders understanding, since it eliminates 
difficulties that the reader may encounter in dealing with the 
mathematical aspects and thus allows attention to be focussed on 
the physics of the problem. 

This book is intended for senior students of physics and math
ematics and persons with a sufficient preparation in mathematics. 

Leningrad 
The State Optical Institute 

August 1931 

V. A. Pock 
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Part I 

BASIC CONCEPTS 
OF QUANTUM MECHANICS 

Chapter I 

THE PHYSICAL AND EPISTEMOLOGICAL BASES 
OF QUANTUM MECHANICS 

1. The need for new methods and concepts 
in describing atomic phenomena 

Quantum mechanics appeared during the first few decades of 
the century on the basis of studies of atomic phenomena. The 
structure of the atom, the properties of electrons and atomic 
nuclei, the very stability of a system consisting of a positively 
charged nucleus and negatively charged electrons, the radiation 
of light by atoms and molecules, and, last, the diffraction of 
electrons - all these properties and phenomena require for their 
explanation ideas and physical concepts that differ substantially 
from the ideas and concepts of classical physics. 

A precise formulation of the new concepts demands new math
ematical tools, and we will familiarize ourselves with these in 
subsequent chapters. But we will try to explain the principal 
difference between quantum mechanics and classical mechanics 
in this introductory chapter. 

2. The classical description of phenomena 

When we describe various phenomena in terms of classical 
physics, we assume that physical processes are independent of 
the conditions of observation. Thus we take it for granted that we 
can always "spy" on the process and yet not interfere with it or 
influence it. True enough, if we "spy" on a physical process from 
different view points (and correspondingly use different frames 
of reference for its description), it will appear to us in different 
ways. For instance, the free fall of a body may proceed in a 
straight line in one frame of reference and in a parabola in 
another. But the dependence of the form of a phenomenon on the 
frame of reference has always been taken into consideration, 
namely, by transforming from the coordinates of one frame of re
ference to the coordinates of another. Such a change in form 
introduces nothing new into the phenomenon. For this reason in 
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14 Fundamentals of Quantum Mechanics 

classical physics we can speak of the independence of a pheno
menon from the manner of observation. 

Quantum mechanics has shown that in microprocesses this is 
not the case. Here the very possibility of observation presupposes 
definite physical conditions that may be related to the essence of 
the process. Specifying these conditions does not mean simply 
indicating a particular frame of reference but requires more de
tailed elaboration. 

Neglect of these considerations leads to an abstraction that we 
may call the absolutization of physical processes. If we accept 
this abstraction, it becomes possible to consider physical processes 
as occurring by themselves regardless of whether there is a real 
possibility of their observation (that is, whether the appropriate 
physical conditions exist for such processes). 

The use of this abstraction is justified in studying macroscopic 
phenomena, for in these the influence produced by a measurement 
is to all practical purposes negligible. The absolutization of such 
phenomena seemed so natural that before the appearance of 
quantum mechanics it was never specifically stated. It went with
out saying that physical processes occur by themselves, which 
considerably simplified their description since there was no need 
to specify the conditions of observation. All of classical physics is 
based on the absolutization of physical processes. This abstraction 
is one of its characteristic features. 

Another abstraction permitted in classical physics is the 
possibility of unlimited amendment of observation. By this we 
mean not only an increasingly precise measurement of a specific 
quantity but simultaneously the measurement of any other quan
tity related to the observed object or phenomenon. This can be 
called the particularization of measurements. Even when measur
ing different quantities requires different conditions of observation, 
classical physics considers it possible to combine the results 
in an overall picture describing the physical process under 
investigation. There is a logical connection between allow
ing for the independence of the physical process from the con
ditions of observation, that is, absolutization of the process, and 
allowing for the possibility of encompassing different aspects 
and characteristics of the behaviour of an object in the physical 
process. 

The concepts of classical physics prompt the idea that not only 
an absolute but an exhaustive description of the state of motion 
of a physical system (with certain degrees of freedom) is possible. 
And an exhaustive description is assumed to be achieved if there 
is full particularization of observations and further observations 
can add nothing new. 



Basic Concepts 

3. Range of application of the classical way 
of describing phenomena. 
Heisenberg's and Bohr's uncertainty relations 

15 

Such fundamental facts as the wave-corpuscular duality of light 
and of particles of matter prove that the classical way of describ
ing phenomena is unsuitable for micro-objects. At the same time 
we cannot dismiss it completely, since to describe phenomena 
objectively we must rely, directly or indirectly, on something that 
does not require reservations concerning the manner of observa
tion. And this is the case with the "absolute" manner of descrip
tion used in classical physics. 

To apply the classical (absolute) manner of description intelli
gently we must first establish its limits. If we assume that the 
mathematical apparatus of quantum mechanics is known, the 
relations of classical physics derive from it in the form of a 
certain approximation, and the limits of application of the classical 
manner of description prove to be the conditions of applicability 
of this approximation. But in our discourse we proceed from 
classical mechanics and can only use the simplest quantum re
lationships. 

Let us consider a simple case, the motion of a mass point with 
a mass m. In classical mechanics the state of motion of a mass 
point at any given moment of time is determined by its position 
(x,_y, z) and momentum (px, py, Pz). It would be incorrect, how
ever, to consider the two sets simultaneously without referring 
to the possibility of their measurement, which is limited by quan
tum effects. 

As Werner Heisenberg proved, the localization of a particle in 
space demands conditions that are not favourable for measuring 
its momentum, that is, for the localization of the particle in mo
mentum space. Conversely, conditions that are needed to measure 
the momentum of a particle preclude the possibility of localizing 
the particle in ordinary space. 

Quantum effects, which limit the possibility of measurement, 
manifest themselves, for instance, when light quanta irradiate a 
particle. What is important here is that a photon, which is charac
terized by wave parameters, is at the same time a bearer of 
definite energy and momentum, which makes it a "particle of 
light". The wave parameters are: the frequency v (or the angular 
frequency w = 2:n:v), the wavelength /.. = c/v ( c is the velocity of 
light), and the wave vector k, which determines the direction of 
the wave's propagation (the absolute value of k is k = 2:n:/'A = 
= 2:n:v/c = w/c). If we define 1i as Planck's constant h divided by 
2:n:, that is, h = 2:n:li, the energy of the photon, E, and its 
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momentum, p, will be related to the wave parameters as 

E = 1iro, p = 1ik (p = 2n1if').) (3.1) 
where 

1i = 1.054 X 10-27 ergs (3.2) 

It follows from Eqs. (3.1) that using light of short wavelengths 
favourable for localizing a particle in ordinary space means using 
high-energy photons that are capable of transferring a great 
impact (momentum) to the particle and thereby upsetting its 
localization in momentum space. Using low-energy photons means 
using light of long wavelengths, and this in turn broadens the 
diffraction bands and reduces the precision of localizing a particle 
in ordinary (coordinate) space. 

Equations (3.1) relate the wave properties of a photon to its 
corpuscular properties. Their right-hand members contain ro and k, 
which are determined by the diffraction pattern, and their left
hand members, E and p, describe the photon as a particle. Hence 
Eqs. (3.1) reflect the wave-corpuscular duality of a photon. 

The wave-corpuscular duality proves to be a general property 
not only of photons but of all particles. This makes it possible to 
correlate the concepts of the electron as a particle and as a wave. 
The first to suggest the idea of the wave property of matter was 
Louis de Broglie, and proof came later when the diffraction of 
electrons was discovered. A more precise statement of this idea 
is contained in a proper interpretation of the mathematical 
apparatus of quantum mechanics. 

We can express the results of Heisenberg's reasoning, just 
elaborated, concerning the limits of precision of measurement in 
the form of the following inequalities: 

1\x !ipx ;;:::: 1i, 1\y !ipy;;:::: 1i, !iz !ipz;;:::: 1i (3.3) 
in which 1\x, 1\y, 1\z characterize the size of the region in coordinate 
space (x, y, z) containing the particle, and 1\px, 1\py, 1\pz the size of 
the region in momentum space (Px, py, Pz) containing the particle. 
The inequalities show that the very nature of a particle makes it 
impossible to localize it simultaneously in coordinate space and 
in momentum space. They are called the Heisenberg uncertainty 
relations, or simply the uncertainty relations. The word "uncertain
ty" is understood to mean the regions of localization, (!ix, fly, !lz) 
and (1\px, 1\py, llpz), in the corresponding coordinate and mo
mentum spaces. 

We can couple the uncertainty relations (3.3) with 

At !l (E'- E);;:::: 1i (3.4) 

which links the uncertainty in the change of energy of a particle, 
E'- E, with the uncertainty in the time during which this change 
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occurred. According to (3.4), the transfer of energy cannot be 
localized precisely in time. Relation (3.4) can be called the Hei
senberg-Bohr uncertainty relation. 

The uncertainty relations (3.3) and (3.4) characterize the range 
of application of the classical (absolute) manner of describing 
phenomena. Since Planck's constant is small, this manner of 
description can unquestionably be used in referring to macrosco
pic bodies and their interactions. But this does not exhaust its 
significance. It is important in describing quantum processes 
because it is applied to the instruments used to study atomic 
objects. Experiments (with atomic objects as well) are always 
described in the classical (absolute) way. 

The instruments and other means of observation, including 
the human senses (which, so to say, play the role of instruments 
built into the human body), are the necessary intermediaries 
between the human brain and the atomic object under considera
tion. We can now define more accurately what is meant by means 
of observation by indicating the manner of their description: 

The means of observation must be described in classical terms 
but with due regard to the uncertainty relations (3.3) and (3.4). 

4. Relativity with respect to the means 
of observation as the basis for the quantum way 
of describing phenomena 

The new, quantum manner of describing phenomena must allow 
for the possibility of actual measurement of the properties of a 
micro-object. We must not ascribe to any object properties and 
states of motion that cannot be justified. For this reason particular 
attention should be given to the way in which we specify proper
ties and states of motion. We must bear in mind the design and 
operation of the instruments that create the conditions to which 
the object is subjected. As has been said, the instruments and the 
external conditions must be described in the classical manner by 
indicating their parameters. It stands to reason that these pa
rameters can be defined only to an accuracy permitted by the 
uncertainty relations. Otherwise we will be exceeding the actual 
potential of the measuring instruments. 

A micro-object is revealed in its interaction with an instrument. 
For instance, the path of a charged particle becomes visible in 
the irreversible snowballing process that takes place in a cloud 
chamber or in the emulsion of a photographic plate (the particle 
loses its energy in ionizing the vapour or the chemicals of the 
emulsion; hence, its momentum becomes uncertain). The results 
of the interaction of an atomic object with a measuring instrument 
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(which is described classically) are the main experimental ele
ments the systematization of which, based on the assumptions 
about the properties of the object, makes up the aim of the theory: 
from a study of such interactions we can deduce the properties of 
the atomic object, and the predictions of the theory are formu
lated as the expected results of these interactions. 

Such a statement of the problem allows the introduction of 
quantities that characterize the object irrespective of the meas
uring instrument (electric charge, mass, and properties described 
by quantum mechanical operators) and at the same time makes 
possible a comprehensive approach to the object: the object can 
be viewed from the aspect (wave or corpuscular, for instance) 
necessitated by the instrument and by the external conditions the 
instrument creates. 

The new statement of the problem makes it possible to consider 
the case when the various aspects and properties· of an object do 
not manifest themselves simultaneously, that is, when particu
larization of the object's behaviour is impossible. This will be so 
if incompatible external conditions are needed for the manifesta
tion of the object's properties (for instance, wave and corpuscular). 

We can act on the proposal of Niels Bohr and call comple
mentary the properties that reveal themselves in their pure form 
only in different experiments held in mutually exclusive conditions, 
whereas in conditions of one and the same experiment they ma
nifest themselves only in an incomplete, modified form (for 
instance, the incomplete localization in the coordinate and the 
momentum space permitted by the uncertainty relations). There 
is no sense in considering complementary properties simul
taneously (in the pure form), which explains the absence of a 
contradiction in the concept of wave-corpuscular duality. 

By making the results of the interaction of a micro-object and 
a measuring instrument the basis of the new manner of description 
we introduced an important concept, the concept of relativity with 
respect to the means of observation, which generalizes the well
known concept of relativity with respect to the frame of reference. 
Such a manner of description does not at all mean that we are 
ascribing a lesser degree of reality to the micro-object than to 
the measuring instrument or that we are reducing the properties 
of the micro-object to the properties of the instrument. On the 
contrary, a description on the basis of the concept of relativity 
with respect to the means of observation gives a much deeper, 
more refined, and more objective picture of the micro-object than 
was possible on the basis of the idealizations of classical physics. 
Such a picture also requires a more sophisticated mathematical 
apparatus, namely, the theory of linear operators, including eigen
functions and eigenvalues, the theory of groups, and other math-
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cmatical concepts. The use of this apparatus in quantum physics 
made it possible to give a theoretical explanation of some funda
mental properties of matter that could not be explained in the 
classical way and also to calculate the values of many quantities 
observed in experiments (for instance, the frequencies in atomic 
spectra). But more than that- and this is no less important to 
us- the physical interpretation of the mathematical concepts used 
in quantum mechanics leads to a number of profound and prin
cipled conclusions; for one, generalization of the concept of the 
state of a system on the basis of the concepts of probability and 
potential possibility. 

5. Potential possibility in quantum mechanics 

If we take the act of interaction between an atomic object and 
a measuring instrument as the source of our judgements about 
the object's properties and if in studying phenomena we allow 
for the concept of relativity with respect to the means of observa
tion, we are introducing a substantially new element into the 
description of the atomic object and its state and behaviour, that 
is, the idea of probability and thereby the idea of potential possi· 
bility. The need to consider the concept of probability as a sub
stantial element of description rather than a sign of incompleteness 
of our knowledge follows from the fact that for given external 
conditions the result of the object's interaction with the instrument 
is not, generally speaking, predetermined uniquely but only has 
a certain probability of occurring. With a fixed initial state of the 
object and with given external conditions a series of such interac
tions results in a statistics that corresponds to a certain pro
bability distribution. This probability distribution reflects the po
tential possibilities that exist in the given conditions. 

Let us consider an experiment with a physical system that 
would enable us to make predictions about the results of future 
interactions between the system and measuring instruments of 
various kinds. Such an initial experiment must include a certain 
preparation of the system (for instance, preparation of a mono
chromatic beam of electrons) and the creation of certain external 
conditions in which the system will be placed after the prepara
tion (for instance, the passage of the electron beam through a 
crystal). At times it is advisable to consider the preparation of 
the system and the creation of external conditions as two 
different stages of the experiment, but the two stages can also be 
considered one initial experiment, the purpose of which is to obtain 
predictions: 

2* 



20 Fundamentals of Quantum Mechanics 

The initial experiment is always addressed to the future. 

The manner of preparation and the external conditions in an 
initial experiment are described in the language of classical phy
sics, but its result, which must give a full catalogue of the 
potential possibilities for the given conditions, requires new, 
quantum mechanical means for formulation. To have an idea of 
why we must use these means, let us consider how the potential 
possibilities existing in the given conditions materialize. 

First of all we must bear in mind that a final experiment, in 
which the potential possibilities materialize, may be conducted in 
different ways: the registering instrument may be of different 
construction (as a rule, one excludes another). As in the initial 
experiment, the construction and operation of the instrument are 
described in the classical way. The different versions of the final 
experiment and the corresponding instruments can be character
ized by the type of the quantity they measure (position, momen
tum, etc.). 

Thus, with the initial experiment given, there is first of all a 
possibility of choosing different types of instruments for the final 
experiment. In any case, 

The final experiment is always addressed to the past 

(and not to the future in contrast to the initial experiment). It 
can be called the verifying experiment because it enables us to 
verify the predictions of the initial experiment. 

Let us assume that the type of verifying experiment has been 
chosen. How do we formulate its result? We must always remember 
that we are talking about potential possibilities, which are created 
in the initial experiment and realized in the verifying experiment. 
For a given type of verifying experiment these potential possibi
lities are expressed as probability distributions for the given 
quantity (more precisely, for the values of the quantity that can 
be obtained in the verifying experiment). Hence it is the probabi
lity distribution we seek to verify. Clearly, this cannot be done by 
a simple measurement but requires many repetitions of the entire 
experiment (with the same preparation of the object and the same 
external conditions). The statistics obtained in this process of 
repetition makes it possible to draw a conclusion about the proba
bility distribution that is to be studied. 

A total experiment (an experiment that is carried out to the 
end and permits a comparison with theory) consists of the initial 
and verifying experiments combined and performed many times 
over. Here it is in place to note once more that for a given initial 
experiment (for given initial conditions) the final experiment may 
be set up in different ways (the measured quantities may differ) 
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and every type of final experiment has its own probability distri
bution. 

Thus a theory must describe the initial state of a system in 
such a way as to make it possible to obtain probability distribu
tions for any type of final experiment from this state. In this way 
we secure a full description of the potential possibilities that 
follow from the initial experiment. 

Since a final experiment may take place later than the initial 
experiment, a theory must also give the time dependence of 
probabilities and potential possibilities. The establishment of this 
dependence will play the same role as the discovery of the laws 
of motion did in classical physics. 



Chapter II 

THE MATHEMATICAL APPARATUS 
OF QUANTUM MECHANICS 

I. Quantum mechanics 
and the linear-operator problems 

An important step towards the creation of present-day quantum 
mechanics was Bohr's postulation of two principles characterizing 
the properties of atomic systems. 

The first principle asserts that atomic systems have stationary 
states, in which they do not radiate or absorb energy. In these 
states an atomic system possesses energy values that form a 
discrete sequence E~o E2, ... , En, ... (the energy levels of the 
system). 

According to the second principle, radiation emitted or absor
bed by an atomic system in the transition from one energy level 
to another has a definite frequency v determined by the con
dition 

where h is Planck's constant, and Em and En are the energy le
vels. 

These principles conflict with classical mechanics and electro
dynamics but are fully confirmed in experiments. It is a natural 
idea, therefore, to propose replacing the classical theory by a 
theory that would harmonize with Bohr's principles and be lo
gically consistent. 

The problem of determining the stationary states of an atomic 
system, states that are described by definite energy values (and 
certain other constants of integration), is analogous to the prob
lem of mathematical physics where definite states of a system 
are chosen from the whole set of states, namely, the problem of 
eigenfrequencies of oscillations, or, more generally, the linear
operator problem and the associated eigenvalue problem. In the 
problem of this kind a sequence of values of a given quantity 
would emerge automatically from the whole set of values. Quan
tum mechanics has substantiated this idea of quantization ever 
since the historic paper of Erwin Schrodinger ( 1926) concerning 
quantization as an eigenvalue problem. A certain linear ope
rator is related to each physical quantity, and the theory of 
linear operators is the mathematical apparatus of quantum mech· 
anics. 

22 



Basic Concepts 23 

2. The operator concept and examples 

As in the case of a function, which is an instruction as to how, 
knowing number x, we can find number y = f(x), an operator 
will map a given function <p (x) into a new function 

\j)(x)=L[<p(x)] (2.1) 

A linear operator has the properties that, for any functions <p~t 
!p2, <p, 

L (<pi + <p2) = L (<pi)+ L (<p2) 

L (a<p) = aL (<p) (2.2) 

where a is an arbitrary complex number. Since we will deal only 
with linear operators, the word "linear" will be often omitted. 

Operators act on functions of one or several variables. The 
variables can be either continuous, which is the case for the 
coordinates (position) of an object, or discontinuous, that is, 
assuming only discrete values, which is the case for energy levels 
or the number that labels these levels. Continuous variables can 
either take on any value or change within certain domains. Dis
continuous variables can take on both finite and infinite sequences 
of values. We will always assume that the values of the indepen
dent variables (or arguments) of a function are real numbers, 
whereas the functions themselves, which the operators act on, can 
be complex-valued. When specifying an operator, we must always 
indicate on the functions of what variables it acts. 

Typical operators that act on functions of a continuous variable 
x are the multiplication of a function into x and the differentiation 
with respect to x: 

L [f (x)] = xf (x), d 
L [f (x)] = Tx f (x) 

In the first case x plays a double role: it is the argument of f ( x) 
and it is the operator itself. 

Another example is the Laplacian operator V2• 

2 a2f a2f a2f 
V f (x, y, z) = ax2 + ay2 + az2 

There is also a class of linear operators that can be represented 
by a definite integral: 

b 

L [f (x)] = ~ K (x, 6) f (6) d6 (2.3) 
a 

where the function K (x, 6) is called the kernel of the operator. 
As one example of a kernel let us consider Poisson's differential 
equation 

V2F=f 
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If f (x, y, z) is specified in an unbounded region and if the asymp
totic behaviour of the solution at infinity is F = 0, the solution 
of Poisson's equation is 

F (x, y, z) =a [f (x, y, z)] =- 4~ ~ ~ ~ f<s, ,TI· ~) d~ drt dr, 

The operator a has a kernel 

I I 
- 4nr = - 4n [(x _ 6)2 + (y _ T))2 + (z _ ~)2!''• 

If the equation 
L(F)=f 

and the appropriate asymptotic conditions yield 
L-1 (f) =F 

(2.4) 

(2.5) 
then it is said that the operator L has an inverse (inverse ope
rator) L-1• In our example a is the inverse of V2• 

If a variable takes on only discrete values, these values can 
always be labelled by positive integers. Hence, a function of a 
discontinuous variable can always be replaced by a function of a 
positive integer, the number labelling the value. Any operator 
that acts on the function f n of a positive integer n (more exactly, 
the result of this action) can be represented in the form of a sum 

Lf n = L Knmf m (2.6) 
m 

The totality of the Knm's is called the matrix of the operator, 
and the operator is said to be in the matrix representation. For
mula (2.6) is in perfect agreement with formula (2.3), and the 
matrix (Knm) is the kernel of this operator. 

3. Hermitian conjugate. Hermiticity 

To every linear operator L we can relate another operator L + 
such that satisfies a certain functional equation and is called the 
hermitian conjugate of L. 1 We will denote it by the same letter 
as the original operator but with a dagger as a superscript (L + 
is pronounced el-dagger). 

We can define a hermitian conjugate operator as follows. Given 
two functions f and g that satisfy some general conditions but in 
all other respects are arbitrary. The functional equation that de
termines a hermitian conjugate operator L + is 

~ [gL (f)- L +(g) f] d-r = 0 (3.1) 

1 In mathematics the terms adjoint, conjugate, and associate operator are 
used. 
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if all independent variables are continuous. It is 

L [gnL (fm)- L + (gn) fm] =0 mn 
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if they are discontinuous. The integration in (3.1) and the summa
tion in (3.1*) are over all values of the independent variables in 
a given range. The symbol d-r in (3.1) denotes the volume element 
in this range. By a bar we denote the complex conjugate. Now 
let us turn to the general conditions that f and g must satisfy. 
First, the sums and integrals in which f and g appear must be 
convergent. Second, f and g must satisfy certain boundary condi
tions, which, generally speaking, depend on the type of L. 

If L + coincides with L, then L is called a hermitian operator. 
When the independent variable is discontinuous, we can 

write L in the form (2.6), and formula (3.1*) then yields 

(3.2) 

For this equation to hold for arbitrary f and g, the coefficient 
of every product gnfm must vanish. If we equate the complex 
conjugate of (3.2) with zero, we find the matrix elements of a 
hermitian conjugate operator: 

+ -Kmn= Knm (3.3) 

An operator is hermitian if and only if its matrix elements sa
tisfy the condition 

Kmn=Knm 

Such a matrix is called hermitian (self-adjoint, self-conjugate). 
If we arrange its elements in a rectangular array in such a way 
that, say, K11 stands in the ith row and in the jth column, the 
elements in the principal diagonal (that is, with the same sub
scripts) are real, and any two matrix elements that are in a posi
tion symmetric with respect to the principal diagonal are complex 
conjugate quantities. 

Let us now consider the case of one continuous variable and 
assume that an operator L has a kernel K (x, 6). We denote the 
kernel of the hermitian conjugate operator by K+ (x, 6) and use 
formula (2.3) to obtain condition (3.1) in the form 

~ ~ [K (x, S) - K+ (6, x)] g (x) f (s) dx ds = 0 (3.4) 

which holds true for arbitrary functions f and g if and only if the 
expression in brackets vanishes. This yields the following expres
sion for the kernel of the hermitian conjugate in terms of the 
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kernel of the original operator: 

K+ (x, s) = K (6, x) (3.5) 

Thus, knowing the kernel of an operator, we can find the kernel 
of the hermitian conjugate by interchanging the independent va
riables of the original kernel and then forming the complex con
jugate. The condition for hermiticity is 

K(x, s)=K(s, x) (3.5*) 

In a similar manner we can find the kernel of a hermitian con
jugate when there are several independent variables. Let us illu
strate this with the help of the operator G of the previous section. 
The kernel of G, where G is the inverse of the Laplacian opera
tor V2 is invariant under the interchange of x, y, z and 6. TJ, 1;. 
Since the kernel is also a real function, G is hermitian. 

If the inverse operator is hermitian, the original is hermitian 
too. Notably, the Laplacian operator is hermitian. This can be 
proved directly using the general formula (3.1). In fact, using 
vector notation, we find that 

g · V2f -V2g · f = div [g grad f- (grad g) f] (3.6) 

If, in addition, f and g vanish at infinity, then 

~ [g · V2f- V2g · f] d-r: = ~ div [g grad f- (grad g) f] d-r: = 0 (3.7) 

according to Gauss's integral theorem. 
Let us consider another example. We set 

Lf =.21_ ax (3.8) 

and go on to find the hermitian conjugate of L. According to (3.1), 
b b 

Hg ;~ -(- ~!)t]dx=~ a~ (gf)dx=O (3.9) 
a a 

if f and g vanish at the limits of integration. This yields 

L+g=- ag L+f=-.21_ (3.10) ax' ax 

We see that L is not hermitian. But if we multiply it by a pure 
imaginary number, say -i, the new operator L1 yields 

L f . at 
I =-tiJX 

which means that L 1 is hermitian. 

(3.11) 
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4. Operator and matrix multiplication 

The product of two operators K and L is an operator that con
sists in applying K and L successively. If we apply L first and K 
second, the product is written as 

M=KL 

But if we apply K first and L second, the product will be 

N=LK 
Generally speaking, M and N are different operators, which implies 
that the product of operators depends on the order of multiplica
tion. For instance, if K denotes multiplication by x and L differ
entiation with respect to x, 

Kf=x·f, Lf= :~ (4.1) 

we find that the product M acts on f as 

Mf = KLf = x..El ax (4.2) 

whereas 

Nf=LKf= :x (xf)=x :~ +f (4.3) 

We see that in our example KL + LK and that 

(LK-KL)f= :x (xf)-x :~ =f 

Hence the difference LK- KL is an identity operator: 

LK-KL=l (4.4) 

In some cases, however, the product does not depend on the 
order of multiplication. Then operator multiplication becomes 
commutative and the operators are said to commute. For example, 
differentiation with respect to two different independent variables 
of a function is commutative, and the operators corresponding to 
the differentiations will commute. 

Let us find the hermitfan conjugate of 

We have 
M==KL (4.5) 

~ gMf d-r: == ~ gK (Lf) d-r: 

Let us denote 
Lf == f' 

The previous expression will then be 

~ gKf' d-r: == ~ (K+ g) f' d-r: 
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according to the definition of 1(+. We then assume that 

l(+g=g' 
which yields 

~ (K+ g) f' d-t = ~ g' Lf d-t = ~ (L + g') f d-t 

according to the definition of L +. Substituting l(+g for g', we 
finally obtain 

~ gi(Lf d-t = ~ (L +I(+ g) f d-t (4.6) 

If we compare ( 4.6) with the definition of a hermitian conjugate 
operator 

we find that 
(4.7) 

or 
(4.8) 

Thus a hermitian conjugate of a product of operators is equal 
to the product of the hermitian conjugates in a reversed order. 

If K and L are hermitian, their products are not, generally 
speaking, hermitian because 

(l(L)+ = Ll( =F KL 

But if I( and L are hermitian and commute, their products are 
hermitian. 

Let us consider the product of two operators with kernels 
K (x, ~) and L (x, ~). We have 

Lf=~L<x. s>t<~>ds. KLf= ~nK<x. ~.>L<s" ~>d~.]f<s>ds 
We first integrate with respect to ~ 1 and then, introducing the 
notation 

KL (x, 6) = ~ K (x, ~.) L (~" ~) dst (4.9) 

we find that the previous formula can be written as 

KLf = ~ KL (x, s) f (6) d~ (4.10) 

Thus the product ~L has a kernel defined by ( 4.9). 



Basic Concepts 29 

We now go on to the case when the two operators in a product 
act on a function of a discontinuous variable. As we know, the 
operators can then be represented by matrices. We have 

(Lf)n=LLndt. (Kg)n=LKn,gt (4.11) 
I I 

If we assume that 

g=Lf (4.12) 
then 

(KLf)n = L L KntLtdt 
I I 

or 

(KLF)n = L (KL)nt ft (4.13) 
I 

where 

(KL)nt·= L KntLit (4.14) 
I 

Equation (4.14) defines matrix multiplication. Thus (KL)nl is 
the inner product of the nth row of K and the ith column of L. 

Let us consider a matrix U whose elements U11 satisfy the 
conditions 

L. u~u lk = l!Jw 
I 

where, according to the notation in (3.3), 
+ -

u~, = u/1 

(4.15) 

(4.16) 

and the Kronecker delta, 6tk, is 1 when i = k and zero otherwise. 
If we use matrix multiplication, we can write (4.15) as 

uv+=1 (4.17) 

where the "1" stands for the identity matrix. A matrix that sa
tisfies Eqs. ( 4.17) is called unitary, and the corresponding opera
tor is said to be unitary. A unitary operator has the following 
property. If 

g=Vf (4.18) 

or in matrix form 

then 
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But according to (4.15), we have 

Lgngn= Lftft (4.19) 
n l 

which means that a sum of type ( 4.19) is invariant under a uni
tary transformation. 

5. Eigenvalues and eigenfunctions 

The main problem in the theory of operators is the analysis of 
the equation 

Lf = 'Af (5.1) 

where 'A is a constant quantity. The operator L is assumed to be 
a normal operator, that is, an operator that satisfies the condi
tion 

(5.2) 

Hermitian and unitary operators are normal. 
A linear equation that is satisfied by assuming the unknown 

function to be zero is d1lled a homogeneous linear equation, which 
is the case with Eq. (5.1). When analyzing such an equation, we 
must consider the boundary conditions as well. These conditions 
are also homogeneous, that is, such that f = 0 is a boundary 
condition. A homogeneous linear equation along with linear ho
mogeneous boundary conditions comprise the homogeneous pro
blem. 

For arbitrary values of the parameter 'A the homogeneous pro
blem has, generally speaking, none but the trivial solution f = 0. 
Only when the parameter takes on very special values is a non
trivial solution possible. These values can form a denumerable or 
countably infinite set 'Ao, 'At. 'A2, .•. or can assume all values in a 
certain interval. The special values of 'A are called eigenvalues, 
and the associated solutions of the homogeneous problem are 
called eigenfunctions. In mathematics one can come across cha
racteristic values (functions) or proper values (functions), but 
not in physics. The complete set of eigenvalues constitutes the 
spectrum of the operator. A denumerable set is said to form a 
discrete spectrum, and when the eigenvalues assume all values 
in a certain interval, the spectrum is called continuous. In more 
complicated situations the spectrum may exhibit both discrete and 
continuous parts. 

Eigenfunctions corresponding to a discrete spectrum have the 
property that 

"Iff and ~ffd-r 
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over all values of the independent variables converge, whereas for 
the eigenfunctions of a continuous spectrum both the sum and the 
integral become infinite. In the latter case instead of considering 
the eigenfunctions themselves, we can integrate them with respect 
to A. over an infinitesimal interval of the continuous spectrum. If 
we then substitute these integrals for the functions in the above 
products, the sum and integral are finite. 

For the eigenvalues of a hermitian operator we can prove the 
following theorem: 

The eigenvalues of a hermitian operator are real. 

Let f be a solution of (5.1). We multiply both sides of Eq. (5.1) 
by ; and sum (or integrate) over all values of the independent 
variables and get 

or 

which yields 

or 

LTLf=lvLTf 

~ j Lf d" =I. ~ j f d" 

t.= r.r~r 
L,ff 

~fLfd-r 
!.=-==----

~ ft d-r 

(5.3) 

The denominators in the last two expressions are real positive 
numbers. We will next show that the numerators are also real. 
In fact, the imaginary parts of the numerators are 

it L [f Lf - (Lf) f] or ;; ~ [j Lf - (Lf) ~] d" 

These two vanish by (3.1). Thus the numerators in (5.3) and 
(5.3*) are real, which means that A. is real as well. The proof is 
complete. 

In some cases formulas (5.3) and (5.3*) indicate the sign of 
the eigenvalues. For the Laplacian operator, (5.3*) yields 

~ fV2f d-r ~ (grad f · grad f) d-r 
A. = =- -=---:-----

~ffd't ~ffd-r 
Both integrals in the right-hand side are positive. Hence, the 
minus before the fraction indicates that the eigenvalues of the 
Laplacian operator are negative. 
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There will be many problems in finding eigenvalues and eigen
functions throughout this book, so that there is no need to examine 
them further at this point. 

6. The Stieltjes integral and the operator 
corresponding to multiplication 
into the independent variable 

Let us first recall the concept of the definite (Riemann) integral. 
Suppose that the closed interval defined by the limits of integra
tion A-0 and A. is divided into n subintervals by the numbers 
At. /.2, ... , An-t· (Here ')..n = At) If we then increase the number of 
these subintervals indefinitely (n-+ oo) so that even the largest 
tends to zero, the Riemann integral off (A.) over the closed interval 
[A.o, A.] is defined as 

"- n 

~ f (A} dA = lim I f (A-t) AAt 
"-• n~oo t-1 

(6.1) 

where A'A.i = Ai- Ai-t· 
We now go on to the Stieltjes integral. Let p ('A.) be either a mo

notonically increasing function or the difference between two 
monotonic functions. We construct the sum 

n 

L f (At) Ap (A.t) 
t-1 

where Ap (A.i) = p (A-t) - p (A-t-d. When the process of subdivision 
of [A.o, A.] is indefinite, the Stieltjes integral is the limit of this 
sum: 

"- n 

~ f (A.) dp (A)= lim If (A.t) Ap (At) 
"-• n~oo l-1 

(6.2) 

Whenever p (A.) is continuous and has a bounded first derivative, 
we can set 

Ap (A.t) = p' (At) AA., 

which holds true since terms in (AA.i) 2 and higher powers vanish 
when passing to the limit. Then 

" " . ~ f (A.) dp (A.)= ~ f (A.) p' (A) dA (6.3) 

"· "· 
and (6.2) includes the Riemann integral (6.1) as a special case. 
But the Stieltjes integral has a meaning even when p (A.) is a 
discontinuous function, that is, possesses finite discontinuities. 
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This is the case with the operator corresponding to multiplication 
into the independent variable if the variable is continuous. 

Let us take a close look at such an operator. The corresponding 
eigenvalue equation is 

xf (x, A.)= A.f (x, A.) (6.4) 

Now this equation cannot be satisfied by any "normal" type of 
function, since we would have to assume that f (x, A.) is zero for 
all values of x except x = A.. Because of this let us formally 
integrate (6.4) with respect to A.: 

A A 

x ~ f (x, A.) dA. = ~ A.f (x, A.) dA. (6.5) 
?.o Ao 

We denote 
1. 

~ f (x, A.) dA. = F (x, A.) (6.6) 
1., 

and write (6.5) as 
A A 

x ~ d1.F (x, A.)= ~ A. d'J..F (x, A.) (6.7) 
'J.., 'J.., 

where the integral on the right is the Stieltjes integral. Equation 
(6.7) is solved by a function 

F (x, A.)= l, 
F (x, A.)= 0, (6.8) 

Indeed, all increments 

!lF (x, A.1) = F (x, '-t+l)- F (x, A.t) 

except one are zero. The increment that is not zero is equal to 
unity and corresponds to the values of A.1 and A.1+1 that satisfy 
the inequality 

When [A.o, A.] is subdivided indefinitely, this particular A.1 tends 
to x, and in the limit Eq. (6.7) holds true. 

Thus our operator has no eigenfunctions in the conventional 
sense, but a function F (x, A.) defined by (6.6) does exist. 

If the independent variable x is discontinuous ar d assumes a 
sequence of discrete values 

3-2186 
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then the eigenvalue equation (6.4) must be written in the form 
of a set of equations 

Xnf (Xn, A)= A.f (Xn, A.), n = 1' 2, . • . (6.9) 

Equations (6.9) have a solution in the ordinary sense. Let 

f (Xn, A.)= 1, A= Xn 

f (Xm A.)= 0, A =I= Xn (6.10) 

This is obviously a solution to (6.9). The eigenvalues are 

An= Xn (6.11) 

and the corresponding eigenfunctions are 

f (xn, A.m) = r,nm (6.1 o•) 

7. Orthogonality of eigenfunctions and normalization 

Let us examine a hermitian operator with a discrete spectrum. 
We write down the eigenvalue equations for fn and fm correspond
ing to two different eigenvalues An and Am: 

Lfm=A.mfm, Lfn=A.nfn (7.1) 

For hermitian operators we have 

·~ [TnLfm- (Lfn>fm] d-.:=0 

If we use (7.1) in (7.2), we obtain 

(A.m - An) ~ T nf m d,; = 0 

Since by definition Am =I= An, 

~ Tnfm dr: = 0, n =I= m 

This property of eigenfunctions is called orthogonality. Thus 

(7.2) 

(7.3) 

(7.4) 

. Eigenfunctions corresponding to different eigenvalues of a her
mitian operator are mutually orthogonal. 

Since an eigenfunction satisfies a homogeneous equation, if it 
is multiplied by a factor, the product will also satisfy this equa
tion. The factor can be chosen so that 

(7.5) 

Making this choice is called normalization, and functions that 
satisfy (7.5) are spoken of as normalized. The normalization is 
not exactly definite because if we substitute f~ =e1anfn for {n, 
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with CXn real, fn Will be replaced by r: =e-lanjn and condition 
(7.5) will again hold. 

The orthogonality condition and the normalization of functions 
can be written compactly as 

~ fnf m d't' = ~nm (7.6) 

An eigenvalue can relate to one or several eigenfunctions, in 
fact, to as many as the equation 

Lf = A.nf 

has linearly independent solutions for the given eigenvalue A.n. 
When there are several eigenfunctions corresponding to one eigen
value, we have degeneracy. 

The number of solutions (denoted by s) may depend on n. If 
the solutions are 

f nl> f n2• • • • ' f ns (7.7) 

then any superposition 

f n = ad nl + a2f n2 + . · . + a sf ns (7 .8) 

will also be a solution. The functions (7.7) are not necessarily 
orthogonal. But we can always replace them with superpositions 
of type (7.8) that are orthogonal and normalized. Let us assume 
that this has been done. Then fnt and fnk will for n = m satisfy 
the condition 

~ j nd nk d't' = ~lk• l, k = 1, 2, ... ' s (7.9) 

At times it is convenient to denote all functions (7.7) by one 
symbol fn. Then (7.9) can be written as (7.5), and its two sides 
are understood to be matrices with elements (7.9). 

Condition (7.9) does not fully determine the function fn1• In 
fact, if we set 

s 

f~k = L ak,f nl 
1-1 

with akl complying with the condition 
s 

L iiktall = ~kl 
t-1 

(7.10) 

(7.11) 

then (7.9) will again hold. Matrix A with elements aki that satisfy 
(7.11) is said to be unitary. So is the transformation that is 
carried out by means of this matrix. We can thus say that the 
eigenfunctions corresponding to a degenerate eigenvalue can be 
determined up to a unitary transformation. 
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Let us now turn to the case of an operator with a continuous 
spectrum. The eigenvalue equation is 

Lf(x, f...)=A.f(x, A.) (7.12) 

We integrate both sides with respect to A. twice: first over the 
interval [/...1, /..1 + Ll1A.], then over the interval [/...2, A-2 + Ll2A.]. If we 
assume, as was done in considering the Stieltjes integral, that 

~ 

F (x, A.)= ~ f (x, A.) df... (7.13) 
A, 

we find that 
~.+~.~ 

L[Ll1f(x,f...)]= ~ f...d~F(x,f...) (7.14) 
~. 

and 
A.+~.~ 

L [Ll2F (x, A.)]= ~ A. d~F (x, A.) 
~. 

where for the sake of brevity we have set 

LlkF(x, f...}=F(x, A.k+Llkf...}-F(x, f...k), k= 1, 2 (7.15) 

A quantity defined by (7.15) is called a proper differential. Proper 
differentials, with respect to x, are square-integrable, whereas the 
functions f (x, A-) are not. 

We multiply (7.14) by Ll2F and the complex conjugate of (7.14*) 
by Ll1F, subtract one from the other, and integrate the result. The 
left-hand side nullifies, which means that the right-hand side is 
also zero, that is, 

~.+~.~ ~.+~.~ 

~d-r ~ ~ (J..-JJ.)d~'f(x,JJ.)d~f(x,J..)=O (7.16) 
~. ~. 

The last equation is valid for any "'" A-2, Ll1A., and Ll2f... Let us 
assume that the intervals Ll,A. and Ll2A. are separated by a finite 
distance and that both are infinitesimal quantities. This means 
that up to infinitesimals the difference A,- J.l. is equal to A-1 - J..2• 

Since the latter is nonzero, we can cancel it out and obtain 

~ Ll2F Ll1F d-r = 0 (7.17) 

Thus 

Proper differentials corresponding to different intervals are 
mutually orthogonal. 
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We now assume that L\1/... and L\2/... coincide, and we consider the 
integral 

(7.18) 

We chose arbitrarily two eigenvalues /...1 and /...2 such that the inter
val Ll/... lies between them: 

/...1 < /... < /... + Ll/... < /...2 

By the orthogonality condition for proper differentials the inte
gral I will not change if we add to it 

~ LlF ( ~ f (x, /...) d/...) d-r + ~ LlF ( ~· f (x, /...) d/...) d1: 
1.., 1..+<'11.. 

Hence, 

(7.19) 

which implies that I is an infinitesimal of the first order relative 
to Ll/..., rather than of the second order as one would expect it to 
be. The integral (7.18) can be normalized so that 

lim AlA. r I LlF 12 d-r = I (7 .20) 
<'11..-+0 J 

This is the usual normalization conditions for the "eigenfunctions" 
of an operator with a continuous spectrum. For instance, the 
function F (x, /...) of Section 6 can be used for normalization. 

8. Expansion In eigenfunctions. 
Completeness property of eigenfunctions 

We will consider the eigenfunctions 

f n (x) = f (x, A.n) (8.1) 

of an operator with a discrete spectrum and assume them to be 
normalized. Let f (x) be a square-integrable arbitrary function. 
We will try to expand it in a series of functions fn(x). For this 
we set 

n 

f (x) = L akfk (x) + Rn (x) (8.2) 
k-0 

The sum of the products on the right side constitutes the first n 
terms of the expansion, and Rn (x) denotes the remainder terms 
after the nth term. The expansion coefficients ak are chosen in 
such. a way as to insure the smallest possible error, where for 
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the measure of error we take the integral 

Pn = ~ I Rn (x) 12 dx 

which is 
n 2 

Pn = ~ f (x)- I akfk (x) dx 
k-0 

(8.3) 

(8.4) 

This integral is a quadratic function in the n unknowns ak. We 
will look for the minimum of (8.4), and for this will equate with 
zero the first partial derivatives with respect to the expansion 
coefficients. By the orthogonality condition for eigenfunctions we 
find that 

n 

Pn =~If (x) 12 dx- I ak ~ f (x) fk (x)dx 
k-0 

n n 

-I iik ~ f (x)fk (x) dx +I iikak (8.5) 
k=O k-0 

Obviously we can differentiate with respect to iik and ak as if 
these were independent quantities. Equating the derivative with 
respect to iik with .zero, we obtain the following formula for ak: 

ak = ~ fk (x) f (x) dx (8.6) 

The use of (8.6) in the expression (8.5) for the mean square 
error Pn yields 

n 

Pn = ~ I f (x) 12 dx - I I ak 12 (8.7) 
k-0 

Since by definition Pn cannot be negative, for any n there is the 
inequality 

n 

I I ad~ ~ I f (x) 12 dx (8.8) 
k-0 

If for any squcrre-integrable function f (x) 

lim Pn=O (8.9) 

or, which is the same, 
00 

I I ak j2 = ~ I f (x) r dx (8.10) 
k=O 
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the set of functions fk (x) is said to be complete, which means 
that no function f(x) can be found that would be orthogonal to 
all functions fk (x). Indeed, for such a function all expansion 

coefficients are zero, which implies that ~ 1 f (x) 12 dx is also zero. 

But this is possible only if f (x) is zero (with the possible excep· 
tion of certain values of x). 

Equation (8.9) shows that in the limit the remainder Rn (x) 
vanishes (with the possible exception of certain values of x), so 
we have here a series expansion 

00 

f (x) = L anfn (x) (8.11) 
n-o 

If a second function g (x) can be expanded in a series 
00 

g (x) = L bnf n (x) (8.12) 
n-o 

then we have 
00 

~ f (x) g (x) dx = L iinbn (8.13) 
n=O 

which is a generalization of (8.10). 
There is a theorem in mathematics for operators of a very ge-

neral form, which states that 

The totality of eigenfunctions makes up a complete set of 
functions. 

If there is a degeneracy, in the expansion 
00 

f (x) = L anf n (x) (8.11) 
n-O 

every term 
(8.14) 

must be replaced by a sum 

and nl (x) + an2f n2 (x) + · • . + ansf ns (x) 
where 

anz = ~ fnz (x) f (x) dx (8.15) 

In the case of a continuous spectrum the proper differentials 
divided by (~A.) ''•. 

1 
(At..)'i• ~F (x, /..) (8.16) 
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form a mutually orthogonal and normalized set of functions. 
Hence we can write the expansion in the form 

f (x) = L a (A.) - 1-,1 tlF (x, A.) (8.17) 
1o. (~A) I 

where 

a (A.)= (~~>''• ~ tlF (x, A.) f (x) dx (8.18) 

or, as !lf..- 0, 

f (x) = ~ c (A.) d1o.F (x, A.) (8.19) 

where 

c (A.)= lim ~~ f t:-.F (x, A.) f (x) dx (8.20) 
~1-. ... o J 

At times these formulas can be replaced by simpler ones: 

f (x) = ~ c (A.) f (x, A.) diu, c(A.) = ~ f (x, lv) f (x) dx (8.21) 

These represent an integral expansion similar to Fourier integral 
expansion, which is a particular case of (8.21). 

The completeness property of eigenfunctions for an operator 
with a continuous spectrum is 

~ If (x) P dx = ~ I c (lv) 12 dA. (8.22) 

or, if b (A.) is an expansion coefficient of another function g (x) 
(just as c(A.) is for f (x)), 

~ f (x) g (x) dx = ~ c (lv) b (lv) dA. (8.23) 

If an operator has a continuous spectrum as well as a discrete 
spectrum, the expansion in eigenfunctions and the completeness 
condition will each include both a sum and an integral. 



Chapter III 

QUANTUM MECHANICAL OPERATORS 

1. Interpretation of the eigenvalues of an operator 

At the beginning of the previous chapter we found that In 
quantum mechanics a definite linear operator is related to each 
physical quantity. What is the meaning of such a relationship? 
We saw that an operator possesses certain eigenvalues and eigen
functions. Now we must clarify the physical meaning of these 
mathematical concepts. Let us start by interpreting the eigen
values, they being a simpler concept. We will introduce the follow
ing hypothesis: 

The eigenvalues of an operator related to a given physical 
quantity are the values that this quantity assumes in the con
ditions created by measuring it. 

We must note the importance of specifying the conditions in 
which the quantity assumes its values. If we measure a quantity 
that is not included in the same group with the original quantity 
(see Chapter I), new conditions are created. In these the original 
quantity may not have definite values. However, when measuring 
a quantity, we create conditions in which one of the eigenvalues 
of the corresponding operator must appear as the result of the 
measuring process. To state our interpretation more briefly, we 
can say: The eigenvalues of an operator are the values of the 
corresponding physical quantity. 

Hence there is a limitation on the form of the operator corre
sponding to a real physical quantity. Since all the values of this 
quantity are real, the operator must have only real eigenvalues, 
which points to its hermiticlty. Thus 

A real physical quantity is described by a hermitian operator. 

As we know, an operator can have both discrete and continuous 
spectra. Thrrefore operators can correspond to quantities that 
assume both a denumerable set of values and a set of all the 
values in a certain interval. We must note here that the old quan
tum theory could formulate "quantum conditions" only for quan
tities that change abruptly and did not include the cases when 
quantities change continuously. 
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2. Poisson brackets 

How do we find the operator for a given physical quantity? We 
may use two guiding principles. First, the eigenvalue spectrum of 
the operator must coincide with the spectrum of observable values 
of the physical quantity. Second, the relations between operators 
must correctly reflect relations between the quantities. In relating 
operators to physical quantities we must note that the analogy 
with classical mechanics plays an important role. But this clas
sical analogy must be used cautiously since it may be incomplete. 

In classical mechanics a system is described by canonical 
variables: the generalized coordinates q~, q2, ... , qn and the gen
eralized momenta p,, P2 • ... , Pn· We can define canonically con
jugate variables with the help of the Poisson bracket. We start 
with Hamilton's canonical equations of motion 

dqk iJH dpk iJH 
dl=apk' Clt=-aqk' k=l,2, ... ,n (2.1) 

Let F be a certain function of coordinates, momenta, and time: 

F = F (q" q2 • ••. , qm P~> P2 •... , Pn• t) (2.2) 

We construct the total time-derivative of F 

(2.3) 

Using Eqs. (2.1) in (2.3), we obtain 
dF iJF 
dT=Tt + [H, F] (2.4) 

where we call 

(2.5) 

the classical Poisson bracket of the functions H and F. Likewise, 
for any pair of functions F and G the Poisson bracket is 

(2.6) 

The main property of the classical Poisson bracket is its invari
ance under a contact transformation, that is, a transformation 
of the variables Pk and qk that leaves the form of Hamilton's 
equations unaltered. Furthermore, the Poisson bracket has the 
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following properties (which are easily derived from its definition): 

[F, G)=- [G, F] (2.7) 

[F, c] = 0 (2.8) 

with c being a constant not depending on Pk or qk. 
Also 

[F1 + F2, G] = [FI> G] + [F2, G] (2.9) 

[F 1F2, G] = FdF2, G)+ lF~> G] F2 (2.10) 

Finally, we have the identity 

[F, [G, L]] + [G, [L, F]] + [L, [F, G]] = 0 (2.11) 

The Poisson brackets for generalized coordinates and momenta 
are 

(2.12) 

In classical physics (2.12) can serve as a definition of canon
ically conjugate coordinates and momenta. 

As we have already noted, all relationships that use the Poisson 
bracket (for instance, the formula for the total time-derivative of 
a function) do not depend on the choice of the generalized coor· 
dinates and momenta. We can thus expect that because there is 
an analogy between classical and quantum mechanics, there 
should be something similar to the Poisson bracket in quantum 
mechanics. 

The form of the quantum Poisson bracket was found by 
P. A. M. Dirac on the basis of Bohr's correspondence principle 
with the classical formula (2.6) as the starting point. Our 
approach will be different. Essentially it belongs to Dirac and is 
based on the assumption that the quantum Poisson bracket of any 
two noncommutative operators possesses all the properties (2. 7) · 
(2.11). 

We start from Eq. (2.1 0), where we substitute G1 and G2 for F1 

and F2, and F for G, and use Eq. (2.7). As a result we obtain 
another equation: 

[F, G1G2] = G1 [F, G2] + [F, GJ] G2 (2.10") 

We will think of F and G as noncommutative operators. Hence 
the order of multiplication in (2.1 0) is significant. Let us assume 
that the order of multiplication is that as in (2.1 0). This can be 
justified in the following manner. If G = H. Eq. (2.10) corre· 
sponds, at least in classical mechanics, to the rule of finding the 
time derivative of F1F2• When we are dealing with noncommuta
tive operators and wish to find the time derivative of F1F2, we 
must keep the order of multiplication as in (2.10), with F1 always 
to the left of F 2• 
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Now let us put G = G,G2 in (2.10). Using (2.10*), we can 
write (2.10) in the form 

[F,F2, G,G2J = F,G, [F2, G2] + F, [F2, Gd G2 

+GdF" G2JF2+lF" GdG2F2 (2.13) 

On the other hand, setting F = F,F2 in (2.10"') and using (2.10), 
we obtain 

[F,F2. G,G2l = G,FdF2. G2] + GJ[F" G2] F2 
+ FdF2, Gd G2 + [F,, G,] G2F2 

Thus for [F,F2, G1 G2] we have two different expressions, which 
must be equal irrespective of the forms of F and G. Equating 
these two results, we have 

(F,G,- G,F,) [F2, G2] = [F" G,] (F2G2 - G2F2) (2.14) 

This condition holds only in one case: if for any two opera
tors F and G 

[F, G] = c (FG- GF) (2.15) 

where c is an operator that commutes with any other operator. 
Only multiplication into a constant has such a property. Therefore c 
is a constant. We can easily show that c is pure imaginary. Indeed, 
we want the Poisson bracket of two real quantities to be real. 
Hence, if F and G are hermitian, [F, G] must be hermitian too. 
But by Eq. (4.8), Chapter II, 

[F, at= c(a+p+- p+a+)=- c (FG- GF) (2.15•) 

If (2.15"') coincides with (2.15), then necessarily c = -c, which 
yields 

where h' is real. Thus 

l c=v 
l 

[F, G] =h'(FG- GF) 

(2.16) 

(2.17) 

Let us show that (2.17) satisfies all the properties of the Pois
son bracket (2. 7)- (2.11). We immediately see that (2.17) satis
fies (2.7)- (2.9). Furthermore 

l . l 
7i' (F,F2G- GF,F2) = ~, F, (F 2G- GF2) + 7i' (F,G- GF,) F2 

which means that (2.10) is satisfied as well. Finally, to prove 
that (2.11) holds we must in the obvious identity 

FGL + GLF + LFG + LGF + FLG + GFL 
-FGL- GLF- LFG- LGF -FLG-GFL=O 
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group the terms properly. We may thus consider it proved that 
the quantum Poisson bracket has the form (2.17). What remains 
to be found is the constant quantity h'. For the Poisson bracket 
to have the proper dimensions, h' must have the dimensions of 
action. The numerical value of h' can be found by first leaving it 
undefined, then constructing the appropriate operators, and finally 
comparing h' with the results of actual experiments, for example, 
comparing the eigenvalues of the energy operator with observed 
energy levels. We would then find that 

h' = !1 = 2: , h = 6.624 X 10-27 ergs (2.18) 

where h is Planck's constant. We will from the start think of h' 
as equal to li. 

Knowing the quantum Poisson bracket enables us to use the 
method of classical analogy to find the form of quantum operators. 
But, of course, the extent to which this analogy is justified will be 
determined by comparing theory with experiment. 

3. Position and momentum operators 

The form of the operator for a given physical quantity depends 
on the choice of variables for the functions on which the operator 
acts. The operator for the independent variable is always the 
multiplication into this variable. This follows from the requirement 
that the values of any physical quantity coincide with the eigen
values of the corresponding operator (see Section 6 of Chapter II). 

Let us take, for example, the coordinate x as the independent 
variable for a system with one degree of freedom. If operators act 
on the functions of x, the position operator will reduce to the 
operator corresponding to multiplication into x. If we take another 
quantity for the independent variable, for instance, energy, the 
energy operator will have the "multiplication" form, whereas the 
position operator will have a new, more complicated form. 2 

How does one choose the independent variables for a system 
with several degrees of freedom? Can any combination of vari
ables be used (for instance, energy, one coordinate, and one com
ponent of the momentum vector for a system with three degrees 
of freedom)? We can answer these questions by reasoning as 
follows. The independent-variable operators are multiplication 
operators and thus commute with each other. But this means 
that 

The independent variables are those whose operators commute. 

2 See Section 6, Chapter I, Part II. 



46 Fundamentals of Quantum Mechanics 

To decide which quantities (operators) commute and which do
not, we use the analogy between the classical and quantum Pois· 
son brackets. 

The electron of classical physics is a mass point with three de· 
grees of freedom. Let us denote the position of an electron by the 
(Cartesian) coordinates 

(3.1) 

and the momentum components by 

Px = P~> Pu = P2• Pz = Pa (3.2) 

The classical Poisson brackets of these quantities are 

[xk, xtl = 0, [pk, Ptl = 0, [pk, xtl = ~kl (3.3) 

Let us try to formulate this in quantum terms. We will assume 
that the quantum Poisson brackets have the same form as (3.3) 
and that the 0 and l in the right-hand sides of (3.3) are the oper
ators of multiplication into zero and unity respectively. If, in 
addition, we assume that the coordinates of the electron can take 
on any real values from -oo to +oo, Eqs. (3.3) enable us to find 
the form of the position and momentum operators. 

First of all, Eqs. (3.3) show that the operators for Xt. x2, x3 
commute. Hence we must take x~. x2, x3 for the independent vari· 
abies. This means that the operators will act on functions of the 
type 

'¢ (x, y, z) = '¢ (x" x2, Xa) 

Second, Eqs. (3.3) yield 
i 

T(PxX- XPx) '¢ = '¢ 

i 
T (PuY - YPu) '¢ = '¢ 

The momentum operators 

(3.4) 

(3.5) 

·tt a 'li a 'li a (3 6 Px = - t ax , Pu = - t ay, Pz = - t Tz . ) 

are, as we already know, hermitian. They also satisfy Eq. (3.5), 
since after cancelling out ti we have 

a a¢ 
lPx· x]'¢=ax(x'¢)-xax='¢ (3.7) 

We can obtain equations for the y and z components in the same 
way. 
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To find the general form of the momentum operators Px. Pu. Pz 
we put 

1 ·b. a + 1 ·b. a + P = - '"- q p = - lrL - q X ax X' /} ay Y' 

Equations (3.3) yield 

QkXI - XtQk = 0, k, l = 1, 2, 3 (3.9) 

which means that Qx. qy, Qz and x, y, z commute. Furthermore, the 
q's must be hermitian. Hence they correspond to multiplication 
into real functions of x, y, z. For example, 

1 ,,,1 ·t. a'IJ' + ( ) ,,,1 Px't' =-t"ax qx x, y, z.., (3.10) 

But p:, p~, p~ must also satisfy the conditions 

[p~, P;] = ~ (P~P; - P;P~) = 0 
or 

that is 

which yields 

(3.11) 

Hence Qx, qy, Qz are partial derivatives of one real function of 
coordinates, with the result that 

1 •"I .11 a'IJ' + at ,,,1 Px't' =-t ax ax.., 
I.,,~ = - ill a'IJ' + ~ .,,1 

Pu.., au au .., 
1 ,,,1 . b. a'IJ' + at ·"I 

Pz't'=-lr~----az- Tz't' (3.12) 

We now show that by transforming the function 'ljl ·we can reduce 
the operators in (3.12) to the more simple form (3.6). Let us 
assume that "'I= e-lf (X, y, Z)/h"' 

p:'ljl = eifl"p~ 'ljl' = elffhp~e-lflh'ljl 
(3.13) 

(3.14) 
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We seek the form of p~. We have 

- lh a'ljl =elf!"(- ih a'ljl' + ..£L M) = etfl"p' •• ,, ax ax ax 'I' x'l' (3.15) 

If we compare (3.14) and (3.15), we obtain 

• •h • t. a"" Px'l'=-tr'Tx 

and similar equations for y and z. We see that 

• Pu =pu, (3.16) 

Thus the new operators are of form (3.6), and the relationship 
between Px• p11 , Pz and p:, p~, p; is as follows: 

Px = elfl"p:e-if/h 

p = elff"p' e-lf/h 
y y 

Pz = etfl"p;e-if/h (3.17) 

We will assume that this transformation was done at the very 
beginning. So we can view momentum operators Px, p11 , Pz acting 
on functions of coordinates as the operators (3.6). 

It is a distinctive feature of quantum mechanics that an opera
tor for a physical quantity can have different forms [Eqs. (3.6) 
and (3.12), for instance] and that in passing from one form to 
another [Eqs. (3.17) 1 the wave function \jJ undergoes a transfor
mation [see Eq. (3.13) ]. One might think that such arbitrariness 
would lead to an ambiguity in the laws of quantum mechanics. 
This is a false assumption. All quantities that can be compared 
with experimental results (eigenvalues of operators, for instance) 
are unambiguous. In Section 12 we will return to this question 
and find the transformations under which physical quantities are 
invariant. 

4. Eigenfunctions and eigenvalues 
of the momentum operator 

We see that using the method of classical analogy we can find 
the operators Qf the Cartesian components of momentum, which 
are 

·t. a P =-tn-x. ax ' 
·t. a P =-tn-

Y ay ' 
·t. a P =-tr£z az (4.1) 

What are the eigenvalues and eigenfunctions of these opera
tors? To solve this problem, we first denote the eigenvalues of 
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the corresponding operators as p~. p~. p~. The eigenvalue equa
tions are 

cJ¢(1) 
- ift-- = p' .J..(I) ax x't' 

cJ¢(2) 
- ih--ag = p~,P<2> 

cJ¢(3) 
- ifiiiZ = p~'ljl(3) 

The solution for the first of these equations is 

lxp'jh 
'¢ctJ = fOl (y, z) e x 

(4.2) 

(4.3) 

where fO> does not depend on x. The solution is finite for all 
values of x if and only if p: is real. Thus the eigenvalues of Px 
form a continuous spectrum ranging from -oo to +oo. In a si· 
milar manner we can write the other two solutions: 

lyp'jh lzp'jll 
'¢<2> = f<2> (z, x) e u , '¢<3> = fC3> (x, y) e z (4.3•) 

It is easy to see that Eqs. (4.2) have the general solution 

'ljl(l) = '¢(2) = 'ljl(3) = '¢ (4.4) 

where '¢ = c exp [(i/fi) ( xp: + yp~ + zp~)] with c a constant that 

may, however, depend on p:, p~. p~. The normalization condition 
will determine this constant. We will first consider the one-dimen· 
sional case. We put 

'¢ = celxp/h (4.5) 
The normalization condition [see Eq. (7.20), Chapter II] for 

this case is 

where 

+oo 

lim -f- f I A'l' 12 dx = 1 6.p~O p j 
-oo 

p+6.p 

A'l' = ~ '¢ (x, p} dp 
p 

(4.6) 

(4.7) 

Equation ( 4.6) is satisfied if we consider c not depending on p. 
We then obtain 

4-2186 

A'l' = ~1i elxp/h (elx 6.p/h _ 1) 
IX 

= celx <P+6.p/2)/ll.!!!.. sin ( x lip) 
X 2/i (4.8) 
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Next 

-oo -oo 

(4.9) 

since 
+oo 

~ sl~: 6 dG = n (4.10) 
-oo 

Returning to (4.6), we flnd that 

c = - 1-ela (4.11) 
(2nli)''• 

where a is a real quantity, which we may consider equal to zero 
without loss of generality. 

Hence the normalized function 'ljl (x, p) is 
I •h (x p) = __ elxp/11 

"' ' (2nli)'/s 
(4.12) 

The expansion of an arbitrary function in momentum eigen
functions will then be [according to Eqs. (8.21), Chapter II] 

where 

+oo 
f(x)= I ( elxpfllqJ(p)dp (4.13) 

(2nli)''• J 
-oo 

+oo 
qJ (p) = _I_ ( e-lxp!llf (x) dx 

(2nli)'l• J 
-oo 

Equations (4.13) and (4.t3•) define the Fourier integral trans
formations, and qJ(P) is called the Fourier transform of f(x) 
[quite naturally, f (x) is called the inverse Fourier transform of 
qJ(p)]. 

If we now consider the three-dimensional case, we must write 
the normalization condition as 

lim I II I rr r I h'l' 12 dx dg dz= 1 (4.14) 
l'ipx llpy l'ipz J JJ . 

where 

p~ + d< p~ + dp~ p: + dp: 

~ dp~ ~ dp~ ~ dp~'i'(x, y, z; p~. p~. p:) 
p" p~ 0~ 

(4.15) 
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The normalization condition (4.14) will obviously be satisfied if 

1Jl(x, y, z; p:. p~, P;)=1Jl(x; P:)1Jl(y; P~)¢(z; P;) 

= (Zn~)'f,exp[~ (xp:+YP~+zp~)] (4.16) 

The expansion of an arbitrary function of the three coordinates 
in the momentum eigenfunctions will then be written in the form 
of a triple integral. 

5. Quantum description of systems 

In Section 5, Chapter II, we found that an eigenvalue of an 
operator is related to the corresponding eigenfunction by the 
formula 

~ ~L¢d-r: 
A. = -=::----

~ ,j,"' d-r: 

(5.1) 

We note that when ¢ belongs to a continuous spectrum, we must 
take the proper differential instead of the eigenfunction. Thus by 
defining the eigenfunction we can find the corresponding eigen· 
value of the operator, which in turn is related to the physical 
quantity. In this sense we can speak of a function as defining the 
state of the system. 

The right-hand side of (5.1) retains its meaning when "¢ is not 
an eigenfunction of L. We will clarify the physical meaning of this 
fact in the next chapter. 

We will call a wave function a function 1jJ that defines the state 
of the system. Let us illustrate the important concept of a wave 
function as a means of describing a system's state. As we have 
shown in the previous section the function 

"¢ (x, y, z) = (Zn~)'' exp [ f ( xp: + yp~ + zp~) J (5.2) 

is the simultaneous eigenfunction for all three momentum compo· 
nents Px, p0 , Pz· It therefore defines the state of the electron with 

' Px = Px• ' P0 =P0 , (5.3) 

The other quantities (for instance, the coordinates of the 
electron) do not have definite values in the state of the electron 
with a wave function (5.2) since "¢ is not an eigenfunction of the 
position operator. 

Hence the quantum description of the state of the electron has 
the feature that only one group of quantities (for instance, 

4* 
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Px, py, Pz) can have definite values; the other group (in our 
example x, y, z) remains undetermined. This result agrees with 
the fact mentioned in Chapter I, the impossibility of precise and 
simultaneous measurement of all the quantities that in classical 
physics characterize the state of the electron. 

But how does one decide which quantities can be measured 
simultaneously and which cannot? Let us reason in the following 
manner. From the experiment we gain a knowledge of the state 
of the electron, that is, of a certain wave function '¢. If the mea
surement of two quantities L and M gives definite values 'A and J.L, 
then, according to what has just been said, '¢ will be an eigen
function of both L (with eigenvalue 'A) and M (with eigenvalue J.L). 
But for L and M to have simultaneous eigenfunctions both must 
satisfy certain conditions, which we will now examine. 

6. Commutativity of operators 

Let '¢ = '¢ (x; 'A, J.L) be a simultaneous eigenfunction 3 of opera
tors Land M: 

(6.1) 

We operate on the first equation with M and on the second 
with L: 

Hence 

ML\jl = 'AM\jl = AJ.L1jl 

LM'¢ = J.LL1Jl = J.LA\jl 

ML'¢ (x; ,_, J.L) = LM\jl (x; A, J.L) (6.2) 

We assume now that all the simultaneous eigenfunctions con
stitute a complete set. Then any other function '¢ (x) can be 
expressed as a series (or an integral) of the type 

1jJ (x) = L c (A., J.L) 1jJ (x; }., J.L) (6.3) 
A.,ll 

Since (6.2) holds for each term in expansion (6.3), it holds for 
the sum as a whole provided the series for ML'¢ converges. We 
see that for an arbitrary '¢ (x) 

M L\jl = LM\jl (6.4) 
or 

ML-LM=O 

a Letter x denotes either the independent variable or the set of all the inde
pendent variables of a function. 
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that is, L and M commute. We have thus proved the following 
theorem. 

If the simultaneous eigenfunctions of two operators L and M 
form a complete set, the operators commute. 

We will now prove the converse theorem: 

If two operators L and M commute, they have simultaneous 
eigenfunctions. 

Let eigenvalue ').. of operator L have corresponding to it one or 
several eigenfunctions 'iJ (x; ').., k), where k denotes the different 
functions for one specific value of 'J... The most general solution 
of the eigenvalue problem 

L'¢='J..'¢ 
is 

'I>= L c (k) '¢ (x; 'J.., k) 
k 

Operating with M on the equation 

LlJ' (x; 'J.., k) = 'J..'i' (x; 'J.., k) 
and using the fact that L and M commute, we obtain 

ML'i' = L (MlJ') = 'J..M'Ijl 

(6.5) 

(6.6) 

(6.5. 

(6.7) 

The function lJ'' = MlJ' is thus the eigenfunction of L correspond
ing to the eigenvalue 'J... Hence it can be expressed as a linear 
superposition of eigenfunctions lJ' (x; 'J.., k'): 

MlJ' (x; 'J.., k) = L M (k', k) lJ' (x; 'J.., k') (6.8) 
k' 

where obviously the expansion coefficients M (k', k) depend on k' 
as well as on k. With this in mind we can construct the linear su
perposition of type (6.6) that will also satisfy the equation 

M'¢= 1-1'¢ (6.9) 

We substitute (6.6) into (6.9) and use Eq. (6.8). Equating the 
coefficients of lJ'(x; 'J.., k) yields a set of s equations 

LM(k, k')c(k')=J.tc(k) (6.10) 
k' 

where s is the number of possible values of k for a given 'J... In 
other words, s is equal to the degree of degeneracy of ')... If we 
denote the solutions of Eqs. (6.10) as 

c(l> (k}, c<2> (k), ••. , c<s> (k) (6.11) 

and the corresponding values of Jl as 

J.1h l-12• • • ., J.ls (6.12) 
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then the functions 

'I'* (x; /.., 1-Ls) = L c(s) (k) 'I' (x; /.., k) (6.13) 
k 

will be the solutions to both (6.5) and (6.9), which means that 
they are simultaneous eigenfunctions of operators L and M. The 
proof is complete. 

We assumed that /.. was s-fold degenerate with s finite. This, in 
turn, leads to a finite number of eigenfunctions corresponding to 
each value of /... The theorem also holds for the case when s is 
infinite. 

What is the physical meaning of these theorems? It is the 
following: 

The commutativity of operators expresses the possibility of 
measuring the corresponding physical quantities simultaneously. 
Or, in other words, the noncommutativity of operators makes a 
simultaneous measurement of the corresponding quantities im
possible. 

An example of two commutative operators with simultaneous 
eigenfunctions was given in Section 4 of this chapter. 

7. Angular momentum 

As an example of noncommutative operators let us examine 
three operators 

mx=YPz-ZPv 
my=ZPx- XPz 
mz=Xpg- YPx (7.1) 

These are composed of position and momentum operators in the 
same way as angular momentum is in classical mechanics. Later 
in examining the quantum equations of the motion of the electron 
we will see that (7.1) can indeed be interpreted as angular mo
mentum operators. 

We set up the quantum Poisson bracket involving the operators 
(7.1) and the position and momentum operators. We find that 

i 
[mx, x] = T (mxx- xmx) = 0 (7.2) 

This is obvious since mx does not contain differentiation with 
respect to x and thus commutes with multiplication into x. We 
also find that 

[mx, y]=-z[py, y]=-z 

[mx, z]=y [pz, z] =y (7.2") 
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where we have used the properties of the Poisson bracket known 
from Section 2. In a similar manner 

[mx, Px]=O 

[mx, Py] = - Pz 

~.~=~ ~~ 
If we use (7.2) and (7.3) to find the Poisson bracket for two 

different components of angular momentum, we obtain 

Hence 

[mx, my]= [mx, ZPx- XPz1 

= [mx, z] Px- X [mx, Pz] 
=ypx-XPy 

=-mz 

[my. mz] = - mx 

[mz, mx] = - my 

[mx. my]= - mz (7.4) 

We see that all these relationships correspond exactly to the 
classical ones. 

Our task now is to find the eigenvalues and eigenfunctions of 
the operators mx, my, mz. The eigenvalue equation for mz iis 

.! (x ~- y ~) = m'\jl (7.5) l ay ax z 

with m: being an eigenvalue of mz. If we use cylindrical coordi
nates p, c:p, z with 

x=p cos c:p, y = p sin c:p 

then Eq. (7.5) reads 

~~=m'1!> , a<p z (7S) 

The solution is of the form 

(7.6) 

This is a single-valued function of a point in space only if it 
is a periodic function of c:p with period 2,;, which yields 

m3 = 0, ± l, ± 2, ..• (7.7) 

We have thus found the eigenvalues and eigenfunctions of mz. In 
the same way one can find them for the other two operators. To 
compare them we will return to the rectangular Cartesian coordi-
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nates. Function (7.6), which we denote ¢ 3, and the eigenfunctions 
¢ 1 and 11'2 of mJI and my will then be of the form 

'1'1 = f1 (x, -YY2 + z2) (y + iz)m' 

'1'2 = f2 (y, -Yz2 + x2 ) (z + ix)""' 

'!'a= fa (z, -Y x2 + y2 ) (x + iy)m' (7 .8) 

and the eigenvalues will be 

m:=m1h, 

where m1, m2, m3 are integers. 

(7.9) 

We have come to a conclusion that at first glance seems para· 
doxical: the angular momentum components in any direction can 
assume, when measured, only integral values that are multiples 
of a definite quantity b. This seems even stranger in view of the 
fact that the components of a vector in two infinitely close 
directions differ by an infinitely small quantity. 

But this paradox is easily explained. First let us note that the 
only simultaneous eigenfunction of mx, my, mz corresponds to the 
simultaneous eigenvalues 

(7.10) 

and is 

(7.11) 

In this case the angular momentum vector (and hence its com
ponents in any direction) is zero, which implies that a paradox 
does not exist. But if one of the eigenvalues is nonzero, the opera
tors mx, m 11 , mz have not a single simultaneous eigenfunction. 
Hence a state of the electron in which two or three components of 
angular momentum have definite values simultaneously is impos
sible. This means that only one of the components can be integral. 
What is the physical significance of this fact? To measure a 
component of an electron's angular momentum in a definite di
rection one must influence the electron in some way, say, by 
switching on a magnetic field in this direction. This influence 
"tunes" the electron in such a way that its angular momentum 
component in the direction of the field assumes integral values. 
Other components remain undefinable because it is impossible to 
measure them without changing the direction of the field, that is, 
without getting the electron "out of tune". We conclude that the 
properties of angular momentum resulting from the theory under 
consideration express the inevitable influence of the measuring 
process on an object. 
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8. The energy operator 

In the classical theory for a vast variety of systems the time 
dependence of the state of a system (equations of motion) is 
defined by introducing the Hamiltonian function, which is the 
total energy of the system. In quantum mechanics too we can 
introduce an energy operator, commonly called the Hamiltonian, 
which defines the time dependence of the state of a system (this 
will be proved in Section 13 of this chapter). For this reason the 
choice of a specific Hamiltonian is an important step in construct· 
ing the theory. When this is done, the choice of operators for 
the other physical quantities (angular momentum, for example) is 
more limited. In classical mechanics we take the simplest quan· 
tities (position and momentum) and construct different combina· 
tions possessing "advantageous" properties (for instance, remain
ing constant in the process of motion). In quantum mechanics 
too we take the simplest operators and construct combinations 
that have simple properties and allow an obvious interpretation. 
When speaking of the properties of operators, we have in mind 
for the most part their commutativity with other operators and 
their time dependence. Since the time dependence is associated 
with the form of the Hamiltonian (see Section 13 of this chapter), 
it is evident that the choice of "advantageous" combinations of the 
simplest operators depends on this basic operator. 

The classical Hamiltonian function has different forms depend
ing on whether special theory of relativity is taken into account. 
Only for the one-body problem was the relativistic Hamiltonian 
function found in explicit form. For the many-body problem this 
proved to be impossible. The situation is similar in quantum me· 
chanics. Here too the relativistic Hamiltonian was found only for 
the one-body problem, and it differs drastically from the nonre· 
lativistic Hamiltonian. We will study the relativistic case in 
Part V, which is devoted to Dirac's theory of the electron. For 
the present we will deal with the Hamiltonian ignoring the rela· 
tivistic effects. 

In the classical theory the kinetic energy expressed in terms of 
the components of momentum In a rectangular Cartesian coor· 
dinate system is 

(8.1) 

If we consider Px, py, Pz as operators (3.6), formula (8. I) will 
become an operator, which we can call the kinetic-energy opera
tor. We note that if in (8.1) we had used, say, a spherical coordi
nate system instead of a Cartesian one, then 

r· =-1-( 2+_1 2+ t 2) 
2m Pr r 2 Pa r 2 sin2 e P~ (8.2) 
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If we had then interpreted p,,pa,p'9 as -ili(iJ/iJr), -ili(iJ/iJ8), 
-ili(iJ/iJcp), we would have obtained an operator r• that would 
not coincide with T. For this reason let us assume that when 
passing from a classical function to a quantum mechanical oper
ator we must use only rectangular coordinates. If a classical 
formula (involving components in a rectangular coordinate sys
tem) does not contain factors that become noncommutative when 
transformed into operators, the transformation is unique. But, of 
course, it remains to be proved by comparing theory with experi
mental practice whether such classical analogy is legitimate. 

The kinetic-energy operator can be expressed in terms of the 
Laplacian operator. If we substitute (3.6) for Px, py, Pz, we obtain 

T11J =- :~ V211J (8.3) 

Naturally, after the form of the operator is established, we can 
transform to any coordinates. For instance, in spherical coordi
nates 

T•h =- lC { -1 3._ (r2 ~) + 1 ~" (sin 8 ~!) 
't' 2m r 2 iJr or r2 sin e vo vo 

If we introduce the operators 

·n a P =-t-
r or ' 

·n a Pe= -t ae• 
we can write the kinetic-energy operator as 

·n a P~p=-t ~ 

(8.4) 

(8.5) 

T I { I 2 + I . 8 + I ? } ( 8 6) = 2m 72" p,r Pr r2 sin e Pe sm Pe r2 sin2 e p~ . 

This expression differs from (8.2) only in the order of the non
commutative multipliers; if they were commutative, the two would 
have coincided. 

We know that the eigenvalues of the Laplacian operator are 
negative. Hence the eigenvalues of the kinetic-energy operator are 
positive, as they should be. 

For the eigenfunctions of the kinetic-energy operator we can 
take the simultaneous eigenfunctions of Px. py, Pz, which, as we 
know, are of the form 

11' = (211
11i>''• exp [ i ( xp~ + yp; + zp;)] (8. 7) 

Any function of type (8.7) in which the sum of the squares of 
the parameters p~, p;, p; has a definite value 2mT': 

p~2 + P;2 + p;2 = 2mT' (8.8) 
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and also any superposition of such functions (a sum or an inte
gral) is an eigenfunction of the kinetic-energy operator corre
sponding to the eigenvalue T = T'. Hence we have an eigenvalue 
of infinite-fold degeneracy. Functions of type (8.7) can be used to 
compose superpositions that would at the same time be eigenfunc
tions of other operators. This implies that these operators com
mute with each other and with the kinetic-energy operator. In the 
physical sense this means that the state of the electron is not fully 
defined when we specify the kinetic energy alone. Hence we must 
indicate values of other quantities, say, momentum. 

The kinetic-energy operator for a free electron is at the same 
time its Hamiltonian. For an electron in an external field with a 
potential energy U (x, y, z) we can by analogy with the classical 
theory write the Hamiltonian in the form of a sum of the kinetic
and potential-energy operators: 

1 
H = 2m (P~ + p~ + P;) + U (x, y, z) (8.9) 

Here the operator U (x, y, z) acts on functions of coordinates and 
thus yields multiplication into U (x, y, z). The eigenvalue equation 
for His 

]j2 
- 2m V21j) + U (x, y, z) 1j) = E1j) (8.10) 

where E is the total energy of the electron in the field. This equa
tion was proposed in 1926 by Schrodinger and is called the 
Schrodinger equation. We will examine the equation and its solu
tions more closely in Part II. For the present we will say that, 
apart from certain details, its corollaries are borne out by experi
ments, which proves the validity of the original hypotheses. 

The Schrodinger equation can serve to describe the behaviour 
of an electron in an electrostatic field. It is only natural then to 
try to generalize it for the case of a magnetic field. But it appears 
that the classical model of the electron as an electric-ally charged 
mass point is not sufficient to explain the electron's behaviour in 
a magnetic field and it is necessary to assign a definite magnetic 
moment to the electron. In Part V we will perform this generali
zation on the basis of Dirac's theory of the electron. 

9. Canonical transformation 

We have seen that the state of the electron can be described by 
a function of coordinates or other independent variables, for 
instance, the components of momentum. The transition from one 
set of independent variables to another is done by canonical 
transformation. 
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Let a wave function expressed in terms of coordinates be 
\jl (x, y, z) or simply \jl (x) if by x we denote the set of all three 
coordinates. We assume that we are dealing with an operator L 
that has eigenvalues I. and a complete set of eigenfunctions 
q> (x, /...). Then 'ljl (x) can be expanded in a series in the eigenfunc
tions q> (x, f..): 

\jl (x) = L c (/..k) q> (x, /..k) + ~ c (A.) q> (x, /...) dA. (9.1) 
k 

where the expansion coefficients [both c (l.k) and c (/...)] are defined 
in terms of \jl (x) thus: 

c (A.)= ~ q> (x, A.) 'I> (x) dx (9.2) 

Function 'I> (x) is specified by the set of coefficients c (A.k) and 
c (/...). For this reason, if 'I> (x) describes the state in terms of x, 
then c(/..) describes it in terms of/.... Also, if 'ljl(x) is normalized, so 
is c(/..) because according to the completeness condition (see 
Section 8 of the previous chapter) 

~ I 'I> (x) 12 dx = L I c (A.k) F + ~ I c (/...) FdA. (9.3) 
k 

A state in which I. = l.n is described in terms of I. by the func
tion 

C (A.n) = 1 
cP,)=O, (9.4) 

If in a given state we find that I. = 'A' where 'A' belongs to a 
continuous spectrum, the expansion coefficients c (/..k) in (9.1) 
must be set equal to zero and the integral must be the Stieltjes 
integral. We write it in the form 

where 

'I> (x) = q> (x, A.') = ~ q> (x, /...) d,c (A., I.') (9.5) 

c (A., A.')= 1, 

c (A., A.') = 0, (9.6) 

Formula (9.2) can be considered to be the expansion of c(f...) in 
the functions 

~p+ (A., x) == q> (x, A.) (9.7) 
Here the expansion coefficients are the functions 'I> (x) defined by 
(9.1). Later we will see that the <p+ are the eigenfunctions of the 
operator x in terms of A.. Thus a description in terms of x is equi
valent to a description in terms of /.... 
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Now let us see how operators change when we transfer from 
one set of variables to another. We first take the operator L whose 
eigenfunctions we have used in expansions. We apply it to 'iJ (x). 
Since <p (x, A.) is an eigenfunction of L, · 

L<p (x, A.)= A.<p (x, A.) (9.8) 

and we obtain 

Lw (x) = L A.kc (A.k) <p (x, A.k) + ~ A.c (A.) <p (x, A.) dA. (9.9) 
k 

Hence the transition from 'iJ (x) to Lw (x), that is the application 
of L, has corresponding to it the transition from c (A.) to A.c (A.), or 
the multiplication into A.. Consequently, the operator L expressed 
in terms of the independent variables A., its eigenvalues, is simply 
the multiplication into A., which is as it should be. Indeed, we have 
seen in Section 3 that the operator corresponding to the indepen
dent variable is the multiplication into this variable. 

Now instead of L let us take another operator M and apply it 
to 'iJ (x). For simplicity let us assume that L has only a discrete 
spectrum. So the series expansion of 'iJ (x) in the eigenfunctions 
of L will be 

'i' (x) = L c (A.k) <p (x, A.k) (9.1 0) 
k 

Applying M to 'iJ (x), we find that 

M'i' (x) = L c (A.k) M<p (x, A.k) (9.11) 
k 

In turn we expand M<p (x, Ak) in the <p (x, A.n): 

M<p (x, A.k) = L (A.n I M I A.k) <p (x, An) (9.12) 
n 

where (A.n I M I Ak) are the expansion coefficients: 

(A.n I M I A.k) = ~ <p (x, A.n) M<p (x, A.") dx (9.13) 

Substituting (9.12) into (9.11), we obtain 

M'Jl (x) = L c' (A.n) <p (x, An) (9.14) 
n 

with c' (A.n) defined as 

c' (A.n) =Me (A.n) = L (lvn I M I A.k) C (A.k) (9.15) 
k 

Hence the transition from 'iJ (x) to Mw (x) has corresponding to 
it the transition from c(A.n) to c'(A.n) = Mc(A.n). Therefore M 
expressed in terms of A. has the form (9.15). 
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If L has a continuous spectrum as well as a discrete spectrum, 
instead of (9.10), (9.12), (9.14), and (9.15) we have 

'iJ (x) = L c (A.k) q> (x, A.k) + ~ c (A.) q> (x, A.) dA. (9.1 0*) 
k 

Mq> (x, A.)= L (A.n I MIA.) q> (x, '-n) + ~ (A.' I MIA.) q> (x, A.') dA.' (9.12*) 
n 

M\jl (x) = L c' (A.k) q> (x, A.k) + ~ c' (A.) q> (x, A.) dA. (9.14*) 
k 

c' (A.)= Me (A.)= L (A. I M I A.k) c (A.k) + ~(A. I MIA.') c (A.') dA.' (9.15*) 
k 

where in (9.12*) and (9.15*) A. is an eigenvalue belonging either 
to the continuous or to the discrete spectrum. We can define 
(A.IMIA.') in the same way as in (9.13). It could happen, however, 
that the integral in the expression for (A. I MIA.') does not have a 
definite value. This means that in terms of A. there is no kernel 
for M. In such a case we construe M in terms of A. as an operator 
that maps the expansion coefficients c(A.) of \jl(x) into the expan
sion coefficients c' (A.) of M¢ (x) even if c' (A.) is not given by 
(9.15*). 

Let us illustrate this. We assume that M is the position opera
tor, which means that when M is applied to \jl (x), the result is 
multiplication into x. What we want to find is the expression for 
x in terms of A.. The eigenvalue equation is 

L (A. I X I A.k) c (A.k) + ~ (A. I X I A.') c (A.') dA.' =XC (A.) (9.16) 
k 

It is easy to check that the solution is 

c (A.) = q> + (A., x) = q>-(.,-x-, A.:-:-) (9.17) 

with q> (x, A.) being an eigenfunction of the operator L in terms 
of x. Indeed, if we recall the condition 

(A. I X I A.') = (A.' I X I A.) (9.18) 

which expresses the hermiticity of the operator x, and if we re
place c (A.) by q> (x, A.), we see that the complex conjugate of 
Eq. (9.16) is 

L (A.k I xI A.) q> (x, A.k) + ~ (A.' I xI A.) q> (x, A.') dA.' = xq> (x, A.) (9.19) 
1c 
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But this is precisely the expansion of the product xcp (x, A.) in a 
complete set of eigenfunctions Ql (x, A.'). This also holds when 
instead of x we take an arbitrary operator M. Thus 

The eigenfunctions of an operator M in terms of L are complex 
conjugates to the eigenfunctions of L in terms of M. 

The result remains valid when operators do not have kernels. 

10. An example of canonical transformation 

As an example of canonical transformations we will consider 
transformations of the momentum and position operators, p and x. 
We know that pin terms of x, that is, 

"11 iJ p=-t-iJx 

has eigenfunctions of the form 

•h ( ) 1 e!xp/11 
't' X, p = 'I 

(2n.li) • 

(10.1) 

(10.2) 

Let us examine the form of x in terms of p. The operator x, 
by definition, maps f (p), which is the Fourier transform of the 
function \jJ (x) expressed as the Fourier integral 

+oo 
'¢ (x) = I f f (p) e!xp/11 dp 

(2n.li) 'I• l 
-oo 

into another function f' (p) such that 
+oo 

x'¢ (x) = I f f' (p) e!xp/h dp 
(2n.li)'l• l 

-oo 

holds true. If we integrate by parts, we obtain 
+oo +oo 

(10.3) 

( 10.4) 

X\j) (X)= (21t~)'/J 1i r f (p) deiXp/11 = 1 I r ih 21_ e!Xp/h dp 
i l (2nli) '• l iJp 
-~ -® 

which yields 
f' (p) = ih .21_ 

iJp 

We see that x in terms of p is 

"h iJ X=t ap 
This agrees with the expression for the Poisson bracket 

l 
[p, x] = tJ (px- xp) = 1 

(10.5) 

(10.6) 

(10.7) 
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because 
_ P .EL_ + a pf = f 

ap ap (10.8) 

The eigenfunctions of x in terms of p are 

• ..,+ (p x)- I e-txp/11 
't' , - (2:nli)'1• 

(10.9) 

Here p stands for the independent variable and x for a parameter, 
whereas in ( 1 0.2) the roles of p and x are interchanged. 

The function 
'¢ (x) = I etxp/11 (10.10) 

(2:n.IJ) .,. 

of x described a state of the electron with a definite momentum, p. 
However, a state with a definite position, x', was described in 
terms of x by a proper differential 

dF (x, x') (10.11) 
with 

F (x, x') =I, 

F (x, x')= 0, 
x>x' 
x~x' (10.12) 

On the other hand, in terms of p a state with a definite position, x, 
is described by 

f (p) = I e-txp/11 
(2:nli >''• 

and with a definite momentum, p', by a proper differential 

(10.13) 

dF (p, p') (10.14) 

We must note that F(p, p') depends on p and p' in the same way 
as F(x, x') depends on x and x'. 

It can easily be concluded, therefore, that a transition from one 
representation to another is made, as in the general case, via the 
Fourier integral, because for a state of the electron with a definite 
position, x = x', 

f (p) = '¢+ (p, x') = ~ '¢+ (p, x) dxF (x, x') (10.15) 

and for a state with a definite momentum, p = p', 

'¢ (x) = '¢ (x, p') = ~ 1jJ (x, p) dpF (p, p') (10.16) 

II. Canonical transformation as an operator 

A canonical transformation is most conveniently written in 
symbolic notation. We will denote by S (x, A.) the operator that 
maps a function c (A.), which describes a state in terms of A., into 



Basic Concepts 65 

a function ljJ (x), which describes the same state in terms of x. 
We can then proceed to write the expansion (9.1) in symbolic 
form: 

1Jl (x) = S (x, A.) c (A.) (11.1) 

What distinguishes this new operator from all the operators 
that we have studied previously is that it transforms a function 
of a definite independent variable into a function of another inde
pendent variable, both functions describing the same state in terms 
of different variables. 

We can write the dependence of c (A.) on ¢ (x), Eq. (9.2), in the 
form 

c (A.)= s-l (A., x) 1Jl (x) (11.2) 

Let us show that the inverse s-1 (A., x) coincides with the hermitian 
conjugate s+ (A., x). Together with the functions 1Jl (x) and c (A.) 
we will consider two other functions, 1Jl' (x) and c' (A.), also related 
by Eqs. (ll.l) and ( 11.2). We generalize the previous definition 
of a hermitian conjugate for the case of two independent variables 
and denote S+(A., x) as an operator that satisfies the condition 

~ ¢' (x)[S (x, A.) c (A.)] dx = ) [s+ (A., x) 1Jl' (x)] c (A.) dA. (11.3) 

(In the case of a discrete spectrum we substitute a sum for an 
integral.) By (11.1) and the completeness condition the left side 
of ( 11.3) is 

~ 'i'' (x) 1Jl (x) dx = ~ c' (A.) c (A.) dA. (11.4) 

The right sides of (11.3) and ( 11.4) coincide for any c (A.) only if 

c' (A.)= s+ (A., x) 'i'' (x) (11.5) 

for any ¢' (x). If we compare this with ( 11.2), we find that 

and consequently 

s-l (A., x) = s+ (A., x) (11.6) 

s (x, A.) s+ (A., x) = 1 

s+ (A., x) s (x, A.)= 1 

(11.7) 

(11.7*) 

As we know, an operator that obeys these conditions is called 
unitary. Thus 

A transformation from one set of variables to another is done 
by means of a unitary operator. 

Let us see how we can use S to express a canonical transfor
mation of an operator corresponding to a definite physical quan· 

5-2186 
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tity M. If M in terms of x maps 1j1 (x) into $' (x), that is, if 

'lj>' (x) = M (x) 1j1 (x) (11.8) 

then the same operator M in terms of 'A will, as we already know 
map c ('A) into c' ('A): ' 

But 
c' ('A)= M ('A) c ('A) (11.9) 

and 
c' ('A)= s+ ('A, x) 11'' (x) = s+ ('A, x) M (x) 11' (x) 

'lj> (x) = S (x, 'A) c ('A) 

Substituting ( 11.11) into ( 11.1 0), we obtain 

c' ('A)= s+ ('A, x) M (x) S (x, 'A) c ('A) 

which after comparison with ( 11.9) yields 

M ('A)= s+ ('A, x) M (x) S (x, 'A) 

(11.10) 

(ll.ll) 

(ll.l2) 

(11.13) 

Hence the transformation (9.11) of 1j1 (x) corresponds to the trans
formation (9.13) of M (x). 

Obviously, if two unitary transformations are applied in suc
cession, the result is a third unitary transformation. Indeed, instead 
of first transforming from a 'A-representation to an x-represen
tation by means of a unitary transformation .(operator) S(x, A.) 
and then from the x-representation to a wrepresentation by means 
of T (J.t, x), we can transform directly from the 'A- to the Jot-repre
sentation by means of 

U (Jl, 'A)= T (J.t, x) S (x, 'A) (11.14) 

which clearly is a unitary transformation (operator) too. Gen
erally speaking, S (x, A.) has a kernel. If we compare (11.1) 
with (9.1) and ( 11.2) or ( 11.5) with (9.2), we can easily see that 

kernel S (x, 'A)= <p (x, 'A) (11.15) 

kernel s+ ('A, x) = <p + ('A, x) = <p (x, 'A) (11.15*) 

The kernel of the operator of the unitary transformation from 
L-representation (that is, from 'A-representation) to x-represen
tation is an eigenfunction of the operator L in terms of x. 

12. Unitary Invariants 

In the process of finding the momentum operator in Section 3 
we encountered the following fact. Not only the operator 

Pk'i'=-ih::. k=l,2,3 (12.1) 
k 
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but the operators 
I ol,t ·n aljJ' + ar ,1,t p 't' =-l -- --.., 
k axk axk 

(12.1 *) 

as well obeyed all the conditions resulting from the form of the 
Poisson bracket. The functions 1Jl and 1Jl' were related thus: 

1Jl' = e-lfi"1Jl 

and the operators Pk and p~ thus: 

P~ = e-lfl"pkelf/11 

The real function f (x1, x2, x3) remained undefined. 

(12.2) 

(12.3) 

Ifwecompare (12.2) with (11.11) and (12.3) with {ll.l3),we 
see that Eqs. ( 12.2) and ( 12.3) represent a unitary transformation 
of a special type. Namely, the transformation is not associated 
with a change in variables. It results in multiplication by a func
tion of the independent variables, the function being of modulus 
unity. The operator of this transformation 

(12.4) 

is called a phase factor. 
We know that an operator for a given physical quantity can be 

described in terms of different independent variables, or, so to say, 
be in different representations. Now even when the representation 
is chosen we are left with an arbitrary phase factor. Both the 
transformation from one representation to another and the intro
duction of a phase factor are determined by unitary transfor
mation. This implies that any two representations of an operator 
are interrelated by means of a unitary transformation. We can 
say that 

The form of an operator for a giuen physical quantity is de
termined by the properties of the quantity only up to a unitary 
transformation. 

Since the properties of physical systems cannot have undefined 
elements, they must be expressed by mathematical relationships 
that remain invariant under unitary transformations. It is the 
invariants that play an important role in the theory. 

What do we mean by unitary invariants? The spectrum of eigen
values of an operator is one of such invariants. So is the hermit
icity of an operator. Indeed, by Eq. (11.13), 

M (A.)= s+ M (x) S (12.5) 

5* 
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Hence, according to the rule of finding the hermitian conjugate 
of a product of operators, 

M+ (A.)= s+ M+ (x) (s+)+ = s+ M+ (x) S (12.6) 

We come to the conclusion that from 

follows 

Also, the equations 

M+ (x)=M(x) 

M+ (A.) = M (A.) 

M (x) 'I> (x) = J.L'i> (x) 

M (A.) c (A.)= J.lC (A.) 

(12.7) 

(12.8) 

are equivalent, since one can be obtained from the other by means 
of the transformation 

1J> (x) = Sc (A.) (12.9) 

For this reason the eigenvalues J.1 in (12.7) and (12.8) are the 
same. This fact is closely related to the completeness condition, 
according to which 

~ 'I> (x) '!>' (x) dx = ~ c (A.) c' (A.) dA. (12. 10) 

for any two pairs of functions ['I> (x) and c (A.), and '!>' (x) and 
c' (A.}) that satisfy Eq. (12.9). This leads us to believe that an 
integral of type ( 12.1 0) is a unitary invariant. So is the follow
ing integral: 

~ '¢ (x) M (x) '¢ (x) dx = ~ c (A.} M (A.) c (A.) dA. (12.11) 

whose physical meaning will be discussed in the next chapter. 
Finally, any algebraic equation between linear operators, for 

example, 
N (x) = M (x) + L (x) 

or 
N (x) = M (x) L (x) 

is left invariant by a unitary transformation, since if all three 
operators L (x), M (x), N (x) are subjected to the same transfor
mation, the new operators L (A.), M (A.), N (A.) will be related by 
the same equations. For instance, in transforming the operators x 
and Px to any new variables, the Poisson bracket 

~ (PxX- XPx) = 1 

remains equal to unity. 
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13. Time evolution of systems. 
Time dependence of operators 

69 

When we considered the operators for different physical quan
tities we did not account for time development. Yet in classical 
mechanics all quantities depend on time. What is the equivalent 
of this concept in quantum mechanics? 

We know that an operator for a given quantity allows for 
different mathematical representations, and the choice of a specific 
representation remains arbitrary. Let us consider a representation 
in which the mathematical form of the operators remains the same 
for all instances of time t. Such a representation is possible only 
if the eigenvalue spectrum of an operator does not change in time, 
as is usually the case. For instance, the momentum operator Px 
can be represented as -ib (o/ox) for any t. If at time t = 0 the 
momentum had a definite eigenvalue, for instance, Px = p~, so that 

Px'i'=p:'¢, t=O (13.1) 

then at time t > 0 it can, generally speaking, take on any other 
eigenvalue or become undefined. In our example 

Px'i' =/= P:'¢, t > 0 (13.2) 

Since the form of Px is assumed to remain unaltered, it is the form 
of the wave function '¢ that changes. Thus 

If we choose a representation in which the mathematical form 
of the operators does not change with time, the state of the 
system must be described by a time-dependent wave function. 

This time evolution can be symbolically written as 

'iJ (x, t) = S (t) '¢ (x, 0) (13.3) 

with the time evolution operator S (t) being a continuous function 
of the time variable t and turning into the identity operator at 
time zero: 

S(O) = 1 (13.4) 

We will assume the time evolution operator to be unitary: 

s+ (t) s (t) = 1, s (t) s+ (t) = 1 (13.5) 

so as to preserve the normalization properties of our wave func
tion as time passes: 

~ '¢ (x, t) 'iJ (x, t) d-r = ~ '¢ (x, 0) '¢ (x, 0) d-r (13.6) 

Let us now turn to another way of representing operators. We 
recall that if a function '¢ is transformed by means of a unitary 
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transformation of type ( 13.3), all operators will undergo a unitary 
transformation 

L' (t) = s+ (t) LS (t) (13. 7) 

and the equations 
1Jl' (x, t) = L1jl (x, t) (13.8) 

1Jl' (x) = L' (t) 1jl (x) (13.8*) 
are equivalent if 

1Jl' (x) = s+ 1Jl' (x, t) (13.9) 

1jl (x) = s+"' (x, t) (13.9*) 

This second representation of operators lies in the fact that the 
operator corresponding to the quantity L at time t > 0 will be a 
time-varying operator L' (t) defined by ( 13. 7). 

The difference between the two representations corresponds to 
the difference in the ways of describing a system. In the first the 
state of the system is described by a wave function of coordinates 
and time, and in the second by a wave function of coordinates 
exclusively, with time entering, if at all, as a parameter. If the 
initial state (at t = 0) was 

1jl (x) = 1jl (x, 0) 

then in the first representation the state at time t > 0 will be 

1jl(x, i)=S(t)1jl(x) (13.3*) 

and in the second it will remain 

1Jl (x) 

To see if L will have a definite value at time t > 0 we must 
check in the first representation whether 1jl (x, t) of (13.3*) will 
be an eigenfunction of L, and in the second whether '¢ (x) will be 
an eigenfunction of L' (t). Hence in the first representation the 
time dependence is thrown onto the wave functions, and in the 
second onto the operators. The result is the same whatever repre
sentation we use. 

To find the time evolution operator S (t) let us adopt the second 
representation, in which the operators depend on time. Since in 
this case the time dependence of the state of a system results in 
a change in the form of the operators, it is natural to interpret 
the time derivative of an operator for a given quantity as an 
operator corresponding to the time rate of change of this quantity. 
Such an interpretation can be taken as a definition for the time
rate-of-change operator. We will now find the total time derivative 
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of L' (t) keeping in mind the possibility of an explicit time depen
dence of L. We obtain 

dL~~t) = s+ LS + s+ ~~ S + s+ LS (13.10) 

where the dot denotes differentiation with respect to time. Now we 
must return to the first representation. For this we apply to the 
operator (13.1 0) a transform'ation that is the inverse of unitary 
transformation ( 13.7) and define dL/dt as 

.!!!:.. = s dL' <t> s+ 
dt dt 

Substituting (13.10) into (13.11), we obtain 

!!!:.. = ~ + ss+ L + Lss+ 
dt at 

where we used the unitarily of S, 

ss+ = 1. s+s= 1 

(13.11) 

(13.12) 

(13.13) 

Differentiation of the left equation in (13.13) with respect to time 
yields 

ss+ + ss+ =0 (13.14) 

The last equation shows that the operator iSS+, which we will 
denote as 

(13.15) 

will be hermitian. With the help of (13.14) and (13.15), Eq. (13.12) 
can be translated into 

!!!:.. = 2.!:._ + ..!_ (H• L - L H") 
dt at 1i (13.16) 

The second term on the right is the quantum Poisson bracket so 
that the time derivative of L is 

.!!!:_ = .£!:. + [ H" L] dt at • (13.17) 

This coincides with the classical expression for the time derivative 
of L provided that H* is the classical Hamiltonian function H. 
We will assume that this is so from the very beginning. Irrespec· 
tive of the classical analogy this assumption stems from the law 
of conservation of energy and Bohr's frequency condition. Indeed, 
according to the law of conservation of energy we must have 

~~ = T(H"H- HH")=O (13.18) 
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provided that the Hamiltonian H has no explicit time dependence. 
This equation will hold for any mechanical system, that is for 
any form of H, only if 

H*= f(H) (13.19) 

The form of the function f(H) can be found with the help of 
Bohr's frequency condition. If we first leave f (H) undefined, we 
will obtain for the frequency of the light emitted in the transition 
from the energy level E to the level E' the following expression: 

v = 2~1i [f (E')- f (E)] (13.20) 

which coincides with experimental results only if f (E) = E. 
Conversely, if we were to assume that by classical analogy 

H• = H, then we could derive. the law of conservation of energy 
and Bohr's frequency condition. 

We can thus consider it proved that 

H =H.= inss+ (13.21) 

which transforms the expression (13.16) for the time derivative 
of operator L into 

(13.22) 

or 
dL iJL 
Tt=Tt + [H, L] (13.23) 

These equations are called the quantum equations of motion. 
If we assume H to be known, Eqs. ( 13.3) and ('13.21) give the 

law of the time evolution of the state of a system. Indeed, if we 
differentiate (13.3) with respect to time, then 

But 

which yields 

iJ'l> ~~· t) = S (t) '¢ (x, 0) 

"'(x, 0) = s+ (f) "' (x, t) 

iJ'l> (x, t) 
iJt ss+"' (x, t) 

Substituting for SS+ its expression ( 13.21), we find that 

H•1' - iii iJ¢ = 0 
't' iJt 

(13.24) 

(13.25) 

This equation came to be known as the wave equation although it 
does not belong to the type of equations that in mathematics are 
called wave equations. 
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The wave equation (13.25) can also be obtained by an abstract 
reasoning. From the point of view of classical mechanics the 
energy of a system, H, can be considered, up to a difference in 
sign, to be the generalized momentum that is conjugate to time: 

H = - Pt (13.26) 
If we transfer to quantum mechanics, by analogy with the opera
tors Px. Pu. Pz we can write 

"h iJ Pt=-t 7H (13.27) 

By equating the results of applying the operators H and -Pt to a 
wave function ¢ we arrive at Eq. (13.25). We could have said, 
however, that the form of, say, Px was found from the condition 
[Px, x] = 1, whereas for energy and time the Poisson bracket was 
not considered. 

14. Heisenberg's matrices 

We can set up the representation in which the time dependence 
is shifted to the operators (in Section 13 it was the second repre
sentation) in the following manner. Let 

¢o (x), wdx), ••• , ¢n (x), • • • ( 14.1) 
be a complete, orthogonal, and normalized set of functions, for 
instance, the eigenfunctions of some operator. We wish to find 
the solution ¢n (x, t) to the wave equation 

H,P- ih ~j = 0 (14.2) 

the solution satisfyir.g the initial condition 

Wn (x, 0) = Wn (x) ( 14.3) 

We can show that for each value oft the solutions 
¢o (x, t), wdx, t), ••• , ¢n (x, t), . • • ( 14.4) 

form a complete, orthogonal, and normalized set. This is so even 
if H depends on time explicitly. 

We now expand the function 1jJ (x, 0), which describes the initial 
state of the system under consideration, in a series involving the 
functions ( 14.1) : 

00 

1jJ (x, 0) = L Cn'IJln (x) (14.5) 
n-o 

Then at time t > 0 the state will be described by 
00 

1jJ (x, f)= L CnWn (x, t) 
n-o 

(14.6) 
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where Cn are the same constants as in (14.5). If we take number n 
(which labels the function 'i'n) for the independent variable, the 
state will be described (in this representation) both at t = 0 and 
at t > 0 by the same function of n, 

c (n) => Cn (14.7) 

Hence in this representation the time dependence is transferred 
to the operators, and to find the form of the operators in this 
representation it is sufficient to shift to the new variable, n. 

We can easily find the matrix (kernel) of an operator L in the 
n-representation. By the general formula (9.13), 

(nl L (t) In')=~ '¢n (x, t) L'¢n' (x, t) d-r: (14.8) 

Such a representation has the property that for the operator 
dL/dt, which is the time rate of change of L, the matrix elements 
are equal to the time derivative of the corresponding matrix ele
ments of L: 

~ (n I L In') = ( n I ~; I n') (14.9) 

This follows from the fact that the time dependence is shifted to 
the operators. Direct proof of (14.9) is given in Section 4, Chap
ter IV. 

In our discussion we assumed that the 'i'n form a discrete set, 
the set of eigenfunctions of an operator with a discrete spectrum. 
But this restriction is not essential. The functions could have been 
the eigenfunctions of an operator with a continuous spectrum, 
with n being a continuous parameter. Let us assume, for a moment, 
that the solution of Eq. (14.2), where we set 

'¢(x, t)lt-o=f(x) (14.10) 

can be represented in the form of an integral: 

'¢ (x, t) = ~ '¢ (x, t; Xo) f (xo) dxo (14.11) 

Equation (14.11) replaces Eq. (14.6), and '¢(x, t; x0 ) takes the 
part of 'i'n (x, t), parameter x0 the part of the integer n, and f (x0) 

the part of Cn. If we compare the definition ( 13.3) of the time evo
lution operator S (t) with (14.11), we see that 1jl (x, t; x0 ) is the 
kernel of S (t). We note that in the simpler cases (a free electron, 
an electron in homogeneous electric field, an oscillator) 1jl (x, t; x0 ) 

can be found in closed form. 4 

The representation of operators in which functions (14.1) are 
the energy eigenfunctions (we assume that the Hamiltonian, H, 

4 See, for instance, Chapter XIII in L. de Broglie, Einfilhrung in die Wel
lenmechanik, Akademische Verlagsgesellschaft M. B. H., Leipzig, 1929. 
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is time independent) plays a special role. This is due to its sim
plicity and also to its use in studying the radiation of atoms. Let 

H'l'n (x) = En'l'n (x) (14.12) 

The solution of the wave equation ( 14.2), given the initial condi
tions ( 14.3), will obviously be 

'l'n(X, t)=e-iEntlh'l'n(X) (14.13) 

If we use these functions to express the matrix elements of a 
time-varying operator, we find that 

(n I L (t) In')= e1 (En-En')t/h ~ 'l'n (x) L'i'n' (x) d-r ( 14.14) 

The first form of quantum mechanics, discovered by Heisenberg 
in 1925, was in this "matrix" formulation. Without introducing 
the operator concept Heisenberg associated with each physical 
quantity a matrix of type (14.14). We will call these Heisenberg's 
matrices, and the representation in which the time dependence is 
shifted to the operators corresponding to physical quantities, the 
Heisenberg picture. 

Formula (14.13) suggests that a state with a definite energy is 
a stationary state. Indeed, 'l'n (x, t) of ( 14.13) remains an eigen
function of the Hamiltonian for any instant of time, so that if 
at time zero the energy has a definite value, it will have the same 
value at subsequent times. This is another way of stating the law 
of conservation of energy. 

We will end this section with a note of historical interest. The 
first to consider the wave function 11' (x, y, z, t) was Louis de 
Broglie (1925). De Broglie introduced the idea of the associated 
wave for an electron and thus founded wave mechanics. Shortly 
after Schrodinger (1926) in a series of papers offered a mathemat
ical formulation for the problem of stationary atomic states. He 
showed that the problem reduces to finding the eigenfunctions 
and eigenvalues of a certain operator (the Hamiltonian). In the 
same year Schrodinger discovered that his own wave mechanical 
and Heisenberg's matrix theories are mathematically equivalent. 
But it was only later that a satisfactory physical interpretation of 
the wave function was elaborated. 

15. Semiclassical approximation 

When Planck's constant can be considered small in comparison 
with quantities of like dimensions encountered in a given problem, 
one can approximate the solution of the corresponding Schrodinger 
equation to a solution of the Hamilton-Jacobi equation of classical 
mechanics. 
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Let us consider the Schrodinger equation 

- :~ V2'¢ + U (x, y, z) \j) =iii ~'; (15.1) 

where U is a given function of position, and let us seek its so
lution in the form 

'¢ = '¢' etsth (15.2) 

with 'iJ' a formal power series in li. Substituting ( 15.2) into ( 15. I) 
yields 

[ 2~ (grad S)2 + U + ~~ J '¢' 

= ih [!(gradS· grad'¢')+ 2~ '¢'V2S + iJ~' J + :~ V2\j)' (15.3) 

If we neglect the term proportional to li2 and set the term not 
dependent on h equal to zero, we come to two equations 

1 as 
2m (grad S)2 + U +7ft= 0 (15.4) 

I I iJ~ m (gradS· grad \j)0) + 2m \j)0 V2S +--at= 0 (15.5) 

In the second for 'iJ' we substituted its approximated value ¢ 0, 

which corresponds to h-. 0. 
Equation (15.4) is the Hamilton-Jacobi equation of classical 

mechanics. Equation ( 15.5) can be transformed into the equation 
of continuity of classical hydrodynamics. This fact can be proved 
by multiplying Eq. ( 15.5) into 2¢0 and assuming that 

("'0)2 = p (15.6) 
We obtain 

! (gradS· gradp) + ~ V2S + :~ = 0 (15.7) 

or 

div ( ~ grads)+ :~ =0 (15.8) 

In classical mechanics grad S = p is the momentum vector 
and (1/m) grad S = v is the velocity. Hence Eq. (15.8) can be 
represented in the following form: 

div(pv)+ :~ =0 (15.9) 

which is the equation of continuity. 
The solution to the Hamilton-Jacobi equation is commonly 

called the action function, which can be obtained by introducing 
the Lagrangian function 

I !! =-mv2-V 2 
(15.10) 
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and evaluating the integral (the action integral) 
t 

s = ~ .2' (t) dt 
t, 

77 

(15.11) 

along the particle's trajectory. To calculate the action integral we 
first express the Lagrangian function in terms of time and the 
integration constants of which there are six, because for one parti
cle three second-order Lagrange equations are needed. Integration 
in (15.11) then yields an action integral S, in terms of time and 
the initial and final values of coordinates, that satisfies the Hamil
ton-Jacobi equation. 

The solution thus obtained is not unique. Other solutions depend 
not on the initial values of coordinates but on other constants of 
integration c1, c2, c3. Furthermore, instead of a rectangular Car
tesian coordinate system we can use some other kind of a system, 
but this ambiguity can be eliminated if we confine ourselves to a 
rectangular one. 

Let 
S=S(x, y, z, t, cl> c2, c3) (15.12) 

be a solution to the Hamilton-Jacobi equation. From classical 
mechanics we know that 

as as as as ax= Px• ay = Pv• az = Pz, Tt = - H (15.13) 

where Px. py, Pz are the particle's momentum components, and H 
is the total energy (the Hamiltonian function). Furthermore, the 
derivatives of S with respect to the constants c1, c2, c3 are new 
constants, which we denote b1. b2, b3, so that we have 

as 
-=bl acl ' 

as 
-=b2 ac2 ' 

as 
-=b3 aca (15.14) 

In the special case when for c1, c2, c3 we take the initial values of 
coordinates, Xo, y0, zo, the constants b1, b2, b3 are the initial values 
of momentum components but with the opposite sign. 

Let us solve Eqs. (15.8) and (15.9) assuming that the solution 
(15.12) to Eq. (15.4) has already been found. Now we prove that 
for p we can take the determinant 

a2S a2s a2s 
ax acl ay acl az ac! 
a2s a2S a2S (15.15) p= ax ac2 ay ac2 az ac2 
a2s a2S a2s 

ax aca ay aca az aca 
(or, since pis positive, its absolute value). 
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We differentiate (15.4) with respect to the constants included 
in S, that is, c,, c2, c3, to get 

1 as a2s 1 as a2s 1 as a2s a2s 
max axack +-;n-ay ayack +-;:naz- azack =- atack (15·16) 

with k = l, 2, 3. If we use the fact that 

1 as 1 as ---v m ax- x• ---=(! 
m ay Y' 

we can rewrite Eqs. (15.16) as 

1 as 
maz=Vz (15.17) 

a2S a2S a2S a2S 
Vx ax ack + 0 Y ay ack + Vz az ack =- at ack (15·18) 

(k = 1, 2, 3). The three equations can be solved for the "unknowns" 
Vx, Vy, Vz, and the determinant of the coefficients of the "unknowns" 
is p [see Eq. (15.5)]. 

To simplify further formulas let us use the notation (15.14). 
Equations (15.18) transform into 

(15.19) 

(these relations show that the bk are constant in time, which has 
been discussed before). The determinant p will then be 

ab, ab, ob, 
ax Ty az 
ab2 ab2 ab2 - a (bt. b2. bs) 

p = ax ay az - a (x, y, z) 

abs aba abs 
ax ay az 

and PYx• PVy, PVz will then be 
ab, ab, ab, 
7ft au az 
ab2 ab2 ab2 

PVx=- 7ft Ty az 
aba abs abs 
7ft ay az 

ab, ab, ab, 
ax 7ft az 
ab2 ab2 ab2 
ax at iJz 

aba aba aba 
ax 7ft az 

=- a (b,. bt. ba) 
a (t, y, z) 

a (b., b2. ba) 
=- a (x, t, z) 

(15.20) 

(15.21) 

(15.22) 
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ab, ab, ab, 
---ax ay Tt 

Ptlz =-
ab2 ab2 ab2 =-

a ( b ,, b,, bs) 
(15.23) 

ax ay Tt a (x, y, t) 

ab3 ab3 ab3 
ax ay Tt 

Substituting these into 
a a a ap 

ax-(Pt1x) + ay(PVy) + 7ii (pvz) + Tt (15.24) 

we find that (15.24) is identically zero. Therefore the equation of 
continuity ( 15.9) is satisfied. Consequently, Eq. (15.5) for the 
function 'IJ0 is also satisfied, with 'IJ0 related to p by ( 15.6). 

Let us illustrate this theory by the case of a mass point in free 
motion. Since in free motion velocity is constant and potential 
energy is zero, we obtain 

t 

s = r mv2 dt = mv' t (15.25) 
J 2 2 
0 

(we have set t0 = 0). For the constants of integration we will 
take the initial values x0, Yo. zo of the coordinates x, y, z. Then we 
will have 

X= Xo + Vxi, 

and hence 

z = z0 + vj (15.26) 

S = ~ [(x- Xo)2 + (y- Yo)2 + (z- zo)2] (15.27) 

The determinant of the second derivatives of S, which are 
~ m ~ m ~ m 

ox OXo =- -,-. ay a yo =--, • az azo =- -t (15.28> 

(the second derivatives with respect to different coordinates are 
zero), will be a quantity inversely proportional to t3• This means 
that we can set 

P = constant 'I• = .ho = constant 
t3 p 'I' t''• (15.29) 

which implies that the approximate value of 'iJ is 

constant { lm [( )2 ( )2 ( )2J} '11 = . 1•1, exp 21it x - Xo + y - Yo + z - z0 (15.30) 

Substitution of this expression for '¢ into the Schrodinger equa
tion shows that ( 15.30) is an exact solution and not an approxima
tion. (This can be seen without computation if we use Eq. (15.3) 
and keep in mind that at 'IJ' = '¢0, where 'IJ0 is given by ( 15.29), 
V21J'' = 0.) 
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16. Relation between canonical transformation 
and the contact transformation of classical mechanics 

For systems that have a classical analog the canonical trans
formation of operators corresponds to the contact transformation 
of classical mechanics. 

Let q~, q2, ... , qn and Pt. P2 • ... , Pn be the coordinates and 
momenta prior to transformation and Q~, Q2, ... , Qn and 
P~, P2 , ••• , Pn the coordinates and momenta after transformation. 
We consider the case when the transformation function depends 
on both old and new coordinates: 

( 16.1) 

A contact transformation is determined by a relationship between 
differentials, namely 

which implies that 

n n 

L Pr dq,- L P, dQ,= dS 
r-1 r=l 

as 
Pr = aq, • 

as 
P,=- aQ, 

(16.2) 

(16.3) 

By solving Eqs. (16.3) one can determine q and p in terms of 
Q and P and the reverse. A solution to Eqs. ( 16.3) always exists 
since we assume that the determinant of the derivatives of S 
does not vanish: 

[ a2s ] 
det aq, aQs =I= 0 (16.4) 

What is the situation in quantum mechanics? The contact trans
formation of classical mechanics has corresponding to it in 
quantum mechanics a canonical transformation from a represen
tation in which q is "diagonal" to a representation in which Q is 
"diagonal". The canonical transformation has the following form. 
For the sake of brevity 5 we will denote by 'I'Q(q) the simulta
neous eigenfunctions of Q's in terms of q's. 

We choose F as the operator we will transform. The kernel or 
matrix of the transformed operator F* will then be 

(Q' IF* IQ) = ~ 'I'Q' (q) F'I'Q (q) dq 

with dq the product of the differentials: 

dq = dq1 dq2 . • . dqn 

(16.5) 

5 We will often denote the totality of variables q1, ••• , q,. with one symbol q. 
We use p, Q, P in a similar manner. 
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The eigenfunction 'I'Q(Q) can be considered the kernel (qiVIQ) 
of a unitary operator U = U-1, and we can write (16.5) as 

r = vFu-1 (16.6) 

Formula (16.5) with F = 1 reduces to the orthogonality condition. 
Then on the left we will find the kernel of the identity operator 
in terms of Q, namely 

(Q'I11 Q) = <'>0 (Q- Q') == <'i (Q1 - Q~) •.. <'i (Q"- Q~) (16.7) 

where <'i is Dirac's delta function [Eq. (16.7) can be considered 
its definition). 

In the semiclassical approximation, for qr Q (q) we can take 

'l' Q (q) = c (I a:2:Q I r· eiS/11 (16.8) 

which is a generalization of the expression obtained in the previous 
section. For the sake of brevity we have introduced the notation 

~=det[ a2s ] 
aq aQ aq, aQ. (16.9) 

We also note that in ( 16.8) the expression in parenthesis is the 
absolute value of this determinant. The constant c in (16.8) is 

C = (2~/i)-"12 (16.10) 

Let us check to see whether these functions approximately 
satisfy the orthogonality condition. If we substitute ( 16.8) into 
the integral (16.5), then for F = 1 the integrand contains a 
rapidly oscillating factor ei<S-S'Jih, where S' is obtained from S 
by substituting Q' for Q. These oscillations cease only if Q' is 
close to Q. This condition is essential for the integral to be 
noticeably nonzero. For this reason we can replace S- S' in the 
exponent by 

" 
S-S'=- L(Q;-Q,) a~ 

r-1 

(16.11) 

or 
" s- S' = E (Q' - Q ) p 

I r r r ,_ (16.12) 

where P, is defined in ( 16.3). We can write ( 16.12) in a short 
form as 

S-S'=(Q'-Q)P (16.13) 

In all the factors of the exponential function we can set Q' = Q. 
We arrive at 

~ qrQ, (q) qrQ (q) dq = c2 ~ el <Q'-Q> Ptll I a:2:Q I dq (16.14) 

6-2186 



82 Fundamentals of Quantum Mechanics 

But if P, is defined by (16.3), the determinant in the integrand is 
the Jacobian of the transformation from variable P to variable q, 
so that 

(16.15) 

This means that ( 16.14) can be written in the following form: 

~ 'J!Q'(Q) 'J!Q(q) dq = c2 ~ ef(Q'-Ql Pill dP (16.16) 

But the right-hand side of (16.16) is simply the product of delta 
functions ( 16.7). This finally brings us to 

~ 'I! Q' (q) 'I! Q (q) dq = ~0 (Q - Q') (16.17) 

which means that the orthonormality condition is satisfied. 
Now let us consider the matrix of an operator F, the operator 

in terms of q, and p, = -ih(iJ/iJq,): 

F = F(q, p) = F( q, - ih :q) (16.18) 

When such an operator acts on the exponential function e15111 , the 
result in the considered approximation will be equal to the product 
of the exponential function and F (q, iJSfiJq): 

F ( q, - ih ~) eiS/11 ~ etsthp ( q, :! ) (16.19) 

This also holds for function (16.8). For this reason in (16.5) we 
can consider F not as a differential operator but as the function 
in the right-hand side of ( 16.19). Assuming, as before, that in 
the factors of the exponential function Q' equals Q, we have 

(Q' I F* I Q) = c2 ( F (q as ) et(s- S'>t" I~ I dq (16.20) 
) • aq aq aQ 

We take P for the variables of integration, as in ( 16.16). Func
tion F will then be transformed thus: 

F (q, p) = F (q (Q, P), p (Q, P)) = F* (Q, P) (16.21) 

where p and P are understood to be the classical expressions 
(16.3). Because of the approximate nature of formula (16.13) we 
can write 

(Q' I r I Q) = c2 ~ r (Q, P) e1 (Q'-Q) Pill dP (16.22) 
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To evaluate the integral we first note that multiplying the expo
nential function in the integrand by P is equivalent to applying 
operator -ih (iJ/iJQ') to this function. Hence 

~r(Q, P)ei(Q'-Q>PI"dP= ~ F*(Q, -ih 0g, )e'(Q'-Q>PI"dP (16.23) 

We can then take F• outside the integral sign and use (16.16) 
and (16.17) to get 

(Q' IF* I Q) = F* ( Q, - ih ag,) ~o (Q- Q') (16.24) 

Here, as in previous formulas, for the first independent variable 
of F* we could have taken Q'. Since the result of applying F* to 
a function ¢ ( Q) is given by the formula 

F*¢ (Q) = ~ (Q I r I Q') ¢ (Q') dQ' (16.25) 

we will, by using the expression for the matrix element 
[Eq. (16.24)], obtain 

r"' (Q) = r ( Q, - ih a~)"' (Q) (16.26) 

This will be the transformed version of F (to within terms indec 
pendent of the sequence of factors in F). 

We can summarize thus. By using the approximate relation 
(16.19) we were able to pass from the operator F(q, -ih(iJ/iJq)) 
to the function F (q, p), which was then expressed in terms of the 
new variables Q and P via classical formulas for contact trans
formation. From the new function p• (Q, P) we returned (when 
using differentiation with respect to a parameter for calculating 
the integral) to the operator F*(Q, -ih(iJ/iJQ)). 

We have arrived at the following result. Consider the operator 

F=F(q, p) where p = - ih :q (16.27) 

which means that F is expressed in terms of a set of variables q. 
After a canonical transformation to a new set of variables Q 
the operator F changes to F•. By analogy with ( 16.27) let F• 
have the form 

r=r(Q, P) where P = - ih a~ (16.28) 

Now let us assume that the eigenfunctions used to effect the 
canonical transformation from q to Q in the semiclassical approx
imation are of form (16.8), so that their phase is S ( q, Q) /h. In 
that case F• can be obtained from F only to within terms inde-

6* 
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pendent of the sequence of factors 6 by a simple algebraic transfor
mation via 

F(q, p)=F*(Q, P) (16.29) 
as as 

p=aq• P=-aQ (16.30) 

with S included in the phase of the unitary transformation. In 
classical mechanics these formulas represent the contact trans
formation. 

6 The difference of the terms that depend on the sequence of factors will 
tend to zero as 1i -+ 0. 



Chapter IV 

THE PROBABILISTIC INTERPRETATION 
OF QUANTUM MECHANICS 

1. Mathematical expectation in the probability theory 

We first recall the concept of mathematical expectation known 
from the probability theory. Let a quantity A. take on the values 

A.t. "-2, ••• , l..k, • • • ( 1.1) 

whose probabilities are respectively 

Pt. P2· • • • , Pk• • • • (1.2) 

and the sum of the probabilities is unity: 

P1 + P2 + · . . + Pk + . . . = 1 (1.3) 

The mathematical expectation of a quantity is the sum of the 
products of the values of the quantity multiplied by the probabili
ties of its occurrence: 

(1.4) 

where M. E. stands for "mathematical expectation". 
Let us use a simple example to illustrate. Suppose we have N 

lottery tickets. Of these n1 win 1..1 rubles, n2 win 1..2 rubles, etc. If 
this is a lottery in which some holders lose and some win, one of 
the A.'s can be zero. Obviously 

n1 +~+ ... =N 

and if we denote the sum of the winnin.gs by A, 

n1!..1 + ~/..2 + . . . =A 

(1.5) 

(1.6) 

The average winning per ticket (if we include nonwinnings) is 

A 
l=!i 

and the probability of winning l..k rubles is 

(1.7) 

(1.8) 
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If we substitute A defined by (1.6) into (1.7) and use (1.8), we 
can write the expression for the average winning per ticket as 

l = L Pk'J..k (1.9) 
k 

By comparing this with the general formula ( 1.4) we see that 
in our example the mathematical expectation is the average win
ning per ticket: 

M. E.'J..=l (1.1 0) 

In general, the mathematical expectation of a quantity is its mean 
value. 

The theory also deals with quantities that vary continuously. 
Let 'A take on, in addition to a discrete set of values, a continuous 
set in a certain interval. The probability of a value of 'A lying 
between 'A and 'A+ d'A will, generally speaking, be proportional 
to d'A; we set it equal to 

p('J..) d'J.. (1.11) 

The sum of probabilities must, as before, be equal to unity; this 
condition can be written as 

L Pk + ~ p('J..)d'J..= 1 (1.12) 
k 

where integration is considered over the whole continuous set of 
values. At last, the mathematical expectation has the form 

M.E.'J..= L Pk'J..k + ~ 'Ap('J..)d'J.. (1.13) 
k 

2. Mathematical expectation in quantum mechanics 

Let us now turn to the quantum theory. We have already dis
covered that an electronic state can be described by a wave 
function \jl. We understood the description to mean that if w is an 
eigenfunction of the operator L corresponding to a physical quan
tity 'A, and 'A' is the respective eigenvalue, then specifying w is 
equivalent to indicating that in measuring 'A we will get 'A = 'A'. 
An eigenvalue is expressed in terms of the corresponding eigen
function as 

~ ijJL'Ijl d~ 
').'=~---

~ "'1jl d~ 
(2.1) 

So how is one to understand the description of a state by a 
function \jl that is not, in general, an eigenfunction of a certain 
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operator L? We will answer this question by introducing a hypo
thesis about the probabilistic nature of such a description. 

Let us assume that we are dealing with a system of electrons 
all of which are in the same state '¢. If for each electron we meas
ure the quantity "A, then in keeping with our hypothesis separate 
measurements may give different results (because of the influence 
of the measuring process on the object). The mean value obtained 
from these measurements, however, will be a definite number, 
which will represent the mathematical expectation of "A in state '¢. 
Hence our hypothesis leads to the assumption that the result of a 
separate measurement can be accidental but that for a large 
number of measurements the mean value does not depend on this 
number if it is great. Since, practically speaking, large numbers 
of electrons are involved in most cases, the mean value, or the 
mathematical expectation, of a quantity is even more accessible 
to measurement than the value of this quantity for a separate 
electron. 

We have thus given a physical interpretation of the concept of 
mathematical expectation. We will express it in terms of function 
'¢, which characterizes the electronic state, and operator L, which 
characterizes the sought-for quantity. 

To start with, mathematical expectation must be an invariant, 
that is, it must not depend on the choice of independent variables 
in the wave function or on the representation of operators. In 
short it must be invariant under unitary transformations, con
sidered in the previous chapter. 

Aside from this, mathematical expectation must possess two 
properties known from the theory of probability. First, mathemat
ical expectation of the sum of two quantities must be equal to the 
sum of the mathematical expectations of these quantities, irre
spective of whether the quantities are interdependent or not. Se
cond, if in a given state the quantity "A has a definite value A.' the 
mathematical expectation must be A.'. 

These conditions uniquely determine the expression for math
ematical expectation. Invariance implies that mathematical 
expectation must be expressed in terms of unitary invariants. 
These are the eigenvalues of operators and expressions of the 
type 

etc. (*) 

But we cannot interpret the eigenvalues of operators as mathe
matical expectations, if only because an eigenvalue of the sum of 
two operators is not, generally speaking, equal to the sum of two 
eigenvalues of the operators. We are thus left with expressions of 
type (•). From these we must choose the one to the left or a 
quantity proportional to it, since the first of the properties men-
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tioned before requires that the mathematical expectation be linear 
in L. The second property gives the proportionality factor. Thus 7 

or, if 1j) is normalized, 

~ ~L'Ij> d-r 
M.E.L= r _ 

J 11>11> d-r 

M.E.L = ~ ~L'i' d-r, 

(2.2) 

(2.3) 

These expressions satisfy all the stated requirements since, as we 
know, they are invariant under unitary transformations (the com
pleteness property of eigenfunctions) and also 

~ ~ (L + M) 1j) d,; = ~ ~L'i' d-r + ~ ~M'i' d,; (2.4) 
so that 

M.E. (L + M) = M.E.L + M.E.M (2.5) 
Finally, if in state w a quantity with an operator L takes on a 
value A., that }s if 

(2.6) 
then 

M.E.L=A. (2.7) 
Hence this purely mathematical description has led us to a 

certain expression for the mathematical expectation of a quantity 
that is defined by an operator L and that characterizes the system 
in a state '~>· The example of the scattering of a-particles (the Ru
therford scattering law), to be considered at the end of Chapter V, 
Part II, shows that our theory agrees with experiment. 

3. The probability formula 

Equation (2.2) for mathematical expectation gives us a simple 
formula for the probability that in measuring a given quantity 
we will obtain a definite value or a value lying within certain 
limits. 

Let the w (x, A.) be the set of eigenfunctions of L. We expand 
1Jl (x), which describes the electronic state, in a w (x, A.) -series: 

1j) (x) = L c (A..J 1j) (x, A.k) + ~ c (A.) 1j) (x, A.) dA. (3.1) 
k 

The result of applying L to w is 

L1j) (x) = L A.kc (A.k) 'I> (x, A.k) + ~ '-c (A.) 11' (x, '-) dA. (3.2) 
k 

7 We will denote the quantity by the letter used for its operator. 
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Assuming that 1jJ is normalized, we compose the expression for 
the mathematical expectation of /... From the completeness con
dition we have 

M. E./..= ~ ;j,L'I> d'f = L I c (f..k) p ')..k + ~ f.. I c (/..) p d').. (3.3) 
k 

If we compare this with (1.13), we find that the probability of ').. 
being equal to Ak is 

(3.4) 

and the probability of ').. lying within limits ').. and ').. + d').. is 

p (t..) dt.. = 1 c (t..) P dt.. (3.5) 
The sum of the probabilities must be unity because due to 1jJ being 
normalized and the completeness condition we have 

~ ;jl'fl d'f = L I c (t..k) 12 + ~ I c (/..) 12 dJ.. = 1 (3.6) 
k 

The expansion coefficients c (f..k) and c (f..) are the wave functions 
describing electronic states in the /..-representation. Thus Eqs. (3.4) 
and (3.5) give a direct physical interpretation of the squared 
modulus of the wave function as the probability. For instance, let 
us set ').. to be the coordinates x, y, z. According to (3.5), the 
electron will be inside a volume with the boundaries 

(x, x + dx), (g, y + dy), (z, z + dz) (3.7) 

with a probability 
I 'I' (x, y, z) 12 dx dy dz (3.8) 

Now a general situation with ').. a physical quantity. When the 
initial state is gjven, to find the probability that the result of 
measuring ').. will be a specific value we must express in the ').. 
variables the wave function that defines this state [to put it 
differently we must find the coefficients c(/..) in the expansion of 
1Jl (x) in a ¢ (x, /..)-series]. The square of its modulus, that is I c (/..) 12, 

gives the probability we are looking for. 
Let a state be characterized by a function <p (x, f.l.) that is an 

eigenfunction of M corresponding to an eigenvalue flk: 

M <p (x, Ilk)= llk<l' (x, Ilk) (3.9) 

which means that in this state the measurement of ll gives a 
definite value, Ilk· What is the probability then that in measuring 
another quantity, say /.., we will get a value f..k? If we apply 
Eq. (3.1) to ¢(x) = <p(x, Ilk) and recall the formula for the 
expansion coefficients c (/..), we find the sought expression 

I c (f..k) 12 = I ~ "'(x, An) <p (x, Ilk) d'f r (3.1 0) 



90 Fundamentals of Quantum Mechanics 

On the other hand, if we were to look for the probability that 
IL = ILk on condition that A = An, we would come to the same 
result (3.1 0). Thus the probability that IL = ILk if A = An is equal 
to the probability that A = An if IL = ILk· 

If A and IL are the same quantity, then <p and "' are the eigen
functions of one operator. According to the orthogonality ofeigen
functions, at Ak =I= An the integral will vanish, and at Ak = An it 
will be unity. This agrees with the physical meaning of (3.10) as 
probability. We see then that two orthogonal wave functions 
describe incompatible states. 

When the given quantity can change continuously, we cannot 
speak of the probability of it having a definite value -this pro
bability is zero. Instead we can speak of the probability that the 
quantity lies in a definite interval and also of the "probability 
density" that is, the probability divided by the width of the inter
val. For instance, 

I 'i' (x, y, z,) 12 

is the probability density for the coordinates. 
Here lies the difference between normalization of functions for 

the discrete and for the continuous spectrum. A transition from 
eigenfunctions to proper differentials corresponds to the transition 
from probability density to the probability that the quantity will 
lie within definite limits. 

4. Time dependence of mathematical expectation 

The mathematical expectation of a quantity with an operator L, 

~ ,PLw d-r 
M.E.L= ( _ 

J "'"' d'f 

(4.1) 

will, generally speaking, depend on time. If we choose a repre
sentation in which the position and momentum operators do not 
depend on time explicitly, 'i' of ( 4.1) will satisfy the wave equation 

H'i'-lh ~~ = 0 (4.2) 

where H is the Hamiltonian. 
Let us first show that the integral in the denominator of ( 4.1), 

~ "'"' d'f, will not depend on time. 8 We have 

:, ~ "'"' d'f = ~ ~t "'d-r + ~ "' ~~ d'f 

8 Also see (13.6) in Chapter II I. 
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Using the wave equation yields 

:, ~ ij,'i'd-r=! ~ (H'i''i'- ij,H'i') d-r 

But since H is a hermitian operator, the expression on the right 
is zero. Hence 

(4.3) 

If we set 

(4.4) 

at the initial moment of time (t = 0), the normalization ( 4.4) will 
remain constant for any t > 0. With this in mind we can sub
stitute ( 4.1) for a simpler formula, 

M.E.L = ~ ij,LtiJ d-r (4.5) 

which also holds for any t > 0. 
Next we find the time derivative of the mathematical expectation 

of L. We interchange the derivative and integral signs and for 
iJ~/iJt substitute the wave equation to get 

~ ~ij,L\jld-r=! ~ H'i'L'iJd-r+ ~ ijJ :t (LtiJ)d-r 

which in turn yields 

d(- i(-( {}) dt J'i'L'iJd-r=a J'il H- ihat L\jld-r 

since H is hermitian. If we differentiate explicitly, we get 

(4.6 

(4.7) 

But the expression in brackets is only the operator for the time 
derivative of L: 

!!..!:_ =~ + .!._(HL-LH) dt at 11 (4.8) 

Thus Eq. (4.7) expresses the fact that 

~ ~ ij,LtiJ d-r = ~ ijJ ~7 tJl d-r (4.9) 

namely, that the time derivative of mathematical expectation 
equals the mathematical expectation of the time derivative, which 
is what it should be. If we take this as the starting point, we 
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come to the formula for the total time derivative of an operator, 
a result we arrived at earlier in a different way. 

In Part II, which is devoted to the Schrodinger equation, we 
will see that if for L we take operators corresponding to different 
mechanical quantities, the right-hand side of equations of the 
type (4.8) will look like the classical expression. Thus in quantum 
mechanics there exist the same relationships between mathematical 
expectations and their time derivatives as between quantities and 
their derivatives in classical mechanics. 

5. Correspondence between the theory of linear operators and the 
quantum theory 

Summing up this chapter and Part I, we can say that each 
quantum mechanical concept has corresponding to it a concept 
from the theory of linear operators, which implies that we can 
build a sort of lexicon that will enable us to translate mathema
tical terms into the language of physics. Roughly it will look like 
this: 

MATHEMATICS 

Linear operator L 
Eigenvalues ')..' (characteristic, or 

proper, values) 
Eigenfunction ¢ (characteristic, or 

proper, function) for eigenvalue ')..' 

Commutativity of operators 

Squared modulus of eigenfunc
tion, I '111 12 

Normalization ~ I ¢ 12 d't = 1 

Transition to proper differentials 
for a continuous spectrum 

Orthogonality ~ cp¢ d't = 0 

Completeness of the 
tlons ¢ ( x, ')..') 

Integral ~ cpLcp d't 

set of func· 

Squared modulus of coefficient in the 
expansion of cp (x) In a cp (x, 'J..') -series 

PHYSICS 
Physical quantity ').. 

Observable values of the physical 
quantity 

Mechanical system Is in the state 
with')..=')..' 

Possibility to observe physical 
quantities simultaneously 

Probability density 

Sum of probabilities is unity 

Inequality ')..' < ').. < ')..' + A'J.. has a 
finite probability 

States cp and ¢ are incompatible 

Values ')..', ')..", etc. are the only 
possible ones 

Mathematical expectation of 'J.. in 
state cp 

Probability that ').. = 'J..' in state cp 

The possibility of such a comparison show~ how closely t~e 
two theories are related and why the theory of hnear operators 1s 
so essential to the quantum theory. 
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6. The concept of statistical ensemble 
In quantum mechanics 
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In the first years of development of quantum mechanics, in the 
early attempts to find a statistical (probabilistic) interpretation, 
physicists were still bound by the notion of the electron being a 
classical mass point. Even when de Broglie's idea on the wave 
nature of matter emerged, waves of matter were at times inter
preted as something that carries the mass points. Later, when 
Heisenberg's relations appeared, they were interpreted as inac
curacy relations, and not as uncertainty relations. For instance, it 
was thought that the electron had definite position and velocity but 
that there was no possibility of determining either. The square 
of the modulus of the wave function was interpreted as proba
bility density for a particle - irrespective of the conditions of the 
actual experiment- to have given coordinates (the coordinates 
were thought of as definite). A similar interpretation was given 
to the square of the modulus of the wave function in momentum 
space. Both probabilities (in ordinary space and in momentum 
space) were considered simultaneously as the probability of a 
certain compound event, specifically that the particle has definite 
values of coordinates and momentum. The actual impossibility, 
expressed by Heisenberg's relations, of their simultaneous meas
urement therefore appeared as a paradox or caprice of nature, 
according to which not everything existing is cognizable. 

All these difficulties vanish if we fully admit the dual wave
corpuscular nature of the electron, establish its essence, and grasp 
what the quantum mechanical probabilities refer to and what 
statistical ensemble they belong to. 

First, let us try to give a general definition of a statistical 
ensemble. We assume an unlimited set of elements having various 
features, which make it possible to sort these elements and to 
observe the frequency of occurrence of an element with a given 
feature. If for this there exists a definite probability (that is, for 
each element of the set), the set constitutes a statistical ensemble. 

In quantum mechanics, as in classical physics, the only sets 
that can be considered are those whose elements have definite 
values of the parameters (features) according to which sorting 
can be done. This implies that the elements of a statistical 
ensemble must be described in a classical language, and that a 
quantum object cannot be an element of a statistical ensemble 
even if a wave function can be ascribed to the object. 

The elements of statistical ensembles considered in quantum 
mechanics are not the micro-objects themselves but the results 
of experiments with them, a definite experimental arrangement 
corresponding to a definite ensemble. These results are described 
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classically and thus can serve as a basis for sorting the elements 
of the ensemble. Since for different quantities the probability 
distributions arising from a given wave function correspond to 
different experimental arrangements, they belong to different en
sembles. But the wave function cannot belong to any definite sta· 
tistical ensemble. This can be illustrated by the following diagram: 

I 
E 

I 
p 

I 
X . . . 

'~'• 

"'' 
1!'3 

I 
. . . 

To each square in this diagram belongs a definite statistical 
ensemble with its own probability distribution for the result of 
measurement of a given quantity. A row includes the ensembles 
obtained by measuring various quantities (E, p, x, ... ) , starting 
from one and the same initial state, whereas a column shows the 
ensembles obtained by measuring one definite quantity, starting 
from various states ( 11>1. ¢2, 'IJ>a, ... ) . 

The deeper reason for the wave function not corresponding to 
any statistical ensemble is that the concept of the wave function 
belongs to the potentially possible (that is, to experiments not yet 
performed, whose outcome and even type are not known). The 
concept of the statistical ensemble, on the other hand, belongs to 
the accomplished (to the results of experiments of a definite type 
already carried out). 

The probability of this or that behaviour of an object with a 
given initial state is determined by the internal properties of the 
object and by the nature of the external conditions; it is a number 
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characterizing the potential possibilities of this or that behaviour 
of the object. And the probability manifests itself in the frequency 
of occurrence of a given behaviour of the object; the relative fre
quency is its numerical measure. The probability thus belongs, in 
essence, to the individual object (and not to an ensemble of 
objects) and characterizes its potential possibilities. At the same 
time, to determine its numerical value from experiment one must 
have the statistics of the realization of these possibilities, so that 
the experiment must be repeated many times. It is clear from this 
that the probabilistic character of the quantum theory does not 
exclude the fact that the theory is based on the properties of an 
individual object. 

To summarize we can say that the purpose of the main concept 
of quantum mechanics, the concept of a state described by a wave 
function, is to analyze objectively all potential possibilities inher
ent in the micro-object. This determines the probabilistic nature 
of the theory. 



Part II 

SCHRODJNGER'S THEORY 

Chapter I 

THE SCHRODINGER EQUATION. 
THE HARMONIC OSCILLATOR. 

1. Equations of motion and the wave equation 

As we know, the wave equation, which gives the time depend
ence of wave functions, must have the following form: 

nw- iii ~~ = o (t.t) 

with H the Hamiltonian. Generally speaking, different problems 
have different Hamiltonians. Schrodinger's theory considers the 
case when the electron's momentum is small compared to me, 
where c is the speed of light. This means that in the absence of a 
magnetic field the corrections imposed by the theory of relativity 
can be neglected, so that the electron is moving in an electric field 
or in a potential U (x, y, z). A generalization of the Schrodinger 
equation incorporating a magnetic field will be given in Part II I. 

In Section 8, Chapter III, Part I, by analogy with classical me
chanics we wrote the following expression for the Hamiltonian 
operator: 

1 H == 2m (P! + P! +Pi)+ U (x, y, z) (1.2) 

where the first term on the right-hand side stands for the kinetic
energy operator, and the second for the potential-energy operator. 
If for the operators Px, Pu. Pz we substitute their expressions, we 
come to the wave equation in the form 

.li2 a11' 
- 2m V2w + U (x, y, z) w- iii Tt = 0 (1.3) 

Let us examine the equations of motion that follow from the 
Schrodinger equation. We find the velocity and acceleration op· 
erators. According to Eq. ( 13.22), Chapter III, Part I, 

dx l 
dt = 1f (Hx - xH) 

96 
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In the expression for H all terms except p;/(2m) commute with x, 
and therefore 

dx _ l ( 2 2) dt- 2mli PxX- xpx 

= 2~/i [Px (PxX- XPx) + (pxx- XPx) Px] 

But we know that 

Hence 

and by analogy 

[Px· x] = ~ (PxX- XPx) = 1 

dx I 
dt=mPx 

dy I 
([(=-;;:; Pu• 

dz 1 
dt=r;:;Pz 

(1.4) 

(1.4*) 

Thus the velocity operator is the momentum operator divided 
by m, as we expected. Next we find the operator for dpx/dt. We 
have 

dpx i (H H) 
(if"= b Px - Px 

The only term in H that does not commute with Px is U (x, y, z). 
We then have 

By reasoning in the same way about the other two components in 
summary we get 

Equations (1.4) and ( 1.5) coincide in form with the equations 
of classical mechanics. If we now recall the interdependence of 
the equations of motion and the law governing mathematical 
expectations, we get 

(1.6) 

and two similar equations for y and z. These equations are called 
Ehrenfest's equations. 

7-2186 
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2. Constants of the motion 

Now let us introduce the concept of the constants of the motion 
into quantum mechanics. It is customary in classical mechanics 
to call a constant of the motion a quantity (a function of coor
dinates and momenta) that remains constant under any initial 
conditions of the problem. In quantum mechanics we can set a 
constant of the motion to be a physical quantity whose mathemat
ical expectation remains, due to the wave equations, constant 
under any initial conditions. 

For an operator L to be a constant of the motion it is neces
sary and sufficient that, according to Eqs. (4.7) and (4.8). Chap
ter IV, Part I, the following conditions hold: 

dL aL i 
-=-+-(HL-LH)=O 
dt at 1i . (2.1) 

We can show that if L satisfies (2.1), its eigenfunctions, which 
are the solutions of the eigenvalue equation 

(2.2) 

can be chosen so as at the same time to satisfy the wave equation 

H•1'- ifi..£1 = 0 "' at (2.3) 

This will also be the case when the Hamiltonian contains the time 
variable explicitly. It follows that if at the initial moment (t = 0) 
the physical quantity L had a definite value 'A, it will have this 
value at any subsequent moment. 

If operator L does not contain time explicitly, condition (2.1) 
reduces to the operator's commutativity with the Hamiltonian. 

Let us assume, for instance, that L = H and that H does not 
contain time explicitly. As we know (Section 13, Chapter III, 
Part I), in this case the energy conservation law holds, that is, 
a state with a given energy E remains the same for any time t. 
Equation (2.1) will then be 

(2.4) 
The general solution to Eqs. (2.3) and (2.4) will have the follow
ing form: 

(2.5) 

We can use solutions of type (2.5) to build a solution satisfying 
the arbitrary initial conditions 

1Jl=f(x, y, z) at t=O (2.6) 
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For this we must expand the initial wave function (2.6) in a 
series of the eigenfunctions of the Hamiltonian: 

f (x, y, z} = L c (E) ljl<0l (x, y, z; E) (2.7) 
E 

and then multiply each term by the corresponding exponential 
factor to get 

'ljl = L c (E) e-iEtfl!ljl<Ol (x, y, z; E) 
E 

(2.8) 

The series (2.8) will apparently be the general solution of the 
wave equation satisfying the initial conditions (2.6) 1• 

Knowledge of the constants of the motion makes it easier to 
find the solution to the wave equation. Assume that H does not 
contain time explicitly and that there are two operators, L and M, 
that commute with H (which makes them constants of the motion) 
and, more than that, commute with each other. Then the equations 

H'ljl = E'ljl, Lljl = /..\jl, M\jl = f.l'il (2.9) 

will have common eigenfunctions. To find these we can start by 
solving the simpler of the three equations and then adjust the 
solution so that it satisfies the other two. We will use this method 
repeatedly in the future. 

3. The Schrodinger equation 
for the harmonic oscillator 

Let us consider the three-dimensional harmonic oscillator with 
the Hamiltonian 

I I 
H = 2m (P~ + P~ + p;) + 2m ( (I)~X2 + (l)~y2 + (l)~z2 ) (3.1) 

A model of this kind can represent a molecule with three vi
brational degrees of freedom. To find the eigenfunctions of the 
Hamiltonian we will use the method mentioned in the previous 
section and look for operators that will commute with each other 
and the Hamiltonian. These will obviously be 

7* 

n<xl = _I_ p2 + _!_ m(l)2x2 
2m X 2 I 

I I H<Yl = _ p2 + _ m(l)2y2 
2m Y 2 2 

I I n<zl = _ p2 + _ m(l)2z2 
2m z 2 3 

1 See (14.5) and (14.6), Chapter III, Part I. 

(3.2) 
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To the equation 
H'¢ = E$ 

we can join the three equations 

where 

and 

H(X)"' = E(X)"'· H(/1),., = E(g)'¢, 

H = H(x) + H(11J + H(z) 

E = E(xl + E(111 + E(zl 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Since all three equations in (3.4) are of the same type, it is 
sufficient to study only one, for instance, the first, which amounts 
to considering the one-dimensional oscillator. Thus for the x-com
ponent we have 

{ 2~ p; + ! mrorx2) 'I>= E(xl..p (3.7) 

or 

(3.7*) 

It is convenient to make a change of variables, 

(~)''•- t X 1i - ..,, (3.8) 

Equation (3.7) then reads 

- !~~ + s2'¢ = 2'-"' (3.9) 

Finally we denote the solution of this equation by 'll'1 (s); the 
solution to Eq. (3.3) for the three-dimensional oscillator will 
then be 

'¢E (x, y, z) = '¢1, (st) X '¢1, (s2) X '¢1, (s3) (3.10) 

where si = X2mroljh, s~ = y2mro2jh, s~ = z2mro3fh, and, according 
to (3.6), 

E = h (rot'-t + ro2'-2 + ro3'-3) (3.11) 

Thus the problem reduces itself to an investigation of Eq. (3.9), 
which we will now undertake. 

4. The one·dimensional harmonic oscillator 

We start with the equation 

- ~~~ + s2'¢ = 21.'¢ (4.1) 
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Since the coefficients in ( 4.1) remain finite for finite 6. the 
only singular points of this equation are 6 = +oo. We must find 
solutions that remain finite at 6 = ±oo. Such solutions, we will 
see, exist only for specific values of parameter A.; these values are 
the eigenvalues of the corresponding operator. 

To examine the behaviour of Eq. ( 4.1) as 6- + oo we introduce 
a new function 

which turns ( 4.1) into 

f = ..!_ d¢ 
¢ ds 

!!.!_ + f2 = 62 - 2A. ds 
We look for f in the form of a series: 

f=a6+b+ ~ + 
If we now substitute (4.4) into (4.3), we get 

a262 + 2ab6 + b2 + 2ac + a + . . . = 62 - 2A. 

Identifying the powers of 6 yields 

(4.2) 

(4.3) 

(4.4) 

a2 =1, b=O, (2c+l)a=-2A. (4.5) 

The two values of a, namely a= ±1, give two possible solu
tions: 

f -!:- J...+ 112 + 
-<;, 6 ••• 

f J,.,- lf2 
=-6+-6-+ ... (4.4*) 

For the first solution, after integrating both sides of (4.8), we 
get 

In 1jJ = ; 62 - (A. + ; ) In 6 + 
which implies that 

1Jl1 = e~'126-'A-'/a (l + ... ) (4.6) 

For the second solution 

1jl2 = e-;'/26'1.-'/a (l + ... ) (4.6*) 

where we have left out the terms that decrease as I 6 I increases. 
For large positive values of 6 the general solution to ( 4.1) will be 

1jJ = Cte~'126-7.-•J. (l + ... ) + c2e-;'12t'A-'I• (l + ... ) (4.7) 

and for large negative values 

1jJ = c~e~'12s-'A-•t, (I+ ... ) + c~e-~'126'1.-•J, (l + .•. ) (4.7*) 
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What we need is that ljJ should remain finite as s-+ +oo and 
6-+ -oo. This is possible only if 

simultaneously. 

c'-0 .- (4.8) 

Hence the solution that interests us must have the following 
form: 

ljJ = e-'S'I2f (6) (4.9) 

where F (6) at £ = + oo must be of the order of ;A-'/•. Let us find 
the differential equation for F (6). Substituting ( 4.9) into ( 4.1) 
and dividing out the exponential factor, we get 

~2~ - 26 ~~ + (2A- 1) F = 0 (4.10) 

We look for the solution to ( 4.1 0) in the form of a power series 
in ;. Since s = 0 is not a singular point, the series will include 
only positive powers of ;, that is 

( 4.11) 

which if substituted into ( 4.1 0) yields 
00 00 

L k(k-1)ak;k- 2 + L (-2k+2A-1)ak£k=O 
k-0 k-0 

In the first sum the factor k(k- I) vanishes if k = 0 or k = 1, 
and we can start the summation process from k = 2. If we then 
change k to k + 2, the new k will change from 0 to oo. The result 
is 

00 

.L [(k + 2) (k + 1) ak+2 + <- 2k +n-o akl 6k = o 
k-0 

For a power series to vanish all its coefficients must be zero. 
This gives 

2k- 2A. +I 
ak+2 = (k + 2) (k + 1) ak (4.12) 

This formula gives us a rule for successive determination of 
the ak, with the first two, a0 and a1, being arbitrary constants. The 
series for F (s) will then be 

p (!:) = ( 1 + I - 2A. !:2 + (I - 2A.) (5- 2A.) !:4 + ) 
"' ao IX2"' IX2X3X4"' .. . 

+ al ( 6 + 32 ;2; ;a+ (32~2;~74 ;2:) ;s + ... ) (4.13) 
or 

(4.14) 
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where Fa and F 1 denote the corresponding series. As I £1-+oo the 
function F (£) must be of the order of I£ I 'A-•;, for both positive 
and negative values of£. But 

( 4.15) 

Hence aaFa(£) and a1F1 (£) must each be of an order no higher 
than £'--'1•. Here two cases are possible: either Fa and F1 are infi
nite series or one at least is terminated. In the first, both series 
converge for all £, since the ratio of two successive terms 

ak+26k+2 _ 2k- 2'- + I 2 

aksk - (k + 2) (k + I) s (4.16) 

tends to zero as k-+ oo. But the same· ratio shows that starting 
from a definite term· (for which k > A.- 1/ 2 ) all terms will have 
the same sign. Hence the expansion will contain terms of the 
same sign with arbitrarily large powers of £, and its sum will 
grow faster than any finite power of £ which contradicts our 
assumption (the order must not be greater than £'--''•). It follows 
that at least one of the series, Fa or F~o must terminate. This 
means that for a given k, for instance, k = n, the expansion coef
ficient aH2 vanishes but ak is not zero. By the recursion relation 
(4.12) this will happen if 

I J.=n+ 2 • n=O, t, 2, ... (4.17) 

If n is even, Fa(£) becomes a polynomial. If we put a 1 = 0, we 
get a solution that satisfies our assumption. On the other hand, 
for n odd it is f1 (s) that becomes a polynomial, and we must set 
aa = 0. In both cases the solution will be a polynomial of degree n. 

5. Hermite polynomials 

Polynomials that satisfy the equation 

d2F dF ds2 - 2£ df + 2nF = o (5.1) 

with integral n are called the Hermite polynomials and are de· 
noted H n (£). The function ( 4.13) gives for them a representation 
in the form of a series; namely, for n even 

H ( ) ( 1 2n 2 2n (2n - 4) t 4 ) 
ns=ao -IX2s+IX2X3X4"-'" (5.2) 

and for n odd 
H (!:) = (t _ 2n - 2 t 3 + (2n - 2) (2n - 6) tS _ ) 

n " a1 " 2 X 3 " 2 X 3 X 4 X 5 "" ' ' ' 
(5.3) 
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The constants a0 and a1 are usually defined in a way such that 
the leading coefficient is 2". This implies that 

n/2 n! 
ao=(-1) (n/2)1' n even 

2 { <n-1)12 nl 
a1 = - 1) [(n- 1)/2)1 • n odd 

(5.4) 

(5.5) 

If we rearrange the polynomials H n (£) according to decreasing 
powers of ~. we get an expression valid for both n even and n 
odd: 

Hn (6) = (26)"- n (n ;-I) (2£)"-2 

+ n (n- 1) (11- 2) (11- 3) (2£,)"-4 _ (5.6) 
1X2 

Let us show that Hermite polynomials can be represented as 

H n (6) = (- 1)" e~2 :s: e-~' (5.7) 

First, it is easy to see that the right-hand side is a polynomial 
whose leading term is (26) "· Indeed, this term originates from 
the nth power of the derivative of the exponent -62• Since Eq. (5.1) 
has only one solution in the form of a polynomial, what remains 
to be shown is that the right-hand side of (5.7) satisfies (5.1). For 
this we note that y = e-t' is the solution to 

or 

y' +26y=0 
Differentiating this equation n + 2 times yields 

y(n+2) + 2£y<n+l) + (2n + 2) y!n, = 0 

z" + 26z' + (2n + 2) z = 0 
where 

z=y(n) 

If we then introduce a new function 
dn 

w = e~'z = e~· dsn e-~· 

we find that w is the solution to the equation 

w" - 26w' + 2nw = 0 

which coincides with Eq. (5.1) for H n (6). Hence the representa· 
tion (5.7) is valid. 

Next we differentiate this equation, namely 

d 2Hn 2 dHn + 2 H O ~- sdr n n= (5.8) 
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with respect to ~ and get 

d2H' dH' 
_n - 26 _n + (2n- 2) H' = 0 

d62 d6 n 

We have just proved that H~ (6) and Hn-1 (5) satisfy the same 
equation and differ only by a factor. Since the leading term in 
H~ (6) is 2n(2s)n-I, and in Hn-ds) it is (26)n-I, we have the 
following relation: 

d~ 2H (59) --ar- = n n-1 • 

On the other hand, if we differentiate (5.7), we have 

(5.10) 

Comparing the two expressions for the derivative, we come to a 
recursion relation that connects three successive Hermite poly
nomials: 

The functions 
(5.11) 

(5.12) 

are often referred to as the Hermite functions and are the eigen
functions of the operator in the left-hand side of 

- d;~n + E,2'i'n = (2n + 1) 'i'n (5.13) 

and thus are orthogonal: 
+oo 

~ 'i'n (~) 'i'n' (6) d6 = 0 at n =I= n' (5.14) 
-co 

For them to be normalized we must determine the constant en 
from the condition 

+co 

~ 'I'! (6) dE, = 1 (5.15) 
-co 

or 

(5.16) 

Let us evaluate the last integral. Substituting (5.7) for H n (~), 
we have 
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Atter we integrate n times by parts, we get 

+oo 

c~ = 2nnl ~ e-~' d6 = ;t;'/'2nn! 
n -oo 

Consequently the functions 

- 1 e-li.'I2H 
'i'n (6) - '/ ( )'/• n (6) 

:n: ' 2nnl 

are orthonormalized. If we then solve (5.18) for Hn(6) 
stitute the result into ( 5.9) and ( 5.11), we get 

d'~Jn + t (2 )''• ~ ~'i'n = n 'i'n-1 

S'i'n = ( ~ r· 'i'n-1 + ( n ~ 1 )"' 'iln+t 

Then we see that substituting (5.20) into (5.19) yields 

d'~Jn _ (.!!:...)''• •1, _ ( n + I )''• • ., 
d~ - 2 't'n-1 2 'l'n+l 

(5.17) 

(5.18) 

and sub-

(5.19) 

(5.20) 

(5.21) 

In conclusion we will give without proof the asymptotic form 
of 'i'n (6) for 2n - 62 :::.P I: 

• ., (t) = (2/:n:)''• cos [(n + ..!..) arc sin - 6-
'l'n ~ (2n- ~2 )'/• 2 (2n)'1• 

+ ~ (2n- 62)'1• _ ~] 
2 2 

6. Canonical transformation as illustrated 
by the harmonic-oscillator problem 

(5.22) 

When solving the oscillator problem, we took 6 for the independ
ent variable, thus expressing the state of the oscillator by a func
tion of 6, namely '¢ (6). Now let us take for the independent var
iable the quantum number n, which labels the oscillator's energy 
levels. We expand 'IJ(s) in a (complete) set of the energy eigen
functions: 

00 

'iJ (6) = L Cn'IJn (6) (6.1) 
n=O 
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where the expansion coefficients are determined by simple inte
gration: 

+oo 

en= ~ 'i'n (s) 'i'n (s) ds (6.2) 
-oo 

These coefficients, we know, can be interpreted as the wave func
tion in terms of n. 

The next step is to find the form of our two simplest operators 

( mw )''• . iJ 1 S = -li- X, p~ =- t as= (mooli)'/, p x (6.3) 

in term of the new variable. We have 
00 

6'1' (6) = L en6'i'n (6) 
n-o 

If we use (5.20) for s'i'n and collect like terms, we get 
00 

" [( n )''• ( n + 1 )''• ] 6'i'(s) = i..J 2 en-J + - 2 - Cn+I 'i'n(6) (6.4) 
n-o 

This means that the operator s transforms a function with 
expansion coefficients en into a function with expansion coeffi
cients <· where 

, (n)''• (n+I)''• sen= en= 2 en-1 + -2- en+l (6.5) 

(the symbol 6 is understood to be an operator). The last relation
ship can be written as < = L (n 161 k) ek (6.6) 

k 

where 

( n )''• ( n + I )''• (nl61k)= 2 ~n-tk+ - 2- ~n+lk (6.7) 

which implies that 

( n )''• (n 161 n - 1) = 2 , (n 161n + 1) = ( n t 1 r· (6.8) 

while all other terms in (6.6) vanish. Thus the position operator, 
6, can be expressed as a matrix with elements (6.7). Written out 
in full 

0 .yrr; 0 0 0 

.yrr; 0 -v'T 0 0 

~= 0 -v'T 0 ~ar; 0 (6.9) 

0 0 ,Ya/a 0 ...;2 ... . . . . . . . . . . .. 
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We turn to the operator 
d 

P,=-ldf 

Reasoning along the same lines, we come to 

00 

•h 'L d¢n p '1'=-t c-
' II d6 n-o 

then use (5.21) for d11Jn/ds and collect like terms. The result is 

00 

" [· ( n )''• . ( n + 1 )''• ] P,1Jl = ~ t 2 cn-t- t -2- cn+t "'" (6.10) 
n-o 

Thus the operator PFo can be expressed as a matrix with elements 

(n I Pd k) = i ( ; )''• ~n-lk- i ( n ~ 1 r· 6n+J k 

In full form this matrix is 

r o _,-vrr; o 

P, = l'o?: 0 0 to~ 0 0-0t t'' 000 

The Hamiltonian (in dimensionless units) 

1 
H=2(Pi+ 62) 

(6.11) 

(6.12) 

(6.13) 

expressed in terms of the variable, must reduce to a multiplication 
operator. To verify this we first note that 

00 00 

H1Jl= L en(-! a;~~~ + ! s21Jln) = L ( n + ! ) Cn1Jln 
n-o n-o 

in virtue of the differential equation (5.13) for 1Jln. It follows then 
that 

(6.14) 

The matrix elements of H, which is obviously a diagonal ma
trix, are 

(nIH I k) == ( n + ~) ~"" (6.15) 
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We can obtain the same results if we square matrices ' and Pt.· 
We have 

(n I s2 ln') =I (nIsI k) (k Is In') 
k 

~ [( n )''• ( n + 1 )''• ] = i..J 2 6n-1 k + -2- on+ I k 
k 

X ((: )"• 6k-t n' + ( k ~ 1 )"• Ok+t n') 
=~ [n (n- l)]"• 6n-2 n' + ( n + ~) Onn' 

+-}[(n+ 1)(n+2)]''•6n+2n' (6.16) 

and similarly 

I 2 ') ~ [( n )''• ( n + 1 )''• ] (n P,ln =- i..J 2 6n-lk- -2- 6n+lk 
k 

X (( ~ )"' Ok-t n'- ( k ~ 1 r· Ok+t n'] 
=- ~ [n (n- l)]''• On-2 n' + ( n + ! ) Onn' 

- ~ [ (n + 1 )(n + 2)]'1• On+2 n' (6.17) 

Thehalf-sumof (6.16) and (6.17) is 

! [(nls2 ln')+(n!P~In')]=(n1Hin')=(n + !)onn' (6.15*) 

which is what it should be. 
The commutation relation for s and p~, 

i (P~s - sPJ = 1 (6.18) 

must also hold for our matrices. Indeed, according to the rule of 
matrix multiplication, 

Hence 

( n I P,s In')= ~ [n (n- 1)]''• 6n-2 n'- ~ onn' 

- ~ [(n + 1) (n + 2)]'1• On+2 n' 

(n!sP,jn')= ~ [n(n-l)]''•on-2n'+ ~ Onn' 

- ~ [(n+ 1)(n+ 2)]'1"0n+2n' 

( n I i (P,s - ~P~) In')= onn' 

which was what we set out to prove. 

(6.19) 



110 Fundamentals of Quantum Mechanics 

7. Heisenberg's uncertainty relations 

The mathematical expectation of a certain physical quantity L 
that is in the nth state of an oscillator is 

(7.1) 

This is obviously the diagonal element (n!Lin) of the matrix 
that corresponds to the operator L in the n-representation. It 
follows then that the mathematical expectations of the coordinate 
X=~(n/mw)'l, and the momentum Px=pe(mliw)'l• are zero. 
Indeed, the respective diagonal elements vanish: 

x= o, Px = o (7.2) 

Let us now find the mathematical expectations of the squares 
of the deviations of x and Px from the means x and Px· We have 

M. E· (x- x)2 = M. E. x2 = :(jJ M. E. 62 

1J 
=-(nl62 ln) 

m(jJ 

so that, if we denote the left-hand side as (~x) 2, we get 

- 1i ( 1) (~x)2= M. E. (x- x)2 = rnc; n + 2 
Similarly 

(7.3) 

(7.4) 

M. E. (Px- Px)2 = M. E. p~ = mliw (n I Pl/ n) (7.5) 
or 

Thus 

(~Px)2 = mliro ( n +-}) 

~X= [ :(jJ ( n + ! ) r 
~Px = [ mliro ( n + ! ) r 

and we come to the final result 

~Px ~X= ( n + ! ) li 

(7.6) 

(7.7) 

(7.8) 

(7.9) 

We can interpret the two quantities, ~Px and ~x. as the root
mean-square, or standard, deviations of the measured values of 
the oscillator's momentum and position from the mathematical 
expectations of these quantities. 

What we have proved is a very general result. If we understand 
(7.9) as a relationship between the orders of magnitude of the 
standard deviations and if we introduce a quantum number n in 



Schrodinger's Theory 111 

the proper way, the formula will be valid not only for an oscil
lator but for any system in its nth state. The product of the stand
ard deviations will be minimal in the ground state (n = 0), which 
implies that the following inequal'ity also holds: 

!J.p x !J.x ~ li/2 (7 .1 0) 

We will now prove that this inequality holds not only for an 
electron in one of the oscillator's eigenstates but for an electron 
in any state. To this end we will take the mathematical expecta
tions of x and Px equal to zero (this restriction can be easily 
lifted). 

Let the electron be in a certain state 'iJ (x). We introduce two 
real constants a and ~ and consider the inequality 

+oo 

~ I ax'iJ + ~ ~~ 1
2 dx ~ 0 (7 .11) 

-00 

which holds for all values of a and ~· Evaluating the square of 
the modulus in the integrand, we come to 

a2 f x2\iJ'iJ dx + a~ f X ( d~ 'iJ + \iJ d'IJ) dx + ~2 f d\jJ d'IJ dx ~ 0 J J dx dx J dx dx 9' 

or 

where 

A = ~ x2'¢'1' dx 

B =- ~ x d~ (\iJ'i') dx = ~ -¢'1' dx 

c = r dij, d'IJ dx = - r .1, d2~ dx 
J dx dx J "' dx 2 

(7 .12) 

(7.13) 

(7 .14) 

For the quadratic form (7.13) to be positive it is necessary that 
4AC ~ B2, or 

A'1•c'1• ~ B/2 (7.15) 

since A, Band Care all positive. But according to (7.14) we have 

A 'I• = !J.x, c'1• = !J.pxfli, B = 1 (7 .16) 
whence 

!J.px !J.x ~ li/2 

which is what we set out to prove. 
Similar inequalities evidently hold for the other two coordinates, 

so that in summary we have 

6px !J.x ~ li/2, !J.py 6y ~ li/2, 6pz !J.z ~ li/2 (7.17) 
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The inequalities (7.17) were first stated by Heisenberg, who in 
a number of examples from physics showed how an increase in 
the precision of measuring the position leads to a decrease in the 
precision of measuring the momentum, and vice versa. We note 
that the above formal derivation of (7.17) belongs to Hermann 
Weyl. 

8. The time dependence of matrices. 
A comparison with the classical theory 

The canonical transformation of Section 6 did not contain time 
and thus gave a representation in which the mathematical form 
of operators does not depend on time (see Section 13, Chapter III, 
Part I). We now turn to a representation in which the time de
pendence is, so to say, shifted to the operators themselves. For 
this we must find a unitary operator S (t) such that will trans
form the initial (t = 0) state 'I> into a state at time t > 0: 

'I> (x, t) = S (t) 'I> (x, 0) (8.1) 

Then an operator L as a function of time will be represented as 

L' (t) = s+ (t) LS (t} (8.2) 

If for the independent variable we take the energy, S (t) as
sumes the simplest form. In this variable the wave equation 

H·h- ilt o11> = o 
"' at 

reads 
H •to OCn Q C -tn-= n at (8.3) 

or 

ltro ( n + ! ) Cn - iii O:tn = 0 (8.4} 

(Here we have shifted from the dimensionless units of Section 6 
to conventional units.) The solution to this equation is 

en= c~ exp [ -i (n + 1/ 2) rot] (8.5) 

Thus the application of S (t) reduces to multiplying c~ by the 
exponential exp [-i(n + 1/ 2)wt]. This implies that S(t) can be 
represented by a diagonal matrix 

e-t(jjt/2 0 0 .. . l 

S (t) = 0 e-3t(jjt/2 0 . . . j 
0 0 e-5i(jjlf2 

. . . . . . . . . . . . 
(8.6) 
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with matrix elements 

(n IS(/) In')= exp [- i (n + 1/ 2) rot] 6nn' 

Using (8.2) to calculate Heisenberg's matrix x (t), we get 

(nlx(t) In') 

113 

(8.7) 

- !(n+11JIIll [( nli )'1• • + ( (n + I) 1i )'1• • ] -l(n'+'l: )!Ill 
- e 1 2mCil Vn-1 n' 2nzCil Vn+1 n' e 1 

or 

(n I x (t) In') 

= etllll (~)''• 6 , + e-tllll ( (n + I) 1i )''• 6 ' 2mCil n-1 n 2mCil n+l n (8.8) 

which leads to the following matrix: 

0 (-h-)''• e-tlllt 
2mCil 

0 ... 1 
x(t) = (-li-)''• etwt 

2mCil 
0 ( :Cil r· e-llllt (8.9) 

0 ( :Cil )"' etlllt 0 . :. J . . . . . . . . 
In the same fashion 

( I (t) I ') _ , lwt ( nlimCil )''• .., _ . -llllt ( (n + 1) limCil )''• • n P:~& n -te 2 Un-1 n' te 2 Vn+l n' 

(8.10) 
and 

0 • ( limCil ) '/• tlllt 
-1 - 2- e 0 ... l 

Px (t) = . ( limCil ) 'Ia IIIli 
1 - 2- e 0 - i (limCi1) 11• e111l1 

l .. 0 i (limCil) '1• e111l1 0 
. . . . . . . 

(8.11) 
If according to (8.2) we were to form the operator 

H' (t) = s+ (t) HS (t) 

we would discover that its matrix coincides with that for H and 
hence does not depend on time. This is a logical result, since the 
oscillator's energy remains constant. 

It can easily be shown that Heisenberg's matrices satisfy the 
following equations of motion: 

dx 1 dp 
Yt = m Px• dt = - mro2x (8.12) 

8-2186 
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where dx/dt and dp..,fdt are matrices whose elements are deriva
tives of the matrix elements of x(t) and p..,(t). Equations (8.12) 
coincide in form with the classical equations. 

The matrix elements of x(t) and p..,(t) resemble the terms in the 
Fourier series for the corresponding classical quantities. To study 
this analogy more closely let us see which quantity plays the role 
of the classical amplitude. 

When the oscillator is in state n, the probability that coordinate 
6 has a value lying between 6 and 6 + d6 is expressE-d by 

I 'i'n (6) 12 ds = n't.~nn! e-~· H~ (6) d6 (8.13) 

The asymptotic form of 'i'n (6), (5.22), shows that for large 
values of n the function ¢n (6) is approximately a sinusoid when 6 
changes in the interval between - (2n) ''• and (2n) ''•, with the 
polynomial H n (6) vanishing exactly p times. Outside this interval 
¢n (6) begins to decrease rapidly because of the predominance of 
the exponential factor. It follows then that the probability density 
is noticeably nonzero only in the interval -(2n)''• < 6 < (2n)''•, 
which implies that 

6o = (2n)'1• (8.14) 

can be considered the "amplitude" of the oscillator. In conven
tional units the amplitude is 

_ ( 2n11 )''• Xo- --;:m; 

On the other hand, the energy of the oscillator is 

E = En = ( n + +) hro ~ nliro 

(8.15) 

(8.16) 

Solving (8.15) for n and substituting the result into (8.16), we 
get 

(8.17) 

Hence the relation between amplitude and energy is the same as 
in the classical theory. If we compare the matrix elements of 
x (t) with the amplitude (8.15), we find that 

(nl X (t) In- 1) + (n- 1 I X (f) In)= ( 2:1i(J) r· (elrot + e-lrol) 

= ( 2;! ) ''• cos rot 

= x0 cos rot (8.18) 

Thus the matrix elements of x (t) that are closest to the nth 
diagonal element give the terms in the Fourier series that repre-
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sents the classical quantity x{t) in the nth state (that is, in a 
state with E = En); here the values of n are considered large. 
This formal analogy between the terms in a Fourier series and the 
elements of a matrix representing a quantum operators served 
Heisenberg as a starting point 'for the creation of quantum me
chanics, which in its earliest version was called matrix mechanics, 
as we know. 

9. An elementary criterion for the applicability 
of the formulas of classical mechanics 

When in Section 15, Chapter III, we considered the semiclas
sical approximation to the solution of the Schrodinger equation, 
we found the approximate expression of the wave function, ')1, in 
terms of the action integral S. Let us now apply the results of 
that section to the stationary state. 

The Schrodinger equation in this case is 

V2\jl + 21in; (£- U) '11 = 0 (9.1) 

and the Hamilton-Jacobi equation of classical mechanics reads 

I 
2m (grad S)2 + U =E (9.2) 

If S is the general solution to Eq. (9.2), a solution that contains 
three arbitrary constants c~. c2, and c3 (including the constant 
energy E but not the additive term), then depending on the boun
dary conditions we can put 

(9.3) 
or 

(9.4) 

where the expression in parentheses is the determinant of the 
second derivatives of S, and a is a constant phase. The transition 
from the equation of wave mechanics, (9.1), to the equation of 
classical mechanics, (9.2), is formally analogous to the transfor
mation from wave optics to geometrical optics. We can use the 
language of wave optics (or wave mechanics) to formulate the 
conditions under which the approximate formulas (9.3) and (9.4) 
can be applied: 

ll* 

The relative change in the index of refraction (or wavelength) 
over a distance of one wavelength must be considerably smaller 
than unity. 
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If instead of the wavelength A. we use 'A./ (2n) as the characteristic 
length, this condition can be written as 

2: X I gr~d '-I =I grad 2: I~ 1 (9.5) 

In quantum mechanics A. is the de Broglie wavelength: 
A. _ 21th 

- (2m(£- U)J''• 
(9.6) 

But since the domain we are considering lies between classical 
mechanics and quantum mechanics, the criterion for applying (9.3) 
or (9.4) can be stated in the language of classical mechanics as 
well. Indeed, if we substitute the expression for A., (9.6), into 
condition (9.5), we get 

mli I d u I 1 
[2m (E- U))'1• gra ~ (9.7) 

We introduce the absolute value of the particle's velocity, v, 
and the absolute value of its acceleration, w, and write 

Hence (9.7) gives 

or 

[2m (E- U)]'1• = mv 

I gradU l=mw 

liw ~ 1 
mv3 

(9.8) 

(9.9) 

(9.10) 

(9.11) 

This is the very criterion that we were looking for. Apart 
from h it includes only quantities of classical mechanics; namely, 
kinematic quantities and the particle's mass. 

Note that, according to the well-known formula of kinematics, 
we have 

w2 = ( :; y + ( v; r (9.12) 

where v is the absolute value of the velocity, and p is the path's 
radius of curvature. This implies that 

v2 
w~

P 

which, after being substituted into (9.1 0), yields 

_b_~l 

or 
mt~p 

_2:_ ~ 1 
2np 

(9.13) 

(9.14) 

(9.15) 
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where A. is again the de Broglie wavelength. Thus the de Broglie 
wavelength must be considerably shorter than the path's radius 
of curvature. 

The criterion expressed by formulas (9.10) and (9.11) can be 
applied in two different ways. First, if we consider velocity and 
acceleration as functions of position coordinates [Eqs. (9.8) and 
(9.9) ], then (9.3) or (9.4) will give a good apfroximation to 
Schrodinger's wave function. Second, instead o velocity and 
acceleration we can introduce their mean values into (9.13). The 
left-hand side will then become a certain constant whose order 
of magnitude will, when compared to unity, characterize the 
applicability of classical equations. 

In the initial stages of development of quantum mechanics 
Bohr formulated his famous correspondence principle. According 
to this principle, for large quantum numbers the formulas of 
quantum mechanics must transform into classical formulas. We 
can then expect that the above-mentioned parameter [the left-hand 
side of (9.11)] will be connected with the quantum number char
acteristic of the given problem. 

We will now show, using a simple example, that this is indeed 
the case. Let us consider the one-dimensional harmonic oscillator. 
Here the velocity is parallel to the acceleration. We will use the 
root-mean-square values of velocity and acceleration as the pa
rameters. We have 

x= a cos rot 
and hence 

v2 =P =! a2ro2, 

This implies that 

(9.16) 

(9.17) 

(9.18) 

The oscillator's energy is expressed in terms of the amplitude as 

(9.19) 

and hence (9.18) reads 

(9.20) 

Thus for the one-dimensional oscillator criterion (9.11) takes on 
the following form: 

mo3 =..E._~ 1 
bw boo (9.21) 

But according to (8.16) the energy of the oscillator is 

E-= En= ( n + ~ ) hro (9.22) 
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where n is the quantum number of the oscillator in a given state. 
This implies that (9.21) demands that n be large compared to 
unity. 

In summary we may say that the applicability of equations of 
the classical theory does not necessarily mean the applicability 
of classical concepts. The difference between the "probabilistic" 
way of describing phenomena, using a wave function, and the 
"absolute" way, using classical quantities, (this difference was 
mentioned in Part I) remains valid as well when classical quan· 
tities provide a good approximation to the wave function. 



Chapter II 

PERTURBATION THEORY 

l. Statement of the problem 

Only in a limited number of the simplest cases is it possible to 
solve the Schrodinger equation and find the eigenfunctions of the 
Hamiltonian, as well as of other operators. Solution of more 
complicated problems, say, the many-body problem, requires 
approximate, that is, essentially new, methods (for instance, the 
variational method). The many-electron problem will be studied 
in Part IV. Here we will consider the case when the process of 
solving a problem can be divided into two steps. The first step 
is to simplify the problem and then solve it exactly. The second is 
to calculate those corrections to the simplified problem that enable 
us to estimate the influence of the small terms omitted in the 
first step. There is a general method for calculating the corrections 
called perturbation theory, which we will develop in this chapter. 

Let us assume that there exists an operator (for definiteness we 
consider it to be the Hamiltonian) that can be represented as a 
sum of two terms: 

H=H0 + eU (1.1) 

The first term, H0 , is the Hamiltonian of the unperturbed prob
lem, or the zeroth-order Hamiltonian, and the second, eU, is the 
correction, or the perturbation Hamiltonian, which we can regard 
as "small" (for the sake of convenience we write the correction 
as the product of the smallness parameter, e, by the operator, U). 
We will consider the perturbation Hamiltonian to be such that 
when e is reduced to zero, the eigenvalues and eigenfunctions of 
H continuously transform to the eigenvalues and eigenfunctions 
of H0• 

This condition in some cases is not satisfied, and the pertur
bation changes the type of solution, introducing a continuous spec
trum, for instance. The formal solution of the problem in such 
cases, however, has a physical meaning. The solution provides a 
wave function that describes the state of an atom that is not 
exactly stationary but can be considered quasi-stationary. But 
what is such a state? If we assume the obtained wave function to 
represent some initial state of an atom, then for a long period the 
state will but slightly differ from the initial one. The theory of 
quasi-stationary states will be discussed in Section 8, Chapter III. 

119 
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We must bear in mind that the perturbation theory series can 
diverge, which does not, however, deprive it of physical meaning. 
This is so if the first terms in the series decrease relatively fast. 
In this case we use only a finite number of terms. 

To return to our problem let us assume that the eigenfunctions 
til~ (x) and eigenvalues Efn of n° are known exactly, that is, we 
have found the solutions to 

noo() ...oo() \jln X = .C:ntlln X (1.2) 

We need to find the approximate expressions for the eigenfunctions 
and eigenvalues of n, that is, solve the equation 

(n° + eU) 'lln (x) = Entlln (x) (1.3) 

To solve the posed problem we must first solve the nonhomo
geneous equation 

(1.4) 

for the case when the parameter E' is one of the eigenvalues of no. 
Depending on whether the eigenvalues of H0 are degenerate or 
nondegenerate, the solutions of both the preliminary problem and 
the general problem differ. To clarify the idea of the method we 
will first consider nondegenerate eigenvalues. After that we wiiJ 
generalize the results and apply them to the degenerate case. 

2. Solution of the nonhomogeneous equation 

Let us consider the nonhomogeneous equation 

no, - E' til = f (2.1) 

where f is a known function, and til is the sought function. Assume 
E' to be one of the eigenvalues En of H0• Equation (2.1) then has 
the form 

(2.2) 

First we consider the eigenvalue £% to be nondegenerate, which 
means that the corresponding homogeneous equation 

n°tll- ~'I'= 0 (2.3) 

has only one solution, '¢ = 'iJ~. 
We expand the unknown function, f, in a tll~-series: 

f == L am til~ + ~ a (E) 'I'~ dE (2.4) 
m 
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and look for the solution of (2.2) in the form of a similar series: 

1Jl = L em¢~+ ~ e (E) 1Jl~ dE (2.5) 
m 

which, after substituting (2.4) and (2.5) into (2.2), yields 

L em (E~- E~) 1jl~ + ~ e (E) (E- E~)~ dE 
m 

= L am11'~ + ~a (E) 1jl~ dE (2.6) 
m 

In the left-hand side of this equation the coefficient of 'I>~ is 
zero. For the equation to have a (nontrivial) solution the coeffi
cient of the corresponding term in the right-hand side must also 
vanish, that is 

(2.7) 
which can be rewritten as 

r -o J 1Jlnf d1: = 0 (2.8) 

Thus we conclude that 

The nonhomogeneous equation (2.2) has a solution if its right
hand side is orthogonal to the solution of the corresponding 
homogeneous equation. 

If this is so, the other coefficients Cm and e (E) can be found by 
equating the corresponding terms on both sides of (2.6). This 
yields 

C = am 
m Eo _Eo • 

m n 

Expansion (2.5) then reads 

c (E)= a (E)o 
E-En 

'i'- ~~ am 1jJ + f a (E) '¢0 dE 
-L..J Eo-Eo m Je-Eo E 

m m n n 

(2.9) 

(2.10) 

where the prime on the summation sign means that the term with 
m = n must be omitted. 

To this expression obviously we can add a solution of the homo
geneous equation, e'¢~. where e is an arbitrary constant. 

If in Eq. (2.1) E' had not been equal to any E~. there would be 
no need to impose restrictions of type (2.8) on f, and the solution 
would have been 

"' = ~ am •• ,o + f ....EJ.§l_ .ko dE 
't' L..J E0 -E' 'I'm J E-E' '~'E 

m m 
(2.11) 

where m runs through all values. 
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Now, let us turn to the degenerate case. As usual, we will 
consider Et E?, Eg, ... to be different eigenvalues, so that their 
degeneracy will be expressed in the fact that each of them (say 
ifn> can have several (say s) eigenfunctions, which we denote 

(2.12) 

with s depending on n in the general case. We note that the eigen
values corresponding to a continuous spectrum can also be degen
erate. For the sake of simplicity, however, we will write our equa
tions as though these eigenvalues were nondegenerate. 

Let us assume that the homogeneous equation 
HO,ho _ Eo .ho = 0 

'i'n n'l'n (2.3) 

has s solutions (2.12) and we must find the solutions for the non
homogeneous equation 

(2.2) 

The expansions for the given function f and the unknown func
tion '¢ are then 

s 

f =I I am, 'I'~,+ ~a (E) 'i'~ dE (2.13) 
m ,._I 

s 

'I'= I I em, 'I'~, + ~ c (E) 'I'~ dE (2.14) 
m r-l 

Substituting these into (2.2), we get 
s 

I (E~- ~)I em, 'I'~,+~ (E- E~) c (E) 'i'~ dE 
m r-i 

s 

= I I am, 'i'?n, + ~ a (E) 'i'~ dE (2.15) 
m r-1 

From this we conclude that 

that is, f must satisfy s conditions 

r -o .) 'i'nrf d't = 0, r=l,2, ... ,s 

Thus we see that in the degenerate case 

(2.16) 

(2.17) 

The nonhomogeneous equation (2.2) has a solution if its right
hand side is orthogonal to each solution of the corresponding 
homogeneous equation. 
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After we have determined all the coefficients Cm and c (E), we 
get the following expression for 'lJ: 

• 
,., - ~' I ~a o~,o + f a(£) ,~,o dE 
't'- L...J Eo _Eo L...J mr'~'mr j E _Eo 'I'E 

m m n r-1 n 

(2.18) 

We see that for the degenerate and the nondegenerate case the 
equations are quite analogous and the criterion for the existence 
of a solution is formulated in almost the same way in both cases. 

3. Nondegenerate eigenvalues 

Let us now return to our main problem, namely, the solution of 

(H0 +8U)'lJn=En'l'n (3.1) 

and study the case when all the eigenvalues of H0 are nonde
generate. 

We look for the eigenvalue En and the eigenfunction 'l'n in the 
form of expansions in powers of the smallness parameter 8: 

0 ' 2 " En=En+8En+8E,. + ... 
'¢n = '¢~ + 8'\jl~ + 82'\jl~ + • • • 

If we substitute these into Eq. (3.1) and identify powers 
we get a series of equations 

H0'¢~- E~'¢~ = 0 

HO·•" _ ED·•" = _ U•'-o + E' ,.,o 't'n n't'n 't'n n't'n 

HO•""- £0,(,, =- U·•,' + E' •"' + E"•l,O 't'n n't'n 't'n n't'11 n 't'n 

(3.2) 

(3.3) 

of e, 

(3.4a) 

(3.4b) 

(3.4c) 

The first one is satisfied automatically since, according to the 
initial as~umption, '¢~ is an eigenfunction of H0 corresponding to 
E~. The second equation, (3.4b), is a nonhomogeneous equation 
for determining '¢~. As we know, for this equation to have a 
solution its right-hand side must be orthogonal to the solution of 
the corresponding homogeneous equation, '¢~. Using the fact 
that '¢~ is normalized, we can write this condition as 

E~ = (n I U In) (3.5) 
where 

(n I U In)= ~ \jJ~U'¢~ d-e (3.6) 

is the diagonal element of the matrix for the perturbation U. Thus 
the orthogonality condition makes it possible to determine the 
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unknown constant E~. The next step in solving (3.4b) is to expand 
its right-hand side in terms of the functions 'ljl~ and 'ljl~: 

where 

f=- U'ljl~ + E~'ljl~ 
=-I' (ml U In) 'ljl~- ~ (EI U In) 'ljl~ dE (3.7) 

m 

(m I U In)= ~ ij,!,U1J>~ d-r: 

(E I U In) = ~ ij,~U1J>~ d-r: 

(3.8) 

(3.8*) 

The solution 'ljl~ of Eq. (3.4b) can be obtained by using the 
formulas of the previous section, namely 

1J>' = "' (m I u In) 1J>o + f CE I u In) '¢o dE (3.9) 
n L..., £0-£0 m ) Ef!.-E E 

m n m n 

(We did not add the term c'¢~ because '¢~ is obviously orthogo
nal to '¢~. Hence 

'¢" = 1J>~1 + e'¢~ (3.10) 

which is the approximate solution to the perturbation problem, will 
be normalized to within terms of the order of e~.) 

Let us now turn to the third equation, (3.4c). First, we must 
determine the constant E~ from the condition that the equation 
has a solution. This condition yields 

E; = ~ ij,~ (U- E~) 'ljl~ d-r: (3.11) 

If we then substitute expansion (3.9) for '¢~, from the com
pleteness property of eigenfunctions we get 

E; = I' I ( m0 I U I n) 12 + ~ I (E I U In) 12 dE (3•12) 
m E11 - e0m ~- E 

After this we could find the correction '¢~ and the third, fourth, 
etc. approximations. The calculations proceed in a similar man
ner, notably, after we find 

'¢~. '¢~ .... , 'IJll:- 1' and ~. E~. E;, ... , E~-1> 

the condition for the existence of a solution to the kth equation 
yields E~11 ' and then '¢~11 '. The formulas become more and more 
involved, but it is usually sufficient to take the first-order approx
imation for the eigenfunction and the second-order approximation 
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for the eigenvalue. When E~, the first-order correction for the 
eigenvalue En, is nonzero, we can limit ourselves to this if there 
is no need for a higher accuracy. 

4. Degenerate eigenvalues. Expansion 
In powers of the smallness parameter 

Let us look for the equation 

(4.1) 

for the case when there is degeneracy, that is, eigenvalues of H0 

are degenerate. We choose the unperturbed equation 

HO.hO - £0 .hO = 0 
't'nr n 't'nr (4.2) 

to have s solutions 
(4.3) 

We know (Section 7, Chapter II, Part I) that one can select 
the s solutions to a certain extent arbitrarily, which implies that 
by performing a unitary transformation we can replace the 
functions (4.3) by a linear combination of them. For what follows 
it is convenient to construe the 'll~, as solutions chosen in a 
specific way depending on U. The original s solutions (whatever 
they may be), whose linear combinations are 'll~,. we will denote 

<Jlh <Jl2, ••• , q>, (4.4) 

where we omit the subscript n though keeping it in mind. 
We know from algebra that in an infinitesimal change of the 

coefficients of an algebraic equation a multiple root can separate 
into several simple roots. Here too by analogy we can expect a 
degenerate eigenvalue E~ to separate into s nondegenerate 
eigenvalues En, (r = I, 2, ... , s) owing to the perturbation. For 
this reason we will seek the eigenvalues in the form 

,...() I 2 II 
En,= c:.n + eEnr + e Enr + ... (4.5) 

where the corrections depend on the number r of the correspond
ing eigenfunction. This last can be written as 

(4.6) 
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By substituting (4.5) and (4.6) into (4.1) (where we must change 
En to Enr and 'i'n to 'i'nr) and identifying powers of e we get a series 
of equations 

Ho.,,o _ £0 ,,,o = 0 
'Ynr n'~"nr 

HO.r,' _ £O.r,' = _ u.,,o + E' ,r,O 
't'nr n 't'nr 't'nr nr't'nr 

Ho,,,, -Eo,,,, =- U•"' + E' ·"' + E" .,,o 
't' nr n 't' nr 't' nr nr 't' nr nr 't' nr 

(4.7a) 

(4.7b) 

(4.7c) 

These differ from the analogous equations (3.4a)-(3.4c) only in 
the addition of a second subscript to the eigenvalues and eigen
functions. The first equation, (4.7a), is satisfied automatically. 
For the second equation, (4.7b), to have a solution its right-hand 
side must be orthogonal to each solution of the homogeneous equa
tion: 

~'ii~P(U-E~r)'i'~rd-r=O, p=1, 2, ... , s (4.8) 

or, which is the same, 

~<P~(U-E~r)'i'~rd-r=O, p=1, 2, ... , s (4.9) 

Equations (4.8) and (4.9) are not generally satisfied by arbi
trary solutions of ( 4.2}. So we must find combinations 

(4.10) 

of the known solutions (4.4) that will satisfy (4.8) and (4.9). 

5. The eigenfunctions in the zeroth-order 
approximation 

Let us find the coefficients in the unitary transformation ( 4.10). 
If we substitute ( 4.1 0) into ( 4.9) and recall that the functions IJlq 
are orthogonal and normalized, we get 

(5.1) 

where 

(5.2) 

Omitting the second subscript in bqr and denoting the unknown 
quantity E~r by A., we can write (5.1) as 

(5.3) 
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These equations can be interpreted as the equations for the 
eigenfunctions b (q) = bq of the operator represented by the finite 
matrix Upq. This operator is hermitian since its matrix is hermi
tian, which can be seen from (5.2). This implies that its eigen
values 'A. are real. To find these and solve Eq. (5.3) we can use 
a purely algebraic method. Equation (5.3) is a system of homo
geneous linear equations in bq. Such a system will have a unique 
solution if the system determinant 

Uu-'A. 

D('A.)= (5.4) 

is zero. The equation D ('A.)= 0 has s real roots, and each root 
f.. =f.., has a corresponding solution bq = bqr of (5.3). These so
lutions can be normalized so that 

(5.5) 

It follows from the general properties of linear operators that 
solutions 

bq = bqr and bq = bqp 

corresponding to two distinct roots 

f..=f.., and 'J..='J..p 

are orthogonal to each other, that is 

b,,blp + b2,b2p + ... + bspbsr = 0, 'J.., =F Ap (5.6) 

The equation D (f..) = 0 can also have multiple roots. For 
instance, if f..= f.., is a double root, there are two independent 
solutions of Eq. (5.3), b q = b~ and b q = b;, corresponding to 
this root. But no matter whether D ('A.) = 0 has simple or multiple 
roots we can always make all the s solutions of (5.3) orthogonal 
and normalized, so that 

(5.7) 

which implies that matrix b with elements bpq is unitary. Indeed, 
if we assume, as usual, that 

we can write (5.7) as 
s 

- + bqp = bpq 

L bt,brq = 6pq 
r-1 

(5.8) 

(5.9) 
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It then follows, and this can easily be proved, that 
s 

L bprb~ = flpq (5.10) 
r-1 

In matrix notation we may write (5.9) and (5.10), which express 
the unitarity of matrix b, in the form 

b+b=1, bb+=1 (5.11) 

We have thus found the unitary transformation (4.10) whose 
coefficients satisfy Eq. ( 5.1), where the E~, are the roots A., of 
equation D (A.) = 0: 

D(A.,)=O (5.12) 

The unitarity of transformation ( 4.1 0) shows that if the q>p are 
orthogonal and normalized, ~, will be too. 

We must note that the ¢~, are determined uniquely only if all 
roots of D(A.) = 0 are distinct. But if A.= A.1 is, say, a double 
root, then instead of the solutions bq1 = b~ and bq. = b; of Eq. 
(5.3) we could have taken 

b;t = Vubqt + V2tbq2 

b;2 = v,2bq 1 + v22bq2 
(5.13) 

where the matrix made up of the coefficients Vtk is unitary. The 
new solution (5.13) corresponds to new wave functions 

¢;:l = Vu'¢~, + v2,¢0n2 

.h•o o + o 
't'n2 = 0 t2'1lnt v22¢n2 

(5.14) 

Hence for each multiple root there is an arbitrary unitary 
transformation of the functions corresponding to this root. Such 
unitary transformations, which remain arbitrary in the first 
approximation, are usually determined from the second and higher 
approximations. 

We can express the roots E~r =A., in terms of the 'IJ>~r· If we 
denote 

(nr I U In' r') = ~ ;j,~,U'IJ>~,, d-r: 

then on the basis of (4.8) we get 

(nr I U I n' r') = E~rtlrr' 

which at r = r' yields the sought for expression for E'n,.. 

(5.15) 

(5.16) 
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6. The first and higher approximations 

We now turn to Eq. (4.7b). With our choice of 'II'~, its right
hand side satisfies the condition for the existence of a solution. 
The expansion of the right-hand side then reads 

- U'IJ'~, + E~,'li'~, =-I' (mp I U I nr) 'li'~p- ~ (E I U I nr) 'II'~ dE (6.1) 
mp 

where we have used (5.15) and put 

(E I U I nr) = ~ ;j,~U'IJ'~, d't (6.2) 

The prime on the summation sign in (6.1) means that the terms 
with m = n must be omitted from the sum. After solving Eq. (4.7b) 
by the method of Section 2 we get 

8 

'II'~= I' E!. ~Eo I (mp I U I nr) 'll'~p 
m n m p-1 

8 

+ f (E I U I nr) • ..,0 dE + ~ ,..,o 
j E!_ _ E 'YE L..., Cpr'Ynp 

n p-1 

(6.3) 

Here the last sum is the solution of the homogeneous equation. 
The constants in it, Cpr, are unknown and must be found from the 
second approximation. In dealing with the second approximation, 
Eq. (4.7c), we must first make sure that its right-hand side is 
orthogonal to all solutions of the homogeneous equation. This 
condition reads 

E" fJ - r .i.o (U E' ) •h' dT 
nr qr j 'Ynq nr 'Ynr (6.4) 

If now we substitute the expression (6.3) for 'IJ'~, and introduce 
the notation 

s 

U~,=~' 0 
1 

0 ~(nqiUimp)(mpiUinr) 
L..., E -E L..., 

m n m p-1 

+ r (nq I u I E)(E I u I nr) dE (6.5) 
j ~-E 

we can write Eq. (6.4) as 

E:,{)qr = u;, + (E~q- E~,) cqr (6.6) 

where we have used (5.16). At q "=F= r this reduces to 

(6.7) 

9---"-2186 
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If all the E:q (q = 1, 2, ... , s) are different, that is, all 
roots of D (A.) = 0 (see Section 5) are simple roots, then (6.7) 
gives us all the Cq, with different subscripts, namely 

u" 
C -- qr 
qr- E1 - E' 

nq nr 
(6.8) 

But if some roots are multiple, for instance, £:, = £~2 , the 
corresponding sums u;, = u~; must vanish. This condition will be 
satisfied if we properly choose the unitary transformation (5.14), 
which up till now has remained arbitrary. Indeed, if we replace 
'ljl~ 1 and 'ljl~2 by their linear combinations 'ljl:~ and 'ljl:~. then u;, 
will change to 

2 

U., ~ + U" 
qr = ~ V ql tk0 kr' 

I, k-l 
q,r=1,2 

But according to (6.6) this must be equal to E;,()qr: 
2 

~ +U" -E" • ~ 0 qt tk 0 kr- nruq, 
I, k-l 

(6.9) 

(6.10) 

If we now premultiply this result by Upq and sum with respect 
to q, we get 

(6.11) 

We have come to equations similar to (5.1) and by using the 
method of Section 5 can find matrix [Uik]. It could happen, how
ever, that matrix [vtk] would be determined nonuniquely for the 
same reason as matrix [bik] of Section 5. We would then have to 
bring in the higher approximations. 

Let us assume that we have found [Vtk] and that the functions 
'lj!~, are "modified", that is, if necessary, changed to their linear 
combinations. Then E:q = E:, will satisfy Eq. (6.7) automatically 
and the corresponding Cqr will remain undefined. If E:q =I= E:,, we 
can find Cq, by using (6.8). If q = r, then according to Eq. (6.6) 
c, also remains undefined and can be nullified. Then the function 
'¢nr = 'ljl~, + 8'\jl~, will be normalized to within terms of the order 
of 82• Finally, the second-order energy correction,£;,, will be 

E~, = u~, (6.12) 

where u~, is understood to be the modified u:~. which before we 
had denoted u;~. 
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We have obtained the first approximation to the eigenfunc
tion '¢nr and the second approximation to the energy. In a similar 
manner we could find the higher approximations, but in view of 
the complexity of the formulas they are of no practical interest: 

7. The case of adjacent eigenvalues 

The formulas of Section 3 show that if two eigenvalues~ and E~, 
of the zeroth-order Hamiltonian are adjacent, the denominators 
E~- ~, in expressions (3.9) and (3.12) for '¢~ and E: become 
small. Because of this the approximations will be poor, and if the 
denominators E~- E~, are of the same order of magnitude as 
the numerators (multiplied by e), the above expressions cannot 
be used at all. In other words, the desired wave functions and 
eigenvalues cannot in this case be expanded in powers of the 
smallness parameter. Instead we can use a method in which the 
calculations are "reshuffled" so that in the terms with small de
nominators the numerators are zero. In dealing with this method 
we will study only the zeroth-order approximation. 

We write the equation in question as 

H'¢ = E1jl (7.1) 
where 

H=H0 +eU (7.2) 

and assume that the zeroth-order Hamiltonian, H0, has two 
adjacent eigenvalues E~ and ~ which correspond to the eigen-
functions 'iJ? and '¢~. We ask for that solution to (7.1) for which E 
is close to ~ (and E~). As the starting approximation we will 
take not '¢7 or '¢~but their linear combination 

'¢* = c,'i'? + c21jlg (7.3) 

as was done in Section 3. Indeed, from (3.9) we conclude that the 
leading term in 'iJ~ is proportional to 'iJg. For this reason it is 
advisable to include this term in the starting approximation. Fur
thermore, from ( 4.1 0) it follows that in the limiting case, when 
E? coincides with Bg, the linear combination of 'iJ~ and 'IJlg will 
be the zeroth-order approximation for the wave function. Substi
tuting (7.3) into (7.1), we get the approximate equality 

c, (H-E) 'lilt+ c2 (H-E) '¢2 = 0 (7.4) 

If we premultiply (7.4) first by"'" then by "'2, and in both cases 
integrate, we come to two equations: 

(H"- E) c, + H12c2 = 0 
(7.5) 

9* 
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where 

i, k = 1, 2 (7.6) 

Notice that the off-diagonal matrix elements H 12 and H21 are 
small compared to the diagonal elements Hu and H22, since for 
the zeroth-order Hamiltonian H?2 = Hg1 = 0. Equations (7.5) serve 
to determine the coefficients c1 and c2 and the parameter E. We 
nullify the determinant 

D (E)= I Hu-E Ht2 I (7.7) 
H21 H22-E 

and solve the quadratic equation 

£2- (Hu + H22) E + HuH22 -I H12 r = 0 (7.8) 

to get for E two values 

E = ! (Hu + H22) ± i- [(Hu - H22)2 + 41 H12I2J'1• (7.9) 

which we denote £7 and £;. It follows from (7.2) that 

(7.10) 

where Uur is determined by a formula similar to (7.6). Therefore 
H 12 is of the order of e, and if £?- Eg were not small, we could 
have expanded (7.9) in a power series in e. But since this differ· 
ence is small by definition, the expansion will either converge 
poorly or even diverge. It is now clear why the method of Section 3 
does not work when two eigenvalues are adjacent. In the first
order approximation the two values of E given by (7.9) yield the 
perturbed eigenvalues £1 and £ 2 of H, the eigenvalues that cor-
respond to the zeroth-order eigenvalues E? and £::. We can use 
Eqs. (7.5) to find the coefficients c1 and c2. This is most con
veniently done by introducing two auxiliary real quantities, a 
and j}: 

2H12 -tan a ellS (7 .11) 
Hu-Htt 

From Eqs. (7.5), (7.9), and (7.11) it is easy to see that the 
ratio c.!c2 takes two values: 

( c1 ) c11 t a , .. - =-=-co -e" 
C2 I C21 2 

( c1 ) c12 t a 1 .. - =-= an-e" ca 2 cu 2 
(7.12) 
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If we now choose 

Cu = cos~ e1r.l2 2 , 

we get the normalized solutions to (7.5). The corresponding eigen
functions will be 

'I>• =cos ~ e1r.'2•"0 - sin ~ e- tr./2•1' 0 
I 2 't'J 2 '1'2 

• .,. =sin~ eif112•"0 +cos~ e-tr.t2•1,o 
'1'2 2 'I'J 2 '1'2 (7 .14) 

It is these functions that serve as the starting approximation. If 
we use them to compose the matrix elements of H, we get 

H;k = ~ \il;H'I>; d-r: = E;r,tk' i, k = 1, 2 (7.15) 

so that H;2 = 0. Therefore, if we go on to the next approximation 
and build expressions similar to (3.9) or (3.12) using '1>;. 'I>; and 
the remaining functions '1>~. '~>2· ... , we will not get terms with 
the small denominator £?- ~· This implies that these expres
sions will indeed represent small corrections. 

B. The anharmonic oscillator 

As an example of how perturbation theory works we will take 
the case of the one-dimensional anharmonic oscillator. We assume 
that the system of units is such that the eigenvalue equation for 
the Hamiltonian is 

- ~ ~~~ + ( ~ 62 + e63) 'I'= E'i' (8.1) 

where e63 = eU is the perturbation Hamiltonian. We ask for the 
eigenfunction in the first-order approximation and the eigenvalue 
in the second. The eigenfunctions and eigenvalues of the unper
turbed equation 

are already known. They are 

'I>~= n -•t, (2nnl) -•t. e -e•t2 H n (6) 

~=n+! 

(8.2) 

(8.3) 

(8.4) 
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The perturbation operator, U = ~3 , has matrix elements 

+oo 

(n I U In') = ~ \il~s3'¢~, ds (8.5) 
-oo 

and the simplest way to obtain these elements is to multiply the 
matrices 6 and 62 of Section 6, Chapter I, whose elements are 

, ( n ) •;, ( n + I ) •;, (nisin)= 2 l>n-ln'+ - 2 - l>n+ln' 

1 'I (nl62 ln')=2[n(n- I}] 'l>n-2n' 

+ ( n + ; ) l>nn' + ; [(n+ I} (n + 2)]'1'l>n+2 n' 

We find that 

(n I U In') = (n 163 In') = L (n 16 I k) (k 162 In') 
k 

= ( n (n - I) (n - 2) )'''l> , + ( 9n3 )''• l) , 8 n-3 n 8 n-1 n 

+ ( 9 (n + 1) 3 )'''l> 
8 n+l n' 

+ ( (n + I) (n + 2) (n + 3) )''• l) 
8 n+3 n' 

(8.6) 

(8.7) 

(8.8) 

The diagonal element of U is zero, which can also be directly 
observed from formula (8.5). Hence the first order correction to 
the eigenvalue vanishes. The approximate expression for the eigen· 
function is 

(8.9) 

where according to (3.9) 

'¢' = "' (m I U In) ..po 
n i..J EO-ifl.. m 

in n m 

(8.10) 

In our case only four terms in this sum are nonzero, namely 

'i'' = (n - 31 U In) '1'0 + (n- I I U In) '1'0 
n Jfl_ _ Eo n-3 Eo _ Eo n-I 

n n-3 n n-1 
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Substituting the matrix elements according to (8.8), we finally 
get 

•"' = ..!.._ ( n (n- 1) (n- 2) )''• ,1,0 + 3 (~)''• .ho 
'l'n 3 8 't'n-3 8 · '~'n-l 

-3 ( (n + 1)3 )''• •"o 
8 '~'n+l 

_ ..!.._ ( (n + I) (n + 2) (n + 3) )''• •1,o 
3 8 '1'n+3 (8.11) 

We still have to calculate, using (3.12), the second-order cor
rection to the energy. We find that 

E" =..!._ n(n-l)(n-2) +~na _ _!!_(n+ l)a 
n 3 8 8 8 

1 (n + I) (n + 2) (n + 3) 
-3 8 

= - 1: ( n2 + n + !~ ) (8.12) 

Hence the energy in this approximation is 

E = E0 + e2E" = n +- --e2 n2 + n + -( I ) 15 ( 11 ) 
n n " 2 4 30 

(8.13) 

and we have completed the solution. 
Now let us assume that besides es3 the perturbation Hamiltonian 

has a term 6s4• The eigenvalue equation will then be 

- ; !~~ + (; s2 + es3 + ~'>64 ) 'I'= Ew (8.14) 

If 6 is of the order of e2, the first-order approximation for the 
eigenfunction will remain unchanged and to the expression (8.13) 
for the eigenvalue a new term will be added, the diagonal matrix 
element of 664• Let us calculate the additional term. We have 

(nl64 ln)=(nl61n-l)(n-1ls3 ln) 
+ (n 161 n + 1) (n + ll63 ln) 
3 3 

= 4 n2 + 4 (n + 1)2 

so that 

6 (n 164 In) = ~ t') ( n2 + n + ! ) 
Adding (8.15) to (8.13) yields the eigenvalue Enl 

(8.15) 

En=(n+ ~)+(~6- 1; e2)(n+ ~Y+ !6- 1~ e2 (8.16) 
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In the particular case of () = 5e2/2 formula (8.16) differs from 
E~ only by a constant term e2/2. 

We note in conclusion that by adding terms of type e63 or 664 

to the potential energy of the harmonic oscillator we have changed 
the type of eigenfunction of the Hamiltonian. We have thus come 
to a case mentioned in Section 1, when the formal application of 
perturbation theory leads to divergent series and gives a state 
that is not exactly stationary but quasi-stationary. The formal 
character of the solution appears in the fact that for large values 
of n the correction to the energy in (8.16) ceases to be small. 



Chapter III 

RADIATION, THE THEORY OF DISPERSION, 
AND THE LAW Of DECAY 

1. Classical formulas 

The quantum Jaws governing phenomena in which the finiteness 
of the speed of propagation of actions (interaction) does not play 
any role have clearly been established. They can be formulated in 
terms of the concepts introduced in Part I and also by bringing in 
a new principle (the famous Pauli exclusion principle) needed for 
statement of the many-body problem. We will examine Pauli's 
theory of the electron and the many-body problem in Parts III 
and IV. 

On the other hand, the theory of phenomena in which the 
finiteness of the speed of propagation of actions does play a role 
has yet to be completf'd. These phenomena include, first of all, 
those that are studied in electrodynamics and the theory of rela
tivity. 

Quantum generalization of each of these two theories requires 
considering systems of an indefinite number of particles (photons 
in the case of electrodynamics and electrons and positrons in rel
ativistic quantum mechanics). Here the full theory of such systems 
will not be given, nor will the quantum theory of radiation 
(quantum electrodynamics). We will confine ourselves to the 
derivation of formulas using the classical theory as guide. In 
doing so we will allow ourselves a certain degree of inconsistency. 
Namely, we will describe the atomic system in quantum terms and 
the radiation in classical terms, not directly introducing the con
cept of light quanta (photons). Aside from this, the approximate 
(semiclassical) nature of the theory can serve to justify a certain 
inprecision of expression, such as "the electron is inside a given 
volume" (instead of "the electron can be detected in a given 
volume by a certain kind of experiment"). 

Before considering the theory of radiation let us recall the main 
formulas of the classical theory. The Maxwell equations in Lorentz 
form are 

curlH-.!. al =~pv 
c at c 

divlt= 4:np 
t ax 

curllt+ cat=O 
divH=O 

137 

(1.1) 

(1.2) 
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Here if and dG are the electric and magnetic field vectors, p is the 
electric charge density, v is the velocity of the electrons, and c 
is the speed of light. The charge density p and the current density 
pv in the right-hand sides of ( 1.1) satisfy the equation of con
tinuity 

~~ + div (pv)=O (1.3) 

which, written in the integral form, 

:t ~ P d't = - ~ PVn da (1.4) 
V0 Go 

expresses the fact that the change in the number of electrons.inside 
the volume V0 is equal to the number of electrons that pass 
through the surface a0 encompassing the volume. Let us put 

if=- grad<p-+ ~~, lt'=curlA (1.5) 

where <p is the scalar potential, and A the vector potential. Both 
potentials we will subject to the usual condition (the Lorentz 
condition) 

divA+_!_~= 0 (1.6) 
c at 

By substituting ( 1.5) into the Maxwell equations ( 1.1) and 
( 1.2) we find that Eqs. ( 1.2) are satisfied automatically and that 
Eqs. (1.1), if we use condition (1.6), read 

V2A--• a2A =-~pv 
c2 at2 c 

I a2q> V2m----=- 4np 
'I' c2 at2 (1.7) 

Let us assume that the space in which the fields are considered 
is unlimited. To make the solution of ( 1. 7) unique we will make 
it a condition that there are no ingoing waves, that is, waves that 
arrive from infinity. This can be written 

. (at 1 at) hm r -+-- =0 
r-+oo ar c at (1.8) 

where f is Ax, Ay, Az or <p. The solution of ( 1.7) that satisfies this 
condition can be expressed in terms of retarded potentials, namely 

~ ( v) d-r:' A- p-
- c t-1 r-r' 1/c I r - r' l 

r d-r:' 
<p = J (p)t-1 r-r' 1/c 1 r- r' 1 (1.9) 
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If p and pv depend on time via a periodic factor, that is if 
p=poetoot, pv=(pv)oetoot (1.10) 

then the above formulas become 

1 r dT:' A= eioot c J (pv)o e-loo I r-r' lie I r _ r' I 

<p = eloot f poe-1(1) 1 r-r' J/c dT:' 
J I r- r' I (1.11) 

These are the classical formulas for the electromagnetic field 
generated by a continuous distribution of electric charges. We 
must now change them so as to account for the quantum nature 
of matter. 

2. Charge density and current density 

In the Maxwell equations ( l.l) and ( 1.2) matter was charac
terized by charge density p and current density pv. We must now 
find the quantum analogues to these quantities. The analogues can 
be of two types- mathematical expectations and operators. Since 
the classical quantities appear in our formulas as functions of 
time, we must choose a representation in which the operators will 
explicitly depend on time (see Section 14, Chapter II I, Part I). 

We start with the mathematical expectations. In the classical 
theory p dt: is the electric charge inside volume dt:. In the quantum 
theory we find the mathematical expectation of a charge by multi· 
plying the charge of one electron, -e, into the mathematical 
expectation of the number of electrons. If we have only one 
electron, the latter mathematical expectation is equal to the prob
ability of the electron being in dt:. This, as we know, is simply 

ijJ\jl dt: 

The quantity p then corresponds to 

p- e;j,\jl (2.1) 

Consider a small volume V0 in which there are N(V0 ) electrons. 
The mathematical expectation of N is 

M. E. N (V0) = ~ ;j,\jl dt: (2.2) 
v. 

We construct the time derivative of (2.2). Substituting for ,j, 
and ¢ their expressions via the wave equation, we get 

:t ~ ijJ\jl dt: = T ~ ('IJH\jl- ;j,H\jl) dt: (2.3) 
v. v. 
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But according to the Schrodinger equation 

H,P = - :: V2,P + U,P 

If we then use Eq. (2.4) and the fact that 

,pV2;j>- ;j>V21Jl = div (,p grad ;jJ- ;jJ grad ,P) 

we can write formula (2.3) as 

:t ~ ;j>1Jl d-r = - ~ div S d-r 
v. v. 

where vector S is defined as 

ilJ - -S = 2m (,P grad ,p- ,p grad ,p) 

Applying to (2.5) Gauss's integral theorem, we get 

:t ~ ;j>1Jl d-r = - ~ s" da 
Vo Oo 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

where n is the outer normal to the surface a0 that encompasses V0• 

This can be interpreted as meaning that the change in the ma
thematical expectation of the number of electrons inside V0 is 
equal to the mathematical expectation of the number of electrons 
passing through ao. The quantity Sn da will then be the mathemat
ical expectation of the number of electrons passing through 
elementary area da in unit time. The numbers are added algebra
ically, that is, if da is passed in both directions by equal numbers 
of electrons, Sn = 0. Vector S is therefore the electron flux, which 
implies that the classical current density has corresponding to it 
the vector quantity -eS: 

pv-.- - eS (2.8) 

Such a definition of S yields the equation 

a (,j1Jl) + div S = o at (2.9) 

from which it follows that the quantum analogues of p and pv, 
(2.1) and (2.8), satisfy the equation of continuity ( 1.3). 

We can transform expression (2.6) for S as follows. Put 

,p = ae1a. (2.1 0) 

where a and a are real. Then, and this is easy to verify, 

S=..!.a2 grada (2.11) 
m 
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which implies that S is parallel to the gradient of the phase of 
the wave function. 

On the other hand, we can express the derivatives a¢/ax, 
a'¢;ay, and a¢/az in (2.6) in terms of the results of applying the 
operators Px. Pu. and Pz· We then get 

(2.12) 

or 
(2.13) 

and similar formulas for the other two components. Here x, fi, 
and i are the operators of the respective components of velocity 
(see Section 1, Chapter I). 

Formula (2.13) and the ones for the other two components are, 
from the formal aspect, a natural generalization of the classical 
quantities px, pfi, pi (divided by the electron charge, -e), since 
charge density p corresponds to -e,j,¢ and operators X., fi, i to the 
components of velocity. 

In Part V we will see that in Dirac's theory of the electron 
vector S can also be represented as (2.13) although the ope
rators x, fi, i are completely different in form from the ones in 
Schrodinger's theory. 

Thus we have found the expressions for the mathematical 
expectations of the number of electrons in a given volume and 
the number of electrons passing through the surface encompassing 
this volume. We now turn to the problem of finding the operators. 

If we have only one electron, the number of electrons (zero or 
unity) in volume Vo is a function f v, (x, y, z) of the position 
(x, y, z) of our electron, where f is determined as follows: 

fv. (x, y, z) = 1 if (x, y, z) lies inside V0 

= 0 if (x, y, z) lies outside V0 (2.14) 

For this reason in terms of x, y, z the operator N ( V0) correspond
ing to the number of electrons will be multiplication into this 
function. The mathematical expectation of this operator will be 
exactly (2.2), which is what we expected. If we want to use the 
Heisenberg picture for operators, we must build the matrix with 
elements 

(n I N In')= ~ \iln (x, t) f '¢n' (x, t) d-e (2.15) 

where the ,p,. (x, t) are a complete set of functions satisfying the 
Schrodinger equation, for example, the eigenfunctions of the 
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Hamiltonian. Since f is nonzero only inside V0 , where it is equal 
to unity, we get 

(n I N In')= ~ "'" 'l'n' d-r (2.16) 
v, 

and integration is carried out only over the points inside vo
lume V0• 

After multiplying this matrix element, which is an element of 
Heisenberg's matrix for the operator N ( Vo), by the electron charge 
we come to the analogue of the classical quantity 

~ p d-r _.- e ~ 'i>n'¢n' d-r (2.17) 
v, v, 

The charge density p then corresponds to 

Pnn' = - e'i>n'l'n' (2.18) 

This comparison is done in the same way as in Section 8, 
Chapter I, where the elements of Heisenberg's matrix for coor
dinate x were compared with the classical expressions for the 
same quantity. 

After we have found the quantum analogue of charge density p, 
we can derive the quantum analogue of the current density pv 
in the same way that we derived (2.8) from (2.1). 

Recalling (2.5) and (2.6), we get 

:t ~ "'n'lln• d-r =- ~ div Snn• d-r (2.19) 
v, v, 

where Snn' is the vector 
ili - -

Snn' = 2m ('lln' grad '¢n- 'l'n grad '¢11•) (2.20) 

We can then relate pv with 

(pv)nn' = - eSnn' 

Thus (2.12) and (2.13) transform into 

I -- -
(Sx)nn' = 2m (¢n'Px'l'n + '¢nPx¢n•) 

or 

(2.21) 

(2.22) 

(2.23) 

We obtained the quantum formulas for the charge and current 
densities assuming only one electron, but we can easily generalize 
this case for several electrons. 
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3. Frequencies and intensities 

What remains is to substitute the elements of Heisenberg's 
matrices into the classical formulas of Section I. First we note 
that if the \jln (x, t) are the eigenfunctions of the Hamiltonian, that 
is 

(3.1) 

then the dependence of Pnn' and (pv)nn' on time is purely periodic 
with an angular frequency 

(3.2) 

The electromagnetic field ( 1.11) will obviously have the same 
frequency. Hence the Bohr frequency relation, according to which 
the frequency of radiation emitted by an atom is equal to the 
energy difference En- En· between two stationary states divided 
by Planck's constant h = 2nlt. It is convenient then to link the 
emission process with the quantum transition {"jump") of the 
atom from one stationary state to another. 

If we substitute (2.18) and (2.21) (the charge and current 
densities) into the formula for the potentials, ( 1.9) or ( 1.11), we 
have 2 

A '=-!... r s ·e-lronn' I r-r' lie d-r:' 
nn c .) nn I r- r' I 

m , = _ e f .i. •h •e- tronn' 1 r-r' lie d-r:' 
"Ynn .) 'l'n 'l'n 1 r - r' 1 (3.3) 

We will now assume that the emitted radiation has a wavelength 

(3.4) 

much greater than the dimensions of the atomic system. This 
implies that we can disregard the difference in the retardation of 
the electromagnetic fields emitted by different parts of the system.3 

On this assumption the factor I r- r' 1-1 e-tronn' 1 r-r' lie in the inte
grand will not change considerably in the region where '¢n'lfln· 
and Snn' do not vanish, and in the expression for Ann' we can 
disregard r' in comparison with r and take the factor outside the 

2 In the formulas e ran be either the base of natural logarithms or the elec
tron charge. But obviously there can be no confusion. 

8 This difference can be taken into account in the higher-order approximations. 
It is imperative to do so if the electromagnetic field vanishes (see the selection 
rules below). 
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integral sign. In the expression for IJ>nn' we can replace this 
factor by a linear function of position. In summary we get 

A - - .!!_ e- lfiJnn•r/C r s d I 
nn' - r j nn' 't 

IPnn' =- ; e-I(J)nn•r/c ~ 'i>n'l'n.( 1 + iro;n• r ·,r') d't" (3.5) 

where according to (2.23) 

~ Snn' d't = ! ~ (1Jl11•V1Jl11 + 'i>nV'i'n•) d't 

Since the velocity operator is hermitian, both terms in the 
integral on the right-hand side are equal, which yields 

(3.6) 

By virtue of the equations of motion the matrix element for 
velocity is equal to the time derivative of the corresponding 
matrix elements for position: 

(3.7) 

where 
(3.8) 

On the other hand, due to the orthonormality of the functions 'i'n 
we have 

(3.9) 

We then substitute these expressions into (3.5) and at first put 
n = n'. Since the diagonal element Xnn' does not depend on time, 
we find that 

Ann=O 

IPnn = - e/r (3.1 0) 

which is the electrostatic field of an electron. On the other hand, 
if n :::1= n', we have 

A , = - _:__ e- tfiJnn•rtc dxnn' 
nn cr dt 

eironn' 1 -lfiJ •r/c 
IPnn' = - -c- rr e nn (r . Xnn') (3.11) 

In view of the fact that 
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we can write 

A = - ieronn' XO ~ ioonn' (t-r{c) 
nn' c nn' r (3.12) 

instead of the first equation in (3.11). 
We now use formulas ( 1.5) for the electric and magnetic fields. 

We assume that, although the wavelength is long on the atomic 
scale, it nevertheless is short compared to the distance to the 
point where the field is calculated. To simplify matters we will 
consider only the contribution of the vector potential. This is 
justified by the fact that the scalar potential contributes only to 
the numerical value of a constant in the final formulas. We will 
then have 

~ - - ero~n' xo _!_ eiiDnn' (t-r/c) 
nn'- c2 nn' r 

Knn'=~nn' X gradr (3.13)' 

These formulas provide an insight into the polarization and 
intensity of light of a frequency corresponding to a definite spec
tral line. If, for instance, for each pair (n. n') (which actually 
means a definite transition) one of the components of 
X 1111•, say Znn'• is nonzero and the two others, Xnn' and Ynn'• are 
zero, the light is polarized along the z axis. But if Xnn' =I= 0, 
Ynn' =I= 0, and Znn' = 0, the light is polarized in the xy plane. For 
some pairs (n, n') the matrix elements of all three coordinates, 
Xnn'• Ynn' and Znn'• might vanish. Then the lines corresponding to 
these pairs would be absent. Such transitions are said to be 
forbidden. In many cases there are rules that make it possible to 
decide whether a line is forbidden or not. These are called selec
tion rules. 

To estimate the radiation intensity we build the time average 
of the Poynting vector. For this we take the real parts if' and IG' 
of ~and U. The Poynting vector is then 

P= 4: (~X K)= 4: ~~~·grad r 

and the time average of P is 

e2ro!n' 1 
(P) = 81tCSI x~n·l 2 rr grad r 

e2ro!n' ( I o 12 + I o 12 + I o 12) 1 d =- 8:rtc3 xnn' Ynn' znn' 72 gra r 

(3. 1 4) 

(3.15) 

Hence the intensity of the spectral line with frequency ronn' 
is proportional to 

Inn'= e2ro~n' (I X~n' 12 +I Y~n' 12 +I ~n' 12) (3.16) 

10-2186 
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so that the ratio of intensities of two spectral lines is given by the 
ratio of the corresponding I nn,'s. 

If we introduce the electric dipole moment of the electron, D, 
in the following way: 

D"=- ex, Dy=-ey, Dz=-ez (3.17) 

then formula (3.16) can be written as 

Inn'= (l)~n' [I ( n I D" In') 12 + I ( n I D" In') 12 + I ( n I D ~In') 12] (3.18) 

or simply 
(3.18*) 

In the case when the atom has several electrons, (3.18) can 
still serve as the measure of radiation intensity if D is understood 
to be the total electric moment of all the electrons. The selection 
rule will then state which elements of Heisenberg's matrix for 
total moment D are nonzero. 

Let us illustrate the above facts by considering the one-dimen
sional oscillator. In Chapter I we found that the elements of 
Heisenberg's matrix for coordinate x are 

, - toot (~)'1• .t. , + -toot ( (n +I) 1J )'1• Jt. (3 19) Xnn - e Zm<O Un-1 n e Zmro Un+l n' • 

[see (8.8) of Chapter 1]. It then follows that the nonzero matrix 
elements (and hence intensities) are those whose quantum num
bers n and n' differ by unity: 

n-n'=±1 (3.20) 

This is the selection rule for the oscillator. The frequency of 
these allowed transitions is equal to the oscillator's fundamental 
frequency, and there are no higher harmonics in the radiation. The 
measure of intensity for the oscillator is 

(3.21) 

Note that the intensity here is proportional to the quantum num· 
ber, n. 

4. Intensities in a continuous spectrum 

For a continuous spectrum the formulas for intensities must be 
modified. Let us assume that an electron is ejected from the 
energy level En to infinity, where its kinetic energy is E (an ab-
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sorption spectrum). In this case we speak not of the intensity of 
the monochromatic light of frequency ro, where 

ro = (E- En)/ft (4.1) 

but of the intensity of light with a frequency range 

!1ro = !1E/ft (4.2) 

This implies that in Heisenberg's matrices we must shift from 
the eigenfunction 'ljl~ (x) to the proper differential corresponding to 
the integral 

E+t.E 
I 1 ~ --11'1'=--

(~E)''• (~E)'I• 
E 

'ljl (x, E) dE (4.3) 

and normalized in a way such that 

lim~~ flf1WI2 d-r=l 
M-+0 .) 

(4.4) 

In other respects our results are the same as for the discrete 
spectrum. 

The above substitution forces us to replace the matrix element 

Xnn' =(En I X I En') (4.5) 
with 

'/ I ~-(En I X I E) (!1E) ' = --,1 '¢n (x) X A 'I' d-r 
(~£) • 

(4.6) 

But !1'1' of (4.6) is approximately 

!1 'I' ~ 'ljl (x, E) !1E (4.7) 

This approximation can only be used if substituting (4.7) for !1'1' 
does not change the convergence of the integral in !1'1'. In our 
case it does not, since in (4.6) !1'¥ is multiplied into 'ljl,.(x), which 
is a rapidly decreasing function. 4 For this reason we can write 
the matrix element (4.6) as 

(En I X IE)= ~ '¢n (x) x¢ (x, E) d-r (4.8) 

Now we use the same method for coordinates y and z and in 
(3.15) make the substitution 

Xnn'-+ (En I X I E) (!1E)'1• {4.9) 

We get the intensity of light per interval !1E = 1i Aro: 

In (E) !1E = e2ro~ [I (En I X I E)l2+l(En I Y I E)f+I(En I Z I E)I2J !1E (4.10) 

4 In (4.4), however, we cannot use (4.7). 

10' 
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We must use this formula instead of (3.16) if we are dealing 
with a continuous spectrum. 

5. Perturbation of an atom by a light wave 

When a plane monochromatic light wave impinges on an atomic 
system, it initiates additional radiation whose frequency can be 
equal (a) to that of the incident wave and (b) to the sum or 
difference of the incident-wave frequency and the natural frequen
cies of the atom (the Raman effect). The additional radiation 
interferes with the incident wave, which results in a plane wave 
of a different wavelength. The change in wavelength in a medium 
can be described by the medium's index of refraction or its dielec
tric constant. Both, generally speaking, will depend on the fre
quency. Hence there will be dispersion of light. 

We will now briefly analyze the Raman effect. Our problem 
consists of two steps. First, we must find the approximate solution 
to the Schrodinger wave equation with a perturbation in the form 
of a light wave. Second, we must find the frequencies and inten
sities of the additional radiation and derive the formula for the 
dielectric constant. 

We start with the perturbed wave equation. If the wavelength 
of the incident light is considerably longer than atomic dimen
sions, the perturbation Hamiltonian is approximately 

U =- (Dx&' x + D11&' 11 + Dz&'z) =- (D • iff) (5.1) 

where CB is the electric field vector, and D is the vector of the 
electric dipole moment of the atom. When there is one valence 
electron, 

Dx=-ex, D11 =-ey, D2 =-ez (5.2) 

The wave is considered monochromatic, so that 

CB = ~ CBo (elwt + e-twt) (5.3) 

The time dependence of the perturbation Hamiltonian will then be 

U = Uoetwt +Vii e-twt (5.4) 

where Uo and Ut do not depend on time. The notation Vii is 
justified by the fact that Uft is the hermitian conjugate of Uo, in 
the sense of the linear operator theory. 

If H0 is the zeroth-order Hamiltonian, the wave equation whose 
approximate solution we are trying to find will have the follow
ing form: 

(5.5) 
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We consider the external electric field to be weak, and in looking 
for ~ we limit ourselves to the first-order approximation. This 
implies that we must take ~ in form 

~=~·+v+w (5.6) 

where v and w are small. If we put (5.6) into (5.5) and neglect 
terms of the order of Uv and Uw, we get 

If~• + H0v + H0w + Uoe100t~· + Vt e-toot~· 
= "6. a,· + "6. !!!!.... + •b. aw 

'" at '" at t" at 
To satisfy this equation we will adjust the functions ~·. v, and 

w in a way such that 
no~·- ih a~· = o (5.7) 

Equation (5.7) is the unperturbed wave equation. Its solution is 

(5.9) 

If we then substitute (5.9) into Eqs. (5.8) and (5.8*), we see that 
these equations will be satisfied if 

v = v~el (oo-Bnfll) t 

w = w~e -I (oo+Enf") t 

(5.10) 

(5.10") 

where v~ and w~ do not depend on time. For the last two func
tions we have the following equations: 

nov~- (En- hoo) v~ =- U0~~ (5.11) 

ifw~- (En+ hro)w~ =- u:~~ (5.11") 

When solving these equations, we must assume that En + lioo 
do not coincide with any of the eigenvalues of H0, that is 

or 

where 

En- En• ± hoo =F 0 (5.12) 

I OOnn' I =F I (i) I 

OOnn' =(En- En•)/h 

(5.13) 

(5.14) 

Condition (5.13) implies that there is no resonance between 
natural frequency OOnn' of the atom and frequency oo of the light 
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wave. If there is resonance, our method of solving Eq. (5.5), 
based on the assumption that v; and w~ are small, does not work. 

When there is no resonance, that is, when condition (5.13) 
holds, Eqs. (5.11) and (5.11*) can be solved by the method of 
Section 2, Chapter II. If to simplify matters we assume that there 
are no degenerate eigenvalues and no continuous spectrum, we 
get 

0o = _ I (m I Uo In) \jlo 
n Em- En+ llro m (5.15) 

om 

o __ I (m I uQ'" In) o 
wn- Em- En+ hro 'I'm (5.15.) 

m 
where 

(m I U0 In)=~ ~?nU0\jl~ d-r (5.16) 

Since we assumed that the wavelength of the incident light is 
much longer than the atomic dimensions, the amplitude of Ef 
can be considered constant within the limits of integration in 
(5.16). Formulas (5.1), (5.3), and (5.4) then yield 

(miVIn)=- ~ [~~(m!D~In)+~~(miD~jn)+~~(mlD~In)] 
1 = - 2 (m I EfO • 0° In) (5.17) 

where 

(m I D0 In)= ~ ~?nD'i'~ d-r (5.18) 

Finally, using (5.6), (5.9), and (5.10), we can write the approx
imate solution to Eq. (5.5): 

(5.19) 

where v~ and w~ are found by (5.15) and (5.15•). 

6. The dispersion formula 

In the classical electron theory we characterize the radiation of 
an atom by its electric dipole moment. The quantum analogue of 
this moment is, as we saw in Section 3, an element of a Heisen
berg's matrix corresponding to the product of the electron charge 
by its coordinate, or the sum of such products if there are several 
electrons. 

The incident wave induces an additional electric dipole moment, 
which for an optically homogeneous medium is proportional to 
the electric field. In the general case this moment will be a linear 
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vector function of the electric field components. It is the frequency 
dependence of the proportionality factor (or the factors of the 
vector function) that serves as the basis for explaining dispersion. 

If we know the approximate solution \j)n of the wave equation 
when the perturbation is in the form of a light wave, we can 
build the elements of Heisenberg's matrix for the electric dipole 
moment. Neglecting the squares and products of v~ and w~. we get 

~ ijlnD¢n' d-r = e1(J)""'1 (n I 0° In') 

where 

so that 
+ -

Cnn'= Cn'n 

(6.1) 

(6.2) 

(6.2.) 

(6.3) 

which justifies the "dagger" in (6.2•). If in (6.2) we now substi
tute (5.15) and (5.15•) for v~ and w~ and use (5.17), we get 

Cnn' = " (n I ~0 • D0 I m) (m I D0 In') + " (n I 0° I m)(m I ~0 • 0° In') (6.4) 
f....J 1i (comn- co) f....J h (comn' +co) 
m m 

We see that in addition to the natural frequency of the atom, 
(!)""'• formula (6.1) contains the sum and difference (l)nn' ±(I) (the 
Raman effect). The terms 

(6.5) 

in (6.1) represent the additional dipole moment induced by the 
perturbation, the light wave. The diagonal element of this moment, 

D' = D' = ..!... C etrot + ..!... C e-trot 
n nn 2 nn 2 nn (6.6) 

has the frequency of the incident wave. For this reason the 
diagonal element is the immediate counterpart of the classical 
additional moment. 

Let us now turn to the dependence of D~ on the electric field 
components. At n = n' the expression (6.4) for Cnn' yields 

( D:)n = Re [( axx)n [G xeirot + ( axy)n [G Yetrot + ( axz)n [G zelrol] 

(D') = Re [(a ) {G elrot +(a ) {G elrot +(a ) {G elrot] y n yx n x yy n y yz n z 

(D~)n = Re [( azx)n [G xetrot + ( azy)n [G Yeirot + ( azz)n [G zelrot] (6.7) 
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where, for instance, 

( ) _ ~ ( ( n I D~ I m) (mID~ In) ( n I D~ I m) (mID~ In)) 
axy n- i..J h (romn- ro) + h (romn + ro) (6.S) 

m 

The other coefficients are expressed by similar formulas, in which 
x andy are changed to the appropriate labels. 

The array 

( 
axx axy axz) 
ayx ayg ayz 

azx azy Uzz 

(6.9) 

(where we omitted label n) is a hermitian matrix, so that, for 
instance, 

(6.10) 

Thus the additional dipole moment D' is a linear vector function 
of the electric field, and for complex coefficients in (6.9) the phase 
of D' does not coincide with the phase of ~. But if the a's are 
real (which is the case when the functions '¢~ are real, for in-
stance), the phases of D' and if coincide and Eqs. (6.7) read 

(D:)n = (axx)n ~ x + (axy}n ~ y + (axz)n ~ z 
(D~)n = (ayx}n ~ x + (ayy}n ~ y + (ayz)n ~ :z 

( D~)n = ( azx)n ~ x + ( azy}n ~ y + ( azz)n ~ z (6.11) 

where IC is the real electric field vector. A particularly interest
ing case is when 

axx = a1111 = azz = a11 

ayz = azy = axy = 0 (6.12) 

and the dependence of D' on if simply reduces to proportionality: 

D' =a 1£ n n (6.13) 

.Up to now we have dealt with the additional dipole moment for 
one particle. To find the total electric dipole moment per unit 
volume, o•, we denote by N, the number of particles in state r 
per unit volume and construct the sum 

which is 

where 

o• = L N rD~ (6.14) 
r 

a= L Nrnr 
r 

(6.15) 

(6.16) 
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According to the classical electron theory the dielectric con
stant e and the proportionality factor a in (6.15) are related in 
the following way: 

3 e- 1 
---=a 
4n e + 2 

(6.17) 

Hence our formulas connect the dielectric constant with atomic 
quantities. 

We note that N, of (6.16) depends on temperature. Classical 
Boltzmann statistics gives this dependence as 

Nr=N exp(-Er/kT) (6.1B) 
L exp (- Er/kT) 
r 

where N is the total number of atoms per unit volume, and E, 
is the energy of one atom in state r. As to a,, it depends only on 
the properties of the particles and on the frequency of the incident 
wave, ro. This frequency dependence of a explains dispersion. We 
have just seen that ro enters the expression for a through the 
denominators rom,. ± ro, characteristic of the dispersion formula. 

The theory presented in this section is no more than an outline, 
giving a general idea of the effect of light on atom. It is far from 
complete for several reasons. First, we have only briefly mentioned 
the relation between quantities referring to one atom or molecule 
(the dipole moment, for instance) and macroscopic quantities (for 
instance, the dielectric constant), and for the distribution by 
state we have confined ourselves to the classical formula (6.18). 
Second, even quantities referring to one atom were described 
semiclassically since we did not introduce the concept of light 
quanta, and schematically since we did not touch on the problem 
of degenerate eigenvalues, for instance, and did not clarify in 
what conditions (6.12) holds. Last, we said nothing about what 
happens if there is resonance and did not discuss the question of 
the width of a spectral line. 

As we said at the beginning of this chapter, a full exposition of 
the theory of radiation goes beyond the subject of this book. 

7. Penetration of a potential barrier by a particle 

In this section we will consider a problem that in classical terms 
could be called the penetration of a potential barrier by a particle. 
In essence this problem is nonstationary, but we will use wave 
functions that are the eigenfunctions of the Hamiltonian as aux
iliary quantities. 

Let us assume that the potential V depends only on the distance 
from an attractive centre, that is, the problem is spherically 
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symmetric. We will also deal only with states in which the wave 
functions depend (apart from time) on r: 

'ljl = 'ljl (r, t) (7 .1) 

(The general case is considered in Chapter IV.) If we put 

'ljl = f (r) (7.2) 
r 

then the Schrodinger equation 

- _!!.:. V2'1jl + U¢ = ih a¢ (7 .3) 
2m at 

transforms into 

(7.4) 

For a state with definite energy (a stationary state) we can 
assume that 

f (r, t) = f (r) e-lEt/11 

Then Eq. (7.4) reads 
f12 d2f - --+ [U(r)-E]f=O 2m dr2 

(7.5) 

(7.6) 

For the function ¢ to remain finite everywhere, we must assume 
the following boundary condition: 

f (0) = 0 (7.7) 

Now we make certain assumptions concerning the behaviour of 
U (r). Let U (r) first increase monotonically, starting from some 
definite value (or even from -oo, which is the case for an 
electron in the Coulomb field of a nucleus, U = - e2/r). In the 
process U (r) attains a maximum value, after which it decreases 
without restriction. We will consider the values of E that are less 
than the maximum of U (r). The difference U (r) - E vanishes at 
two points, before and after the maximum, say at r = r 1 and 
r = r2• Hence for r there are three distinct regions 

I. 0 < r < rh II. r1 < r < r 2, III. r2 < r (7 .8) 

How does f behave in each region? In the first, where U < E, 
function f will oscillate. If we put 

r 

S1 (r) = ~ [2m(£- U)]'1' dr (7.9) 
0 

then in the semiclassical approximation (Section 15, Chapter III, 
Part I) and for r's that are smaller than r1 (but not too close to r1) 
we have 

- ( a2St )''• f = c · ar oE cos (SJ/fi + a) (7.10) 
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where c and a are constants. In the second region we put 
r 

S2 (r) = ~ [2m (U- E)]'1' dr (7 .11) 

Then approximately 

( iJ2S )'/2 f = __ 2 (cles,Jh + c2e-S,fh) 
iJr iJE (7 .12) 

In the third region 

f = c' ( :,2~~ r· cos (S3/Ii + a') (7.13) 

where 
r 

S3 =~[2m (E- U)J'1• dr (7 .14) 
r, 

and c' and a' are new constants. In view of (7.2), function 'ljl 
differs from f by a factor, 1/r, that tends to zero as r-+ oo. For this 
reason the behaviour of 'ljl in the first and third regions will be 
different and ¢ will tend to zero as r-+ oo. 

In the transition region, where the difference U (r) - E in the 
Schrodinger equation (7.6) changes sign (that is, near the "turn
ing" points r = r1 and r = r2), the above formulas for f and S 
do not hold; there the approximate solutions can be expressed 
using the Airy functions, which are the solutions of Airy's differen
tial equation 

w" (t) = tw (t) (7 .15) 

in which the coefficient of the unknown function passes through 
zero. We will not discuss the use of the Airy functions as applied 
to our problem. 

The most interesting case is that of a very high barrier. Such a 
barrier is characterized by 

I I 
If s = TS2 (r2) (7.16) 

being considerably greater than unity. The behaviour of f (and 
of¢) will depend essentially on the coefficients in (7.12). If c1=0, 
the first term in (7.12) vanishes and as r increases from r 1 to r2 

the function f rapidly decreases, so that the amplitude of ¢ will 
be considerably smaller in region III than in region I. This means 
that the probability (more correctly, the probability density) of 
finding the particle inside the barrier is much greater than of find
ing it outside. 

For arbitrary values of E we cannot make c1 vanish. The con
dition c1 (E)= 0 selects certain values of E. (This was the case 
with the standard problem of Schrodinger's theory, where the 

• 
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eigenvalues of the Hamiltonian were selected.) Let E = E0 be 
one of such values. The corresponding eigenfunction will be 'i'E, (r). 

Since this function is nonzero outside the barrier, we cannot 
consider it the correct function describing the particle inside the 
barrier. To describe such a state we introduce a function 1jl0 (r) 
that is close to 1jJ E, (r), namely 

1jl0 (r) = ,PE, (r) at 0 < r < r 2 

=0 at r 2 < r (7.17) 
with normalization 

00 ,. 

~ j1Jl0 (r) j2 r 2 dr= ~ 1 '¢E. (r) j2 r 2 dr = 1 (7.18) 
0 0 

In the state described by "¢o (r) the particle is inside the barrier. 
This state, however, is nonstationary since 1j10 does not satisfy the 
continuity condition at r = r2, which is a necessary condition for 
any energy eigenfunction. Nevertheless, the state will in a sense 
be quasi-stationary. This means that if at time t = 0 it was de
scribed by "¢0 (r), for which the probability of finding the particle 
inside the barrier is unity, in subsequent moments the probability 
will be a slowly decreasing function of time. The law of such 
slowly decreasing probability can be called the law of decay of a 
system in a quasi-stationary state. 

In classical mechanics the decay of a system would be as
sociated with passage of particles over the potential barrier. If a 
particle could always be localized in space, we would have to 
say that in the region above the barrier the particle's kinetic 
energy takes on negative values, which is impossible. On the 
other hand, such phenomena as the escape of a-particles from an 
atom's nucleus or the ionization of atoms in an external electric 
field prove that decay of systems of such types is indeed possible. 
If we now compare the two conclusions, we automatically deduce 
that we cannot apply classical concepts to the above phenomena 
and that the interpretation of such phenomena requires new 
(quantum) concepts. But according to quantum mechanics we 
cannot say that a particle is above a barrier until we show the 
way this can be determined. In turn, to find the particle above the 
barrier we must impart the lacking energy to it. This is the way 
the above paradox is removed. 

8. The law of decay of a quasi-stationary state 

We can formulate the law of decay of a quasi-stationary state 
of a system for a fairly general case if we introduce the energy 
distribution function in this state. · 
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Denote by x the set of all coordinates (or other variables, in 
terms of which the wave function is expressed). Let '¢0 = '¢ (x, 0) 
be the initial value of the system's wave function, '¢ (x, t). We 
express '¢0 as an integral of the eigenfunctions of the Hamilton
ian, \jle (x): 

'¢ (x, 0) = ~ c (E) '¢E (x) dE 

Then at t > 0 the state of the system will be 

'¢ (x, t) = ~ e-IBt!llc (E) '¢E (x) dE 

(8.1) 

(8.2) 

The probability L (t) that at time t the system can be found in 
its initial state is the squared modulus of the scalar product 

p (t) = ~ '¢ (x, 0) '¢ (x, t) dx (8.3) 

so that we have 
L (t) =I p (t) 12 (8.4) 

Using the completeness condition for the functions '¢e(x), we 
find that p (t) can also be expressed as the scalar product of the 
coefficients of (8.1) and (8.2). We have 

p (t) = ~ e-IEttllc (E) c (E) dE (8.5) 

But 
dW (E) = w (E) dE =I c (E) P dE (8.6) 

is the energy distribution function for the initial state (which 
means that it is the distribution function at any time t > 0). 
Hence (8.5) reads 

p (t) = ~ e-iBttllw (E) dE= ~ e-tEt!ll dW (E) (8.7) 

Thus the probability that the system has not yet decayed at 
time t is 

L (t) =I p (t) P = j ~ e-tEtttt dW (E) j2 

which implies that 

(8.8) 

The law of decay of state 'i'o depends only on the energy dis
tribution function. 

With the appropriate choice of integral distribution function W (E), 
Eq. (8.8) is valid for a discontinuous W (E) (discrete spectrum). 

We note that the law of decay can be the same for two different 
states provided their energy distribution functions are the same. 
We must also note that time t in the expression for the probability 
of decay is counted off starting from the (latest) moment when 
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we can still say that the atom (or system) has not yet decayed; 
the state of the undecayed atom, ¢ 0, does not change. If we wish, 
we can say that the atom does not age but decays suddenly. This 
corollary is valid for any law of decay, not only the exponential 
law. 

Interestingly, in formula (8.7) it is not the probability amplitude 
(wave function) that is subject to a Fourier transformation, which 
would be the case in quantum mechanics, but the probability 
itself. According to the nomenclature of probability theory p (t) is 
the characteristic function for E. 

The properties of the Fourier integral yield the relation be
tween the rate of decay and the smoothness of the distribution 
function. Let us first investigate the conditions in which decay is 
possible at all. 

If there is a differential energy-distribution function (proba
bility density) w (E), the integral distribution function W (E) is 
related to it as 

E' 

W (E') - W (E) = ~ w (E) dE (8.9) 
E 

where E' and E are any two values of energy. If E' > E, the above 
expression is obviously the probability that the energy of the 
system lies between E and E'. If there is no discrete spectrum, 
W (E) is continuous for any initial state. But if there is a discrete 
spectrum, W (E) will be continuous only if in the initial state all 
probabilities concerning the discrete spectrum vanish. 

Assume that W (E) is continuous. Then (8.9) implies that the 
continuity of W (E) is equivalent to the absolute integrability of 
w (E) (in the usual meaning). But if w (E) is absolute integrable, 
the value of (8.5) tends to zero as t-+ oo. 

Thus the continuity of W (E) yields 

L (/) -+ 0 as t -+ oo (8.10) 

where according to (8.7) and (8.8), L (t) is the probability that 
at time t the system has not yet decayed. On the other hand we 
can show that the continuity of W (E) follows from (8.1 0). We 
come to the conclusion that 

A system decays if and only if the integral energy-distribution 
function is continuous. 

In many problems the energy distribution function satisfies much 
stricter conditions than the simple continuity of W (E). For in
stance, when a particle being in a potential well penetrates a bar-
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rier, the probability density w(E) will be a meromorphic function 5 

of a complex variable (this problem was considered in Section 7). 
Since at real values of E the function w (E) is real, its poles lie 
symmetrically with respect to the real axis, and the residues at 
each symmetric pair of poles will be complex conjugates (the 
physical meaning of w (E) as probability density implies that it 
cannot have any poles on the real axis). Let the pair of poles 
closest to the real axis be 

E=E0 ±ir, r>o (8.11) 

Let the next pair of poles have imaginary parts ±ir'. It is easy 
to see that if t is so great that 

I r';; r t I~ 1 (8.12) 

then the value of integral (8.7) will be determined by the residues 
at the two poles (8.11), whereas none of the other poles will 
contribute. So we can assume that w (E) has only two poles, 
which means that we can put 6 

1 r 
w (E)= n (E- Eo)2 + r2 (8.13) 

This is the dispersion formula for the energy distribution. 
If we now substitute (8.13) into (8.7), we get 

p (t) = e-tEtth-rJ t lfh (8.14) 
and hence 

L(t)=e-2rltJ/h (8.15) 

Thus to obtain the usual exponential form of the decay law it 
is sufficient to assume that w (E) is meromorphic- an assumption 
that can be proved by analyzing the Schrodinger equation of the 
problem. 

5 A function is meromorphic throughout a region D if and only if its only 
singularities throughout D are poles. 

8 We assume that r « E0 - E•, where £• is the lower limit of integration 
in (8.7); usually E• = 0. 



Chapter IV 

AN ELECTRON IN A CENTRAL FIELD 

1. General remarks 

The problem of describing the states of an electron in a central 
field is of great practical importance, since its solution gives us 
not only the theory of the spectrum of hydrogen (an electron mov
ing in the Coulomb field) but the approximate theory of the 
spectra of atoms with one valence electron (the sodium atom, for 
instance). 

In the hydrogen atom the electron is in the electrostatic Coulomb 
field of the nucleus, so that the potential energy (or simply po· 
tential) is 

ez 
U(r)=--r 

In atoms with several electrons the electrons lose their individu
ality in a way, and, generally speaking, we cannot consider the 
states of separate electrons and describe them by using wave 
functions '¢ that depend on the coordinates of each electron respec
tively. Instead we must examine the state of the atom as a whole 
and describe it by a wave function that depends on the coordinates 
of all the electrons. We must also take into account the intrinsic 
degree of freedom (the so-called spin) and the symmetry of the 
wave function with respect to the interchange of any two electrons 
(exchange symmetry). The many-electron problem is dealt with 
in Part IV. We will only remark that in a certain approximation 
the wave function of the atom as a whole can be expressed in 
terms of the wave function of each separate electron. In this case 
for the "one-electron" wave functions we get equations similar to 
those of the one-body problem (with certain additional terms). In 
view of this for an atom with one valence electron we can build 
an equation for the electron wave function and speak of the elec
tron being in the field of the nucleus and the other (the inner) 
electrons. As in the case of the hydrogen atom, this field will be 
spherically symmetric, but it will not be a Coulomb field. Consider
ing what has been said, the case involving the non-Coulomb field 
U (r), which depends only on the distance from the nucleus, is of 
great importance to physics. 

Schrodinger's theory gives a true picture in general outline of 
atoms with one valence electron. Only a few details, notably, the 

160 
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fine structure of energy levels (the existence of doublets), cannot 
be derived from the Schrodinger equation but can be interpreted 
by Dirac's theory, which takes the theory of relativity into account. 
More than that, Dirac's theory is needed to explain the behaviour 
of an atom in a magnetic field (the Zeeman effect). True, the 
Schrodinger equation can be generalized for the case of a mag
netic field, but since the corrections due to the magnetic field and 
the theory of relativity are of the same order of magnitude, they 
must be considered simultaneously. Dirac's theory of the electron 
is elaborated in Part V. 

2. Conservation of angular momentum 7 

The Schrodinger wave equation for an electron in a field with 
potential energy U (x, y, z) is 

H\'p-ih~~=O (2.1) 
where the Hamiltonian is 

I H = 2m (P; + p~ + P~) + U (x, y, z) (2.2) 

We assume that U depends only on the distance from the 
atom's nucleus, the latter being fixed and at the origin of a coor· 
dinate system: 

U (x, y, z) = U (r), r = (x2 + y2 + z2)''• (2.3) 

The wave equation will then be 

2~ (P! + p~ + p;) 11' + U (r) 1'p- ih ~~ = 0 (2.4) 

or, if we express Px. p11 , Pz in terms of position derivatives, 
1i2 olJI 

- 2m V21f' + U (r) 1'p - ih Tt = 0 (2.5) 

where V2 is the Laplacian operator. 
In the case of a central field in classical mechanics we have the 

following conservation law: 

The components of angular momentum about the origin of 
coordinates 

mx=YPz-ZPg 

m 11 =ZPx-XPz 

mz = xp11 - YPx 
are constants of the motion. 

(2.6) 

7 The law of conservation of angular momentum for a particle moving in 
a central field is sometimes called the area integraL 

11-2186 
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But will these quantities be constants of the motion in quantum 
mechanics if we assume them to be the operators considered in 
Section 7, Chapter III, Part I? For this we must see whether they 
commute with the Hamiltonian. One way is to use the Poisson 
bracket of Section 7, Chapter III, Part I. However, it is simpler 
to find the commutation relation directly. 

We start with 
1J ( ow tN) m'IJl=- x--y-z i oy ax 

Hence 

(V2m) 1Jl- m V2ljl =~ [v2 (x aw - Y aw)- x aV2¢ + Y av2"'] 
z • ' ay ax au ax 

1J ( a2w atw ) 
= 7 2 ax au - 2 ax au = 0 

We can prove in a similar way that mz commutes with U(r), 
namely 

(Um)1Jl-mV1Jl=~[u(x aw -y a"')-x auw +u auw] 
z z ' ay ax ay ax 

11 ( au au) ==- y--x- 1Jl=0 
1 ax au 

since if U = U (r) then 

au au y--x-=0 ax ay 

Thus m. commutes both with the Laplacian operator and with 
the potential energy, which implies that it commutes with the 
Hamiltonian. In view of the symmetry between the coordinates 
x, y, z the same is true for mx and m11 • Hence 

which means that 

Hmx- mxH = 0 
Hm11 -m11H=0 
Hm2 -m2 H=0 (2.7) 

The components of angular momentum are constants of the 
motion in quantum mechanics. 

However, these operators do not commute with each other. Indeed, 
we already know that 

mgmz - mzmg = ihmx 
mzmx- mxmz = ihmy 
mxmg - mymx = ihmz (2.8) 
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which implies that the physical quantities mx. my, mz cannot have 
definite values simultaneously (with the exception of zero values). 
Let us show that 

(2.9) 

is an operator that commutes with each of the operators mx, my, mz. 
We will call this new operator the square of angular momentum, 
We have 

m;mz- mzm'! = mx(mxmz- mzmx) + (mxmz- mz'llx)m:~: 

= - ih (mxmy + m11mx) 

m~mz - mzm~ =ill ( mxm11 + m11mx) 

mimz - m2mi = 0 

Adding up the left- and right-hand sides, we get 

m2mz - mzm2 = 0 

which in view of the symmetry between x, y, z is actually three 
commutation relations: 

m2mx - mxm2 = 0 
m2m11 - m11m2 = 0 

m2mz - m2m2 = 0 (2.1 0) 

Equations (2.10) express the physical fact that the square of 
angular momentum and any of the components of angular 
momentum can simultaneously have definite values. 

On the other hand, since each of the operators mx. m 11 • mz 
commutes with the Hamiltonian, the sum of their squares also 
commutes with it. Hence m2 will be a constant of the motion: 

(2.11) 

We note that H is also a constant of the motion. Thus we have 
three operators, mz (say), m2, and H, which commute with each 
other and are constants of the motion. The general theory then 
states that we can choose the function that satisfies Eq. (2.1) so 
that it is simultaneously the eigenfunction of all three operators 
and hence is a solution to the following equations:_ 

I I* 

H'¢ = E'il 
m2'¢ = ~'il 

m~'i> = m~'i> 

(2.12) 

(2.12*) 

(2.12 .. ) 
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3. Operators In spherical coordinates. 
Separation of variables 

Since in the problem under consideration the field is spherically 
symmetric, in studying the operators in (2.12)-(2.12**) it is 
convenient to introduce spherical coordinates r, a, q>, which are 
related to Cartesian coordinates as 

X= r sin a COS q>, y = r sin a sin q>, Z = r COS a (3.1) 

Let us express the operators mx, mv, mz in terms of a and q>: 

mx'i> = 4- ( y ~~ - z ~~ ) = ih (sin q> ~: + cot a cos q> ~: ) 

mv'i> = 4 ( z ~~ - x ~~)=lit (- cos q> ~:-+cot a sin q> ~:) 
mz'i> = .!. (x ~ - y a¢ ) = - ih a1jl (3.2) 

t au ax acp 

Then m2 = m~ + m~ + m~ will operate on ¢ in the following way: 
2,h - 6.2 ( • iJ + cos (j) iJ ) ( • a¢ + cos cp a1jl ) 

m 'I' - - n Sin q> (j6 tan 8 acp Stn q> da tan 8 acp 

2 ( a sin cp a ) ( a¢ sin cp a1jl ) 
- h cos q> aa - tan e ajp cos cp aa - tan e di' 
- ft2 al1jl 

acp2 
or simply 

2 2[ I a ( . iJ'Ij!) I a11jl] 
m 1IJ = - h sin 8 dif Sin O dif + sin :I 8 acp2 (3.3) 

What we have obtained is the differential operator that appears 
in potential theory in the study of the equation for spherical har
monics (or functions) Yr(a, cp): 

1 a ( . ar,) 1 a2r, 
sln2 8 a8 SinO o8 + sfn2 8 acpl + [ (/ + 1) ft = 0 (3.4) 

where the integer l (1 = 0, I, 2, ... ) is the degree of the spherical 
harmonic. If we compare (3.4) with the eigenvalue equation for m2, 
(2.12*), we conclude that the eigenvalues of m2 are 

A= h21 (1 + 1), l = 0, 1, 2, .. . (3.5) 

To find the new form of H we use the well-known expression for 
the Laplacian operator in spherical coordinates. This yields 

H•h=-~{ o211l +.! o¢ 
,.. 2m or! r or 

+ -Jr [ sf~ e a~ (sin e ~: ) + sf;2 e :~1 ] } 
+ U (r) 11' (3.6) 
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We see that the right-hand side has the same derivatives with 
respect to a and q> as m2• As to the derivatives with respect to r, 
we can write them as 

_ lt2 ( o21Jl + ~ a"" ) = •2.h 
or2 r or P, ~ (3.7) 

where p; is an operator: 

• 11 a n(a"" "") P,'¢=Tr'a,(r'i')=i ar+r (3.8) 

which we can interpret, by analogy with Px = -ih (at ax), as the 
operator of the radial component of angular momentum. If we 
use m2 and p;2 In H, we get 

H = 2~ (p;2 + -/r- m2 ) + U (r) (3.9) 

This energy operator corresponds in form to the classical Hamil
tonian function in spherical coordinates. 

The eigenvalue equations for the simultaneous eigenfunctions of 
H and m2 can then be written in the following form: 

H\jl= 2~ (P?+ ,~ m2)'i'+V(r)\jl=E'l' (3.10) 

m211' = - h2 [ si! 8 :S (sin a ~: ) + 51: 2 8 :~~ ] = 1121 (l+ 1) '11 (3.11) 

By using (3.8) and (3.11) we can express (3.10) as 

- .!!!._ [ iJ21Jl + ~ o'IJl - I (I + 1) ·h] + U (r) •h = £•h (3.12) 
2m iJr2 r iJr r 2 ~ ~ ~ 

We note that Eq. (3.11) contains explicitly only the variables a 
and q>, and Eq. (3.12) the variable r. For this reason we can look 
for the solution of these equations in the form of the product of 
a function depending only on r and a function depending only 
on a and q>. More than that, since 11> must satisfy the wave equation 

H\jl = E'¢ = ih ~~ (3.13) 

we can introduce the exponential factor e-lEt/h and thus put 

"'= e-IEt/11"'0 (r, a, q>) (3.14) 

where, as we have just said, 

'J1° (r, a, q>) = R (r) Y1 (a, cp) (3.15) 

The function that depends on angles a and q> we have interpreted 
as a spherical harmonic of degree l since it satisfies Eq. (3.4), 
which coincides with (3.11). The radial function, R (r), must satisfy 
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Eq. (3.12), which we write in the form 

d2R +!. dR _10+1) R+ 2m [E-U(r)]R=O (3.16) 
dr2 r dr r 2 1i2 

Thus knowing the laws of conservation of energy and of angular 
momentum enables us to separate the variables, that is, to reduce 
the solution of the wave equation in four variables (t, r, e, q>) to 
the solution of simpler equations in a smatter number of variables. 

4. Solution of the differential equation 
for spherical harmonics 

We have seen that the eigenvalue equation (3.11) for the ·eigen
functions of the square of angular momentum coincides with 
Eq. (3.4) for spherical harmonics. Hence studying angular mo
mentum reduces to studying spherical harmonics. 

Let us find the simultaneous eigenfunctions of operators mz 
and m2• The spherical harmonic Yr(8, q>) will be an eigenfunction 
of mz if it satisfies the equation 

whose solution is 

'h ar, 'Y -t -=m acp • z (4.1) 

' Y, (8, q>) = e (8) etmz<Pih 

To ensure that Yz is a single-valued function of position in space 
we must see that it is a periodic function in q> with period 2n. 
This in turn means that the eigenvalues m; are equal to 

m;=mh, m = 0, ± 1, ± 2, ... (4.2) 

(Incidentally, we came to the same result in Section 7, Chapter III, 
Part I.) Hence 

Yt (8, CJl) = e (8) e1m<P 

Substituting into Eq. (3.4), we get 

si! 9 :a (sin 9 ~~) - si~29 8 + 1 (l + I) 9 = 0 

If we introduce a new variable 

(4.3) 

(4.4) 

then Eq. (4.4) reads 
x =cos e (4.5) 

d [< 2 d9] ma ([i 1 -X) dx - 1 _ xl 9 + / (l + 1) 8 = 0 (4.6) 

The singular points of this equation are x = ± 1. Indeed, if we 
solve it for the second derivative, the coefficients will become 
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infinitely great at x = ± 1. Next, if we consider l to be an 
undefined parameter, we can show that Eq. (4.6) has a solution 
that at x = ± 1 remains finite only if l is an integer. This implies 
that spherical harmonics are the only solutions of ( 4.6) that 
satisfy the stated conditions, that is, the only eigenfunctions of m2• 

Let us find the solution of ( 4.6) for integral l's. 
First we consider the case m = 0. Put 

y=(x2 -I)1 

and take the logarithmic derivative with respect to y: 

y' 2lx 
-y= x2 -l 

or 

(1 - x2) :~ + 2lxy = 0 

We differentiate the last equation k + 1 times with respect to x 
and put 

This yields 

2 d2z dz 
(l- X) dx2 - (2k- 2[ + 2) X dx + (21- k) (k + 1) Z = 0 (4.8) 

If we put k = l, we get an equation that at m = 0 coincides with 
( 4.6). The solution of this equation that at x = 1 is unity is 
denoted Pt (x) and is called the Legendre polynomial of degree l. 
It differs from (4.7) at k = l only by a constant factor. If we 
determine this factor from Pt ( 1) = 1, we get the Rodrigues for· 
mula 

1 d1 I 
P, (x) = 2'11 dxl (x2- I) (4.9) 

Hence the polynomial satisfies the equation 

d~ [0-x2) dfx']+t<t+ I)P,=O (4.10) 

which is a particular case of (4.6). 
Let us now consider the general case m =I= 0. We introduce the 

substitution 
8=(1-x2)m12v (4.11) 

which gives the following equation for v: 

2 d2v dv 
(1 - x ) dx2 - (2m+ 2) x Iii+ (l- m) (l + m + 1) v = 0 (4.12) 
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If we had put 
6=(1-x2)-m12 w (4.13) 

instead of ( 4.11), we would have had an equation for w that 
differs from ( 4.12) only in the sign of m, namely 

{l-x2) ~~~ +(2m-2)x ~: +CL+m)(l-m+ l)w=O (4.14) 

Both equations, (4.12) and (4.14), are of the type of Eq. (4.8), and 
for ( 4.12) integer k is l + m, whereas for ( 4.14) it is l- m. For 
this reason we must put 

dl+m I 
V = Ct l+m (x2 - 1) 

dx 

di-m I 
w=c2 l m (r-1) 

dx 

(4.15) 

(4.16) 

By equating the two substitutions for 8, ( 4.11) and ( 4.13), we 
get 

(4.17) 

To find the ratio of the two constants, Ct/C2, it is sufficient to 
equate ( 4.11) with ( 4.13) for any particular value of x. Compu· 
tations yield 

Ct(l+m)l=c2 (-1)m(l-m)l 

Usually c1 is chosen such that 

which gives 

(4.18) 

(4.19) 

C =_I_ (- l)m (l + m)l (4.20) 
2 2'11 (l - m)l 

Also, the corresponding solution to Eq. (4.6) is denoted by P'i(x). 
Thus 

(4.21) 

which is also 

pm (x) = (- l)m (I+ m)l (1 - i)-m/2 dl-m (x2- t)' (4.22) 
1 (l- m)l dxl-m 2111 
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These functions satisfy the equation 

d [ dPm] m2 - (1- x2) _, _ __ p'f' + l(l + l)P'/'== 0 
dz dz 1- z2 

(4.23) 

and represent the solutions that at x = ±1 are finite. (They are 
sometimes called the associated Legendre polynomials of the 
first kind.) 

Formulas ( 4.21) and ( 4.22) give P'!' (x) for both positive and 
negative values of the integer m, and from comparing (4.21) with 
( 4.22) it follows that 

P-m ( ) _ (- l)m (1- m)l pm ( ) 
l X - (l + m)l I X (4.24) 

Also, (4.21) and (4.22) at lml > l vanish, which implies that for 
this case there are no solutions of ( 4.6) that at x = ± 1 remain 
finite. Hence m (for a fixed l) can take on only the values 

m=-l, -1+1, ... ,1-1, I (4.25) 

altogether 21 + 1 values. The inequality 

lml~l (4.26) 

stems from the physical meaning of these quantities. Indeed, to 
within a factor li 2, the quantity m2 is an eigenvalue of operator m~. 
and l (l + 1) is an eigenvalue of m2 = m; + m~ + m!. This re
sults in that 8 

which yields 

lmi<L+! 

Since I m I and l are integers, the above inequality is equivalent 
to ( 4.26). 

Recalling the Rodrigues formula, (4.9), we can represent PT 
with positive m, in the form 

P'f' =(I - x2)m12 d~':, P1 (x), m~O (4.27) 

In potential theory m is usually taken to be positive, and ( 4.27) 
Is considered the definition of P'f', 

8 lf 'ljl Is simultaneously the eigenfunction of m2 and mz, ]}21 (1 + 1) = 

= ~. (m; + m: + m!) 'ljl d-r-== b2m~2 + ~. (m~ + m~) 'ljl dT ;;;;di2m~2• 
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When we used Eq. ( 4.6), we assumed that m was an integer. 
In some problems connected with Pauli's and Dirac's theories of 
the electron, however, m can be a half-integer. The function in 
( 4.1) then will not be a single-valued function of position, since 
it will change sign when <p increases by 2n:. But the expressions 
( 4.17) for 9 retain their meaning when both l and m are half
integers, which means that even in this case we can use them. 

5. Some properties of spherical harmonics 

Henceforth we will need to use various properties of spherical 
harmonics. So let us consider these properties in detail. 

Recall the Cauchy formula 

f(l) (x) = _l_l r f (z) dz 
2ni J (z- x)1+1 

for the lth derivative of an analytic function. If we put 

f (z) = (z2 - 1 >' 
21ll 

(5.1) 

we can represent the Legendre polynomial, defined by ( 4.9), in 
the form of an integral: 

p ( ) 1 1 r (z2 - 1)1 d 
l X = 2T 2nl J (z- x)l+l z 

Now we Introduce a new variable ~: 

z-x ~ 
z2 -1 =2 

(5.2) 

Solving this for z and taking the root for which z = x at ~ = 0, 
we get 

It follows that 
dz d~ --= --......::-____,,.... 

~ (1 - 2x~ + ~2 )'/• z-x 

which turns (5.2) into 

P1(x)=- , -1 ~ 1 d~ 
2ni (1 - 2x~ + ~2) 1' t1+1 

(5.3) 

If we then apply the Cauchy formula (5.1), we get 

P x=--1 ( dl 1 ) 
1 ( ) II d~1 (1 - 2x~ + t 2)'1• t-o 

(5.4) 
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Hence the P, (x) are the expansion coefficients in the Taylor series 
00 

I _ "",tp (x) 
(I - 2xr + r 2)'1• - f=o 1 (5.5) 

which is convenient for deriving various properties of the Le· 
gendre polynomials. 

For instance, let us differentiate (5.5) with respect to r. We get 
00 

x-r -"[l-lP() 
(I - 2xr + r2)'/• - f..J r l X 

l-0 

(5.6) 

If we then multiply (5.6) by 2r and add the product to (5.5), we 
get 

00 

(I - 2xr + r 2)'/, 
L (21 + 1) r1P1 (x) 
l-0 

(5.7) 

On the other hand, if we multiply (2.6) by r2 and (2.5) by r and 
add the two products, we find that 

00 

r - xr2 "" l 1 p ( 
(I - 2xr + r2)'1• = i..J r l-1 x) 

1-o 
(5.8) 

But the sum of (5.6) and (5.8) is equal to (5.7) multiplied by x: 
00 00 00 

L r 1 (l + 1) P1+1 (x) + L r 1lP1_, (x) = L r 1 (21 + 1) xP1 (x) 
l=O 1=0 1=0 

Identifying powers of r finally yields 

(21+ 1)xP,(x)=(l+ l)P1+t{x)+lP1_t(x) (5.9) 

What we have arrived at is a recursion relation that enables us 
to find P1+1 (x) if P, (x) and Pz-t (x) are known. 

Now we differentiate (5.5) with respect to x and divide the 
result by r. We get 

00 

1 L I dPt+l 
----~- r--
(1 - '2xr + r 2)'1• - dx 

1-0 

If we then multiply this expression by 1 - r2, we will obtain 

(5.10) 
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Comparison of (5.10) and (5.7) yields another property of the 
Legendre polynomials: 

(21 + 1) Pz(x) = d~t - d~~-t (5.11) 

We will generalize (5.9) and (5.11) to include spherical har
monics (more correctly, the associated Legendre polynomials of 
the first kind). If we differentiate (5.11) m times with respect 
to x and then multiply the result by ( 1 - x2) <m+Il/2, with the help 
of (4.27) we can write the recursion relation 

(21 + 1) ( 1 - x2)'1' P'!' (x) = P'!W (x) - P'!'-~ 1 (x) (5.12) 

On the other hand, if we differentiate (5.9) m times with respect 
to x and multiply the result by (1- x2)ml2, we get 

(21 + l} xP'!' (x) + (21 + 1) m (l - x2)'1'P'l'- 1 (x) 

= (/ + l) P'!'+t (x) + 1P'!'-. (x) 

The last step is to substitute P'l'+I (x)- P'!'-1 (x) for (21 + 1) X 
X (1 - x2)'1' P'!'- 1 (x) by using (5.12). This yields 

(21 + 1) xP'!' (x) = (/- m + 1) P'l'+1 (x) + (1 + m) P'!'-1 (x) (5.13) 

which interrelates three spherical harmonics in succession with 
the same value of m. 

We note that (5.12) and (5.13) hold for both positive and ne
gative values of m. If the absolute value of the upper index of 
the spherical harmonic is greater than the lower index, the spher
ical harmonic vanishes. 

Finally, let us elaborate on the system of differential equations 
for spherical harmonics since we will need to use it when we 
come to Dirac's theory of the electron. 

To start with, we multiply (4.22) by (1- x2)ml2 and differen
tiate with respect to x. We write the result as follows: 

d~ [(1- x2t 12P'!' (x)] 

==- (1 + m) (1-m+ 1) (1- x2ym-ll/2 P'['- 1 (x) 

or, if we change m to m + 1, 

d~ [(l _ x2)<m+lll2p'!'+l (x)] 

=- (l + m + 1)(1- m)(1- x2t 12 P'!' (x) (5.14) 

By multiplying (4.21) into (1- x2)-ml2 and differentiating with 
respect to x, we get 

d~ [(1 - x2)-ml2 P'[' (x)] = (1- i)-<m+ll/2 P'!'+1 (x) (5.15) 
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The two equations, (5.14) and (5.15), constitute a system of 
equations, which, after excluding P'/H' (x), yields an equation for 
P'/'(x), (4.23). Let us replace x in (5.14) and (5.15) by a new 
variable: a = arc cos x. The equations then read 

:a [(sin 9)m+t P'/'+1 (cos a)] 

=(I+ m + l) (1-m) (sin a)m+t P'{' (cos a) (5.16) 

d~ [(sina)-mP'/'(cosa)]=-(sina)-mP'/'+'(cosa) (5.17) 

or, if we differentiate explicitly, 

d~ P'[' (cos a)- m cot a P'/' (cos a)=- P'/'+ 1 (cos a) (5.18) 

fa p'{'+ 1 (cos a)+ (m + 1) cot 9 P'/'+1 (cos 9) 

= (l + m + 1) (l- m) P'l' (cos a) (5.19) 

We will return to these equations in Dirac's theory. 

6. Normalized spherical harmonics 

The functions P'/'(x) of the previous sections constitute a com
plete set of eigenfunctions, the eigenfunctions of a hermitian op
erator on the left-hand side of the equation 

d [ d8] m2 - dx (1 - r) dX + I _ x2 9 = l (l + 1)8 

They are orthogonal 
I 

~ P'!' (x) P'P (x) dx = 0, l + l' 
-I 

but not normalized. We introduce new functions 

*m m ( ) P1 (x) = c1mP1 X 

and normalize them so that 
+I 

I ( *m *m 
2 J P, (x) p,, (x) dx = ()ll' 

-I 

We have still to find the factors Ctm· But we see that 
+I 

(c,:)* == ~ [P'!' (x)]2 dx 
-I 

(6.1) 

(6.2) 

(6.3) 

(6.4) 
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To evaluate the integral we substitute the product of (4.2I) and 
(4.22) for Pi. We get 

2 m (I+ m)t I +~ 1 di-m (x2 - d dl+m (x2 - I)' 
--=(-I) -- dx 
<c )2 (l- m)l (2111)2 dxl-m dxt+m 

lm -1 

If we then integrate the last expression l- m times by parts and 
note that 

we arrive at 
+I 

_2_= (l+m)l ..Qfl!_ r (1-r)ldx 
(c1m)2 (1- m)l (2111)2 J 

This integral is easily found; it is 
+I r 1 2 <2~1p 

Hence 

which implies that 

J (I-r) dx= 21 + 1 (2iif 
-I 

+I r [ m ]2 2 (I+ m)l J p1 (x) dx= 21+ 1 (1-m)l 
-I 

= (21 + I)''• ( (l- m)l )''• 
Clm (l + m)l 

The normalized spherical harmonics are 

p;m (x) = (21 + 1)'1• ( g ~ :~: )''• Pi (x) 

(6.5) 

(6.6) 

(6.7) 

Let us express these functions through the derivatives explicitly. 
Recalling (4.2I) and (4.22), we get 

p•m (x) = (21 + 1)''• ( (1- m)l )''• (I - x2)"'12 dl+m (x2- 1)1 (6.8) 
1 (I+ m)l dxl+m 2111 

and 

p•m (x) = (- I)m (21 + 1)''• ((I+ m)l )''• (1 -l)-m/2 di-m (x2- 1)1 
l (1-m)l dxt-m 2111 

(6.9) 
Hence we see that 

p;-m (x) = (- I)m p~m (x) (6.10) 
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For the normalized spherical harmonics the recursion rela
tions (5.12) and (5.13) read 

(6.1 I) 

In conclusion let us list some of the Legendre polynomials and 
the functions p;m (x): 

P0 (x) = 1, PI(x) = x, 

1 Pa (x) == 2 (5r- 3x), 
1 

P4 (x) == 8 (35x4 - 30x2 + 3) 

7. The radial functions. A general survey 

Let us consider differential equation (3.16) for the radial func
tions, which for the sake of convenience we will restate 

d2R +.! dR- l(l+l) R+ 2m [E-U(r))R=O (7.1) 
dr2 r dr r 2 112 

To analyze this equation we must assume a certain behaviour 
of the potential energy for small and great distances from the 
nucleus. We start with the case of great distances. Assume that 
when r-oo the potential energy can be represented as 

U(r)=-: + ~ +... (7.2) 

The first term on the right-hand side, -A/r, is the Coulomb field, 
which acts over great distances. Coefficient A for a valence 
electron is 

A =Z·t? 

with z• e the effective charge of the nucleus (the algebraic sum of 
the charges of the nucleus and the inner-shell electrons), which 
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implies that A is positive (attraction). The wave equation for 
an a.-particle will have a negative A (repulsion). 

Let us try to find the behaviour of the solution at large values 
of r. For this we assume that 

(7.3) 

where the omitted terms are of the order of 1/r2 and higher. The 
other terms in Eq. (7.1) are 

d2 R _ 11 ar ( 2 + 2aP + Ca2 + ) 
dr2 - r e a r ••• 

~ ~~ = rflear ( 2; + ... ) 
;. ( E + ~ + ... ) R = rfiear ~~' ( E + CE :- A + ... ) 

If we then substitute these expressions into the equation and divide 
rfiear out, we get 

a2 + 21i~ E + [ 2 (Jl + 1) a + ~~ A + C ( a2 + ~': E)] ~ + ... = 0 

from which we derive two equations 

2 2m 
a +ljTE=O 

) 2m 
2(~+ 1 a+IJ2 A =0 

for the constants a. and Jl. They have two solutions 

a=(- 2mE/h2)'1• 

Jl = - 1 + Aaf(2E) 

(7.4) 

(7.5) 

(7.6) 

corresponding to the two possible signs in (7.5). If we choose one 
sign, the leading terms of the solution to (7.1) are 

R = : { Ct exp [a (r + 2~ log r)] + C2 exp [-a (r + 2~ log r)]} 
(7.7) 

We see that the behaviour of the solution is different depending 
on whether a. is real or imaginary. 

If the total energy, E, is positive (which in classical mechanics 
corresponds to orbits that extend to infinity), a is pure imaginary: 

E > 0, a= i (2mE/h2)'1• (7 .8) 

Then the general solution of (7.7) will, as r-oo, alternate signs 
and tend to zero like 1/r. However, it will fall off so slowly that 



the integral 

(7.9) 
r, 

with r0 a certain finite constant, will diverge. 
If the total energy is negative, <X is real (we will assume it to 

be positive): 
E <O, (7.10) 

and the behaviour of the solution depends on whether C1 vanishes. 
If C1 =¥= 0, then (7.7) will, as r-oo, grow infinitely. But if C1 is 
zero, R will fall off at Infinity according to the exponential law 
and (7.9) will converge. 

What remains is to study the case when E = 0. We must look 
for the solution in a somewhat different form, namely 

.,, ( c ) R = rfl•ea,r 1 + -;v; + ... (7 .11) 

Proceeding as we did above, we get 

a~ 2mA [ ( 3 ) ( ai 2mA )] I -+-+ a1 P1+- +C -+- -+ ... =0 4 1i2 4 4 1i2 ,.,. 

which implies that 
a1 = 2 (- 2mA/h2)'1• 

PI=- 3/4 
Hence the general solution in this case Is 

R = ,-•t{ C~ea/'• + C~e-a./1') 

(7.12) 

(7.13) 

(7 .14) 

If A > 0 (attraction at great distances), cx1 is pure imaginary 
and R will be finite. If A < 0 (repulsion), R will, generally speak
ing, grow as r-oo. 

We now turn to the case of r small [in Eq. (7.1) ]. Let us assume 
that at r = 0 the potential energy grows no faster than 1/r: 

U (r) =- .i!. +(finite function for r = 0) (7 .15) r 

This corresponds to a Coulomb field at small distances from the 
nucleus. The coefficient A1 can differ from A in (7.2). For a valence 
electron 

A1=Ze2 

with Ze the charge of the nucleus. 

12-2186 
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We seek the solution in the form 

R =,a+ era+• + ... (7.16) 

Substituting (7.16) into (7.1) and equating with zero the term 
that has r in the lowest power, we get 

a(a+ 1)-l(l+ 1)=0 

which simply means that 

a = l or a= -l - 1 (7.17) 

The general solution of our equation will have the following form: 

R=C'r1(l+a'r+ ... )+C"r-1-•(l+a"r+ ... ) (7.18) 

Thus at r = 0 the solution does not depend either on E or on 
the expansion coefficients of U(r) in (7.15), and we must put 
C" = 0 if we want our solution to remain finite at r = 0. 

Combining this result with the one obtained for large values 
of r, we come to the following conclusion. 

At E > 0 all solutions, including the one that remains finite at 
r = 0, vanish as r-+ oo. Then to find a solution R (r) that is 
finite everywhere it is sufficient to take the solution that at r = 0 
is finite, which means that at E > 0 the Hamiltonian has a con· 
tinuous spectrum in the interval from 0 to oo (the eigenvalue 
E = 0 lies in the continuous spectrum only for attractive forces). 
At the same time for E ~ 0 the integral (7.9) is not finite. This 
implies that at E ~ 0 there cannot be a discrete spectrum, since 
eigenfunctions belonging to a discrete spectrum are square inte
grable. 

Now what happens when E < 0? The solution that at r = 0 
remains finite passes, as r-+ oo, into an expression of type (7.7) 
with a real exponent a. The ratio C.!C2 is determined by the value 
of E. Two cases are possible here. In one this ratio is finite and 
R (r) tends to infinity as r-+ oo, which means that the correspond
ing value of E is not an eigenvalue of the Hamiltonian. In the 
other this ratio is zero and R (r) falls off at infinity so rapidly 
that integral (7.9) is finite. The corresponding E = En is an eigen
value belonging to the discrete spectrum, and we conclude that 
at E < 0 there is no continuous spectrum, and either there is a 
discrete spectrum or there is no spectrum at all. The first case 
holds for attraction, and the second for repulsion. 

Thus for attractive forces the eigenvalue spectrum of the Hamil
tonian consists of a collection of negative numbers 

E., E2 , ••• , En, ... (the discrete spectrum) (7.19) 
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and a continuous set of values 

0 ~ E < oo (the continuous spectrum) (7.20) 

Since the radial equation contains I as a parameter, the eigenvalues 
belonging to the discrete spectrum also depend on I, and we will 
denote them by Enz. For the corresponding radial functions we 
will use Rnz for the discrete spectrum and REz for the continuous 
spectrum. 

Let us consider an electron that is in a state with definite energy 
and angular momentum. According to the probabilistic interpre
tation of the wave function, the relative probability of the electron's 
being (after the proper measuring process has been completed) 
at a distance between r and r + dr is I Rnt (r) l2r2 dr for the discrete 
spectrum (Enr < 0) and I R Ei(r) l2r2 dr for the continuous spectrum 
(E > 0). In classical mechanics, on the other hand, negative en
ergies correspond to closed orbits and positive energies to orbits 
that extend to infinity. Using the classical-analogy concept, we 
can expect that for the discrete spectrum the probability of find
ing the electron at great distances from the atom is considerably 
smaller than for the continuous spectrum. Indeed, if we recall the 
properties of the radial functions, we see that I Rnrl 2r2 falls off at 
infinity according to the exponential law, whereas I REd 2r2 usually 
remains finite. 

8. Description of the states of a valence electron. 
Quantum numbers 

Let us summarize what we have learned about an electron mov
ing in a field with central symmetry (a valence electron in an 
atom). Such electrons can be described by a wave function 

'i'nlm = e-iEnztlhRnz (r) Yzm (8, QJ) 

for the discrete spectrum, and by a wave function 

'¢Elm= e-tEt!h REI (r) Yzm (8, QJ) 

(8.1) 

(8.2) 
for the continuous spectrum. We assume the radial functions to 
be normalized. Namely, for the discrete spectrum 

00 

~I Rndr) F t 2 dr =I 
0 

and for the continuous spectrum 
00 

l . I ~ lffi-
~E-+0 flE 

0 

12* 

E+ llE 2 

~ Rsz (r) dE r2 dr = 1 
E 

(8.3) 

(8.4) 
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The spherical harmonic Ytm {8, q>) is expressed, according to the 
results of Sections 4 and 6, in the following way: 

Y1 (8 m) = - 1- etmcpp•m (cos 8) 
m • -r (4:n)'l• 1 

and the normalization condition is 
n 2n 

~ ~ I Y,m (9, crH sine de dcp =I 
e-o 11-o 

(8.5) 

(8.6) 

Functions (8.1) and (8.2) are the simultaneous eigenfunctions 
of the Hamiltonian H, the square of angular momentum m2, and 
the component of angular momentum mz along the z axis. This is 
why in a state described by either (8.1) or (8.2) these three quan
tities have definite values simultaneously: 

quantity eigenvalue 

H Enl or E 
m2 l (l + 1) h2 

mh (8.7) 
Thus a state is characterized by three quantum numbers, n, l, 

and m, or by one continuous parameter, E, and two quantum 
numbers, l and m. The label n is called the principal quantum 
number; it is usually defined as the sum 

n = n, + l + 1 (8.8) 

where n, determines the number of zeros {or nodes) of Rn1 (r). 
The label n, is called the radial quantum number, and l the azimu
thal quantum number. Such a definition for n is possible because 
when an eigenfunction of a differential operator of type in (7.1) 
belongs to a discrete spectrum, it is characterized by the numbers 
of its nodes. Since n, is nonnegative, the principal quantum num
ber is greater than the azimuthal quantum number at least by 
one. 

If we study Eq. (7.1), we see that m is not included. This means 
that energy levels Ent do not depend on m (in other words, the 
energy state term does not determine the value of m). This was to 
be expected since mtr is the value of the angular momentum com
ponent along the z axis, and in the case of a central field the 
direction of this {and any other) axis is undefined from the phys
ical point of view. But if a magnetic field is applied to the system 9 

(we call the direction of this field the z axis), the energy levels 

9 As we noted at the beginning of this chapter, we must use the Dirac equa
tion in the case of a magnetic field. 
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will depend on m as well. For this reason m is called the mag
netic quantum number. 

The Coulomb field has a specific property, which we will study 
in the next chapter- the energy of an electron in such a field 
depends only on n. 

For the general case of a central field each energy level Enz 
has corresponding to it 21 + 1 eigenfunctions, which can be found 
if in (8.1) we put 

m = - l, - I+ 1, ... , 1- 1, I (8.9) 

Because of this the energy level is (21 + 1) -fold degenerate. In 
the case of a Coulomb field the degeneracy is greater, since for 
a given n the azimuthal quantum number, l, can take the values 

1=0, 1, ... , n-1 (8.1 0) 

and to each value of 1 there correspond 21 + l different values 
of m. The total degree of degeneracy is the sum 

1 + 3 + 5 + .. . + 2n - l = n2 (8.11) 

There is an accepted spectroscopic notation for energy state 
terms. Terms with the same value of n but different values of 1 
are denoted by Latin letters s, p, d, f, g, ..•. For instance 

term 

n= I, 1=0 
n=2, 1=0 
n=2, I= 1 

n=3, 1=0 
n=3, 1= 1 

n=3, 1=2 

spectroscopic notation 
(Is) 

(2s) 

(2p) 

(3s) 

(3p) 

(3d) 

We note that according to Schrodinger's theory no spectral 
term is degenerate, whereas in reality all terms except the s terms 
(corresponding to 1 = 0) are doublets, that is, consist of two 
adjacent terms (the fine structure of spectral lines). As we will 
see in Part V, Dirac's theory of the electron provides an explana
tion of this phenomenon. 

9. The selection rule 

Not knowing the exact form of the radial functions, we cannot 
calculate the elements of Heisenberg's matrices, which according 
to the results obtained in Section 3, Chapter III, characterize the 
intensity of the spectral lines corresponding to various transitions. 
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However, we can state which of these matrix elements vanish, 
because we know the angular dependence of the eigenfunctions. 
In other words, we can evolve the selection rule. 

First we must generalize the formulas for the intensities de· 
rived in Sections 3 and 4, Chapter III, to the case of several 
quantum numbers and degenerate energy levels. We recall that 

Inn'= e2ro~n' (I Xnn' 12 +I Y nn' 12 +I Znn' 12) (9.1) 

for the discrete spectrum, and 

In (E) L\E = e2ro~ (E) [I (En I X I E) 12 + I (En I y I E) 12 

+I (En I z I E) f] L\E (9.2) 
for the continuous spectrum. In our case the state of an electron 
is given by specifying three quantum numbers. Hence the elements 
of Heisenberg's matrix for x will be 

Xnn' = (nlml X ln'l'm') (9.3) 

for the discrete spectrum, and 

(En lx IE)= (nlm lx IEl'm') 

for the continuous spectrum. The frequencies ronn' 
understood to be respectively 

ronn' = (Enz- En'l')fh 
ron (E)= (Enz - E)/fi 

(9.4) 

and ron (E) are 

(9.5) 
(9.6) 

or, more correctly, the absolute values of these quantities. 
Transitions that differ in the values of the quantum numbers m 

and m' may have the same frequencies. In normal conditions 
(without a magnetic field) such transitions cannot be distinguished. 
What is observed is the sum of the intensities of all the transitions 
that have the same frequency. Thus we must change I Xnn' F in (9.1): 

l l' 

I Xnn' F ~ L L I (nlm I X I n' L' m') 12 (9.7) 
m--l m'--l' 

The same holds for y and z. In the continuous spectrum the values 
of the energy parameter form a continuum, which means that one 
cannot specify the quantum numbers l' and m' by simply stating 
the value of E. Hence we must change I (En I xI E) 12 in (9.2): 

l 00 l' 

I (En lx IE) 12 ~ L L L I (nlm lx IEl'm') 12 (9.8) 
m~-l l'=O m--l' 

We note that because of the selection rule, which we derive below, 
the sum (9.8) contains only a finite number of terms. 

With the given changes formulas (9.1) and (9.2) hold for the 
considered general case. 
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If magnetic field is rresent, one can distinguish the transitions 
with different values o m. In this case the separate terms in (9.7) 
may be of interest. 

We now turn to the actual evaluation of the elements of Heisen· 
berg's matrices corresponding to the coordinates x, y, z for the 
discrete spectrum, namely 

(nlml X ln'l'm') = ~ ~ ~ r sin a COscp;;,nlm'ljln'l'm'r2 sin ada dcp dr (9.9) 

(nlm I y I n'l' m') = ~ ~ ~ r sin a sin cp ;;,nrm""n'r'm''2 sin ada dcp dr (9.10) 

(nlm lz ln'l'm') = ~ ~ ~ rcos a;;,nlm""n'l'm'r2 sina da dcpdr (9.11) 

where because of (8.1). 

;;,nlm'ljln't'm' =ek.ltRnrRn'l'Ylmyl'm' (9.12) 
or 

.'i. •" - l(J)lR- R _l_p•mp•m' f(m'-m)cp 't'nlm 't'n'l'm'- e nl n'l' 4ft r I' e (9.13) 

with ro being actually as in (9.5). 
Each of the triple integrals factors into three simple integrals, 

and the Integrals with respect to r in (9.9), (9.1 0), and (9.11) are 
the same, namely 

no 

r (nl; n'l') = ~ RnrRn• r•r3 dr 
0 

(9.14) 

We denote the Integrals with respect to 9 and cp as follows: 

(lml sinacoscpll'm')= 4~ H p;mP;:n'etCm'-m>'~>sin2 acoscpd9dcp 
(9.15) 

(lm I sin a sin cp II' m') = 4~ ~ ~ p;mp;:n· ei cm'-m> ~~~ sin2 a sin cp da dcp 

(9.16) 

(lm I cos a II' m') = 4~ ~ ~ p;m P;:n' e1 em' -m> '~> sin a cos a da dcp (9.17) 

Thus the matrix elements for x, y, z will be equal (apart from 
a constant factor e1(J)t) to the products of (9.14) by (9. 1 5), (9.16), 
and (9.17) respectively. For a continuous spectrum all the for
mulas will remain the same with one obvious exception: we must 
change Rn'l' to REI'· Then 

.., 

r (nl; El') = ~ RnrREr•r3 dr 
0 

(9.14*) 
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Let us evaluate the integrals in (9.15), (9.16), and (9.17). Since 
these integrals are factors in (9.9), (9.10), and (9.11), we see 
that if for some values of l, m, l', m1 they vanish, the correspond· 
ing elements of Heisenberg's matrices vanish too. This is the se· 
lection rule. 

We start with integral (9.17) as the simpler one. Integrating 
with respect to <p, we see that it is nonzero only if m = m1 since 

2n 

_,_ ret (m'-m) If! d<p = ~mm' 
2n J 

0 

(9.18) 

To evaluate the integral with respect to a we introduce a new 
variable 

x=cosa 
Then (9.17) reads 

I 

(lm I cos a ll1m1)= ~mm' ! ~ p;m (x) p;ps (x) X dx (9.19) 
-1 

If we use the recursion relation (6.11), we can change 
xP;m (x) to 

•m - ( (I+ 1)2- m2 )•t. •m ( f2- m2 ·)•t. •m 
xP, (x)- 4 (1 + 1)2- 1 Pt+1 (x) + 412- 1 Pr-1 (x)(9·20) 

Bringing in the orthogonality and normalization conditions for 
p;m (x) yields 

I I [( (/ + 1)2 - m2 ) 1/1 (lmlcosOilm)=~mm, 4 <1+ 1>2_ 1 ~l+lt'+ 

( 12 _ m2 )•t. ] + 412- 1 ~11'+1 (9.21) 

' 
Hence a matrix element does not vanish only if l- I' = ± 1. 

To evaluate the integrals (9.15) and (9.16) it is convenient to 
build their linear combination 

(lm 1 sin e e1<P 111 m1 ) = (lm I sin e cos <p II' m') 

+ i (lm I sine sin <p ll'm1 ) (9.22) 

which we can use to find the expressions for (9.15) and (9.16) in 
the following way: 

(lm 1 sine cos <p 111 m1 ) = ; [(lm I sine e1<P 111 m1 ) +(I' m1 I sine e1<P llm)] 

(9.23) 

(lm 1 sine sin <p ll' m1 ) = ~; [(lm I sin e e1<P ll' m1
) 

~-;-:---:-~~~ 

- (11 m1 I sine e1<P llm)] (9.24) 
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In explicit form, (9.22) is 

(lm I sin a e1(j) I I'm')= 4~ ~ ~ p;mP;!"'e1 !m'-m+ll <~> sin2 ada dcp (9.25) 

If we Integrate with respect to cp and Introduce the variable 
X = COS a, we get 

I 

(lm I sin a e1(j) I I'm')= Om m'+• ~ ~ (1 - r)•t. p;m (x) P;!"- 1 (x) dx (9.26) 
-I 

By changing m tom- 1 in (6.12) we find that 

(1 _ 2)''• p•!"-1 ( ) = ( (l' + m) (l' + m + 1) )''• p"'!' ( ) 
X l X 4 (I' + 1)2 _ 1 I +I X 

_ ((I'-m+ I) (I'-m) ) 1'• p•m ( ) 
41'§- I 1'-1 X (9.27) 

which we then substitute into (9.26). Applying the normalization 
and orthogonality conditions for p;m (x) and also expressions of 
type 

f (I') 6tt'-1 = f (l + 1) 6tt'-l 
we get 

(lm I sin a e1<P ll' m') =Om-1m' [ ( (I+ m4-;; ~ ~~ + m) r· 6t-l l' 

( (1-m+ 1) (1-m+ 2) ) 1'• 6 ] 
- 4(1+1)2-1 l+ll' (9.28) 

whence 

(11 I I a I ) [((I+ m + 1) (I+ m + 2) )·'· m sin ecpllm =6m+lm' 4 (I+J)2_ 1 6t+ll' 

-((1-m)(l-m-1))1'•o ,] 
412 _ 1 I-ll (9.29) 

What remains to be calculated is the half-sum of (9.28) and (9.29) 
and the half-difference divided by i. According to (9.23) and 
(9.24) this gives us the matrix elements (9.15) and (9.16). 

We see that (9.15), (9.16), and (9.17) and hence the matrix 
elements for x, y, z are nonzero only if 

l-1'=±1 (9.30) 

which is the selection rule for the azimuthal quantum number, l. 
The rule states that transitions between s and p spectral terms, 
p and d terms, etc. are possible, whereas transitions between, say, 
s and d terms are forbidden. This agrees with experimental data. 
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As to the magnetic quantum number m, the elements of the 
matrices for coordinate z do not vanish only if 

m-m'=O (9.31) 

and the matrix elements for x and y do not vanish if 

m-m'=± 1 (9.32) 

These two conditions are the selection rule form. Transitions 
that satisfy (9.31) produce light that is polarized along the z axis, 
whereas those that satisfy (9.32) produce light that is polarized 
in the xy plane. As we have already mentioned, transitions that 
correspond to definite values of m and m' can be observed only 
in the presence of a magnetic field (directed along the z axis). 

We present the matrix elements (9.15), (9.16), and (9.17), 
which correspond to various transitions, in table form: 

l' = l- 1 

1 ( (l + m- 1) (/ + m) )''• (lm I sin 6 cos 1p II - 1 m - 1) = 2 41 2 _ 1 

1 ( (l- m) (l- m- 1) )''• (lm I sin 6 cos 1p II - 1 m + 1) = - 2 412 _ 1 

(l I I 6 . II 1 1) i ( (l + m- 1) (l + m) )''• m s n sm 1p - m - = - 2 412 _ 1 

i ( (l - m) (l - m- 1) )'/z 
(lm 1 sin 6 sin 1p II- 1 m + 1) =- 2 4p _ 1 

( [2 _ m2 )''• 
(lm I cos 611 - 1 m) = 412 _ 1 

l' =I+ 1 

. 1 ((l-m+l)(l-m+2))''• 
(lm Ism 6 cos IJl ll + 1 m- 1) =- 2 4 (l + 1)2 _ 1 

. 1 ( (l + m + 1) (l + m + 2) )''• 
(lm I sm 6 cos IJl 1l + I m + 1) = 2 4 (l + 1)2 _ 1 

. . i ((l-m+1)(l-m+2))''• 
(lm Ism 6 sm 1p ll +1m- 1) = 2 4 (l + 1)2 _ 1 

. i ( (l + m + 1) (l + m + 2) )''• 
(lm Ism 6 sin 1p II+ 1 m + I)= 2 4 (l + !)2 _ 1 

( (l + 1)2 - m2 )''• (lmlcos6IL+1m)= 4 (l+l)2 _ 1 
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Let us now build sums of type (9. 7), which we will need for 
the intensities. With the help of the relationship 

l 

L m2 = ! l (l + 1) (21 + 1) (9.33) 

we easily find that 

L I (lm I cos a II - 1 m') P = ! I (9.34) 
m,m' 

and by analogy 

L I (lm I sin a cos cp ll- 1 m') P = ! l (9.35) 
m, m' 

and 

L I (lm I sin a sin cp 11- 1 m') P = ~ I (9.36) 
m. m' 

All three sums have the same value l/3, which was to be expect· 
ed since after we exclude m (in the summing process) any 
specific direction in the system becomes meaningless and all 
three axes play the same role. The sums with l' = l + 1 can be 
found if we change I to l + 1, which gives (l + 1) /3. 

Our results make it possible to find the general formula for 
intensities. In the discrete spectrum the transition intensities are 

( E 1-E, 1 1 ) 4 
I (nl; n' l- 1) = e2 n lin - I r (nl; n' 1- 1}P l (9.37) 

( E - E, )4 
I (nl; n' l + 1) = e2 nl li n I+ 1 I r (nl; n' l + 1) P (l + 1) (9.37*) 

To find the intensities of transition from the continuous spec
trum to the discrete one, we must take the sum of the corre· 
sponding expressions and multiply it by !J.E: 

I (nl; E) L\E = e2 ( Ent h E r [ I r (nl; E l- 1) P l 
+I r(nl; E l + 1) P(l + 1)] L\E (9.38) 

Finally, in the case of a Coulomb field we must sum with re
spect to l since in this case Ent does not depend on 1. 



Chapter V 

THE COULOMB FIELD 

1. General remarks 

Here we will examine a particular case of the general problem 
considered in the previous chapter - the state of a particle that 
is attracted to or repelled from a fixed centre (the nucleus of an 
atom) via the Coulomb law. This is an interesting case because, 
on the one hand, certain important physical problems (the hydro
gen atom, for instance) reduce to it, and, on the other, it permits 
an exact solution. The results that we obtained in Chapter IV, 
naturally, can be applied in full measure to the case of a Coulomb 
field. For instance, the separation of variables, the angular de
pendence of the wave function (spherical harmonics), and the se· 
lection rule can all be used. More than that, in the case of a 
Coulomb field it is possible to solve the radial equation exactly 
and thus find the energy levels and the intensities and frequencies 
of the spectral lines, thereby completing the solution. 

This solution is simple enough to use as the starting approxi
mation when a constant electric field disturbs a hydrogen atom 
(the Stark effect). We will consider this problem too. 

Finally, the theory of the motion of a particle repelled via the 
Coulomb law makes it possible to deduce the Rutherford law for 
the scattering of a-particles from nuclei. This theory is also an 
interesting illustration of the probabilistic interpretation of quan
tum mechanics. 

2. The radial equation for the hydrogen atom. 
Atomic units 

The potential energy of the electron in the hydrogen atom, the 
electron being attracted via the Coulomb law to the nucleus 
(proton), is 

e2 
U(r)= --r (2.1) 

with r the distance from the electron to the nucleus, which can be 
considered the origin of coordinates and fixed, since it is more 
massive than the electron. (The ratio of nuclear mass to electron 
mass for hydrogen is approximately 1836.) By Eq. (3.16), Chap
ter IV, we arrive at the equation for the radial functions of the 

188 
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hydrogen atom: 

d2R + .! dR - I (l + 1) R + 2m (E + ~) R = 0 (2.2) 
dr2 r dr r 2 li2 r 

If we were to account for the motion of the nucleus, we would 
have an equation of the same type, but instead of the electron 
mass, m, there would be the reduced mass 

, mM 
m = m+M (2.3) 

where M is the mass of the nucleus. 
Let us introduce a system of units with Planck's constant h 

divided by 2n, the electron charge, and the electron mass as base 
units: 

h = 2! = 2~ X 6.626 X 10-27 ergs 

e=4.80X 10-10 esu 

m = 9.11 X 1 o-28 g (2.4) 

In practical terms this means that in such a "natural" system of 
units the unit of length is 

1i2 8 
a= me2 = 0.529 X 1 o- em (2.5) 

and the unit of energy is 
me4 e2 e Eo =-112 =- =e-=27.21 eV a a (2.6) 

called a hartree. The unit of velocity will then be e2/11, which is 
the 137th part of the speed of light. 

With this in mind, in Eq. (2.2) we put 
E 

8=
Eo 

(2.7) 

(do not confuse with the smallness parameter in perturbation 
theory, 8). After this the equation reads 

d2
: + ..!_ dR + (28 + ..!_ _ 1 (l t 1)) R = 0 

dr1 r1 dr1 r1 '1 

If we then substitute 

into Eq. (2.8), we get 

1 
R=I[Y ,,. 

-+---+ 28+--- y=O d2 y 1 dy ( 2 st ) 
d~ r 1 dr1 r1 4~ 

(2.8) 

(2.9) 

(2.10) 
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where we put 
s=2l + 1 (2.11) 

This equation occurs in a number of problems (to name some, 
Dirac's theory of the hydrogen atom, the Stark effect, the scatter
ing of a-particles), and parameter s may not necessarily be an 
odd integer. This is why we will consider Eq. (2.10) in greater 
detail and will assume s to be not an integer but simply a non
negative quantity, s ~ 0 (obviously this can be done since s 
enters into the equation only through s2). 

3. Solution of an auxiliary problem 

From the general analysis of the radial equation (Section 7, 
Chapter IV) we know that negative values of e correspond to a 
discrete spectrum and positive values to a continuous spectrum. 
To study the discrete spectrum we introduce 

x= r 1 (- 8e)''• 

as the independent variable and put 

A.=(- 2e)-'1• 

(3.1) 

(3.2) 

Here A. will obviously be real (we will consider it positive); x will 
be real and will change within the same limits as r, namely, be
tween 0 and co. Equation (2.1 0) then reads 

d2y dy ( x s2 ) x-+-+ --+~-- y=O dx2 dx 4 4x (3.3) 

or 
d ( dy) ( x s2 

) --X- + -+- y=A.y dx dx 4 4x (3.3*) 

The operator on the left-hand side of (3.3*) is hermitian, and ).. 
plays the role of a parameter. By introducing the quantities (3.1) 
and (3.2) we eliminate, so to say, the continuous spectrum and 
reduce the solution of Eq. (2.1 0) to the solution of an auxiliary 
proble~, namely, the eigenvalue equation (3.3*). 

Let us study the behaviour of Eq. (3.3) for very small and very 
large values of x. We could use the results of Section 7, Chap
ter IV, but it is simpler to repeat our reasoning for Eq. (3.3). 

For small values of x we put 

y=xa+axa+l+ 

and get for a two values: 

a= ±s/2 

(3.4) 

(3.5) 
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For large values of x we put 

y=e-axxll ( 1 +: + ... ) (3.6) 

and get for both a and ~ two values: 
1 1 

a=2· ~=-2+A. (3.7) 

and 
(3.7*) 

From this we conclude that the sought solution for small values 
of x must be of the form 

y = CxB/2 (1 +ax+ ... ) (3.8) 

and for large values of x of the form 

y = C'e-zl2x'A.-•I• ( 1 + a; + ... ) (3.9) 
Hence if we put 

(3.10) 

then function Q (x) must satisfy the following conditions: 

Q (x) is finite at x = 0 
Q (x) is of the order of x'A.-(s+ll/2 as x- oo (3.11) 

and the equation for y, (3.3), leads us to the following equation 
for Q(x): 

~Q dQ ( s+1) x-+ (s + 1 - x)- + A. - -- Q = 0 dx2 dx 2 (3.12) 

This equation can be solved in two ways: by using power series 
or by using definite integrals. We will apply the first method here 
and use the second method when we solve an analogous equation 
for the continuous spectrum. 

Let us seek the solution to Eq. (3.12) in the form 

(3.13) 

When the series is substituted into the equation and the coeffi
cients of the powers of x are equated with zero, we get the re
lationship 

n(n+s)an+(-n+A.+ ~- ~)an_1 =0 (3.14) 

which serves as an equation for successive determination of the 
expansion coefficients. 
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Coefficient ao remains arbitrary, and the other coefficients are 
expressed in terms of it in the following manner: 

(s + 1)/2- '-
al = I (s + 1) ao 

(s + l)/2- '- + 1 f(s + 1)/2- A) [(s + 1)/2- '-+I) 
~= 2(s+2) a1 = 1X2(s+1)(s+2) ao 
• . • • . . . . . • . . . . . . . . . . . . . • . . (3.15) 

Hence, if we introduce the confluent hypergeometric function 

( a x a (a+ 1) x2 

F a; v; x) = 1 + v IT + v <v + l) 21 + . . . (3.16) 
we can write 

Q = aoF ( s ~ 1 - A.; s + 1; x) 

Two cases are possible. If 

A.= s~ 1 + p, p=O, 1, 2, ... 

(3.17) 

(3.18) 

then ap+l and all subsequent coefficients vanish and the series in 
(3.13) is terminated. For Q we then have not an infinite series 
but a polynomial. If condition (3.18) does not hold, the series 
in (3.13) is an infinite one. It converges, since the ratio of any 
two subsequent terms, 

(3.19) 

tends to zero for any x as n- oo. From the same formula we see 
that all terms beginning from a certain one have the same sign. 
Hence the partial sums of the series grow faster as x- oo than 
any finite power of x, so that condition (3.11) does not hold. 
This means that the second case is unsuitable, and we have 

A.=s~1+P 

Thus the only solution to Eq. (3.12) that satisfies our condi
tions is the polynomial 

QP = aoF (- p; s + 1; x) (3.20) 
or in explicit form 

( p x p (p - l) x1 

Qp = ao 1 - IT s + I + 21 (s + 1) (s + 2) + ... 

If we put 

P xP ) ... +(-1) (s+l) ... (s+p) 

f(s + p +I) 
a0 = (s + 1) ... (s + p) = r (s + 1) 

(3.20*) 

(3.21) 
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the corresponding functions Qp, which we denote by Q~ (x), 
polynomials in s as well as in x: 
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are 

s res+ p + 1) ( Qp(x)= f(s+ 1) F -p; s+l; x) (3.22) 
or 

Q~ (x) == (-W ( xP- f1 (s + p)xp-t 

+ P (p2~ 1) (s + p)(s + p- 1)?-2 

... +(-l)P(s+p) ••• (s+ 1)) (3.22j 

These are the generalized Laguerre polynomials; for s = 0 they 
are called simply Laguerre polynomials. 

4. Some properties of generalized 
Laguerre polynomials 

The generalized Laguerre polynomials, which are the solutions 
to the differential equation 

d2Qs dQs 
x d.J + (s + 1-x) d: + pQ~==O (4.1) 

can be presented in the following form: 

Qs ( ) ex dP -x s+p 
P X ==xs dxP e X (4.2) 

To prove this let us multiply Eq. (3.22*) by x•e-x and write the 
product thus: 

d p dp-l d 
x•e-xQ;(x)==-(e-x)?+s + p --_-(e-x) -xp+s 

dxP dxP 1 dx 

+ P (p- 1) dp- 2 (e-x)_!_ xP+s + +e-x ..!!!_xP+• 
21 dxP- 2 dx2 • ' • dxP 

According to Leibnitz's theorem for the nth derivative of the 
product of two functions, 

s -xQs ( } dP -x s+p 
X 8 p X == dxP 8 X (4.2j 

which is what we set out to prove. 
If we use the Cauchy formula, we can present this as 

s -xQs ( ) p e z d I ~ -11 P+s 
xe x =- z 

P 2nl (z- x)P+l 
(4.3) 

13--2186 
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Next we introduce a new variable 

and get 

z-x t=-z 

Qs (x) = ...E!._ r e-xt/(1-t) 1 dt 
p 2:ti j (I - t)HI tP+I 

But according to the Cauchy formula 

s ( dP e-xt/(1-t) ) 

Qp (x) = dt P (1 - t)s+l t=o 

Hence we obtain the Taylor series involving Q~ {x): 
co 

(1 _ t)-s-1 e-xt/(1-t\ =" .!!_ Q~ (x) 
l...J pi 
p-0 

(4.4) 

(4.5) 

(4.6) 

This is a convenient formula for deriving various relationships 
between generalized Laguerre polynomials. If we multiply it by 
1- t, we get · 

co 

(1- t)-s e-xt/(1-t) = L :r [Q~ (x)- pQ~-1 (x)] (4.7) 
p-0 

On the other hand, changing s to s - 1 in ( 4.6), we get the 
same expression on the left-hand side. We then compare the 
coefficients in the two Taylor series and get 

Q~- 1 (x) = Q~ (x)- pQ~-1 (x) (4.8) 

This formula allows us to express generalized Laguerre poly· 
nomials with values of s that differ from one another by an integer, 
in terms of such polynomials with equal (the maximal of the two) 
values of s. 

Let us differentiate both sides of (4.6) with respect to x. If we 
follow the same reasoning, we get 

dQ'p (x) - Qs+1 ( ) (4.9) dx --p p-1 x 

Now let us differentiate ( 4. 7) with respect to t and express 
both sides of the results in terms of series. We then find that 

sQ~ (x) - xQ~+ 1 (x) = Q~+t (x)- (p + 1) Q~ (x) 

or, after we changes to s- 1, 

xQ~ (x) = (p + s) Qr 1 {x)- Q~'.t- 11 (x) (4.10) 
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Last, we use ( 4.8) and obtain the recursion relation that connects 
three successive polynomials of the same order, s: 

(2p + s + 1 - x) Q~ (x) = Q;+t (x) + p (p + s) Q;_. (x) (4.11) 

It is also easy to find other relations by using ( 4.8), ( 4.9), and 
(4.10): 

dQ~ (x) s s-l 
x dx + sQp (x) = (p + s) Qp (x) (4.12) 

dQ; (x) ( s ( s-1 ( 
X dx + s-x)Qp x)=Qp+l x) 

Differentiating (4.12•) with respect to x and using (4.9), we arrive 
at Eq. ( 4.1) for Q~ (x). 

These formulas, in turn, make it possible to derive the follow• 
lng relations: 

dQ~-I (x) s s 
x dx +(p+s-x)Qp-1 (x)=Qp(x) (4.13) 

dQ;(x) s s ( 
x dx - pQp (x) = - p (p + s) Qp-1 x) 

which also lead to differential equation ( 4.1). 
In the future we will have to evaluate integrals of type 

00 

J = ~ xse-"Q~ (x) f (x) dx (4.14) 
0 

For this it is convenient to transform the integral using ( 4.2) and 
Integrating by parts p times. We will have 

00 00 

1= ~ :; (e-"xP+s)f (x) dx= (-1)P ~ e-"xP+sf<P> (x) dx (4.15) 

Putting 

we get 

0 0 

f (x) == e<l-al x 

00 00 

~ x8e-a"Q~ (x) dx= (a- l)P ~ e-ax~s+p dx 
0 0 

13* 

A more general type of Integral, 
00 

~ xs+r e-axQ; (x) dx 
0 

(a- t)P 
s+p+l r (s + p + I) a 

(4.16) 

(4.17) 
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can be evaluated for integral values of r by differentiating (4.16) 
with respect to parameter a. 

In (4.14) and (4.15) let us put f(x) = x', which yields 
00 

~ xs+'e-xQ~ (x) dx= (-1)P r (r- 1) ... (r-p+ 1)f(s+r + 1) (4.18) 
0 

If f(x) is a polynomial of a degree lower than p, integral (4.14) 
vanishes. Using this property we can evaluate (4.14) when 

f (x) = lQ~ (x) = (-1)P (xP+2 - p (s + p) xp+l 

+ p(p;-t> (s+p)(s+p-1)xP+ ... ) 

f (x) = xQ~ (x) = (-t)P[xP+l- p (s + p) xP + ... ] 
f (x)= Q~(x)=(-1)P xP + ... 
f( ) -_!_Qs( )- f(s+p+t) 1 + 

X - x P X - f (s + 1) X "' 

1 s r (s + p + 1). ( t p 1 ) 
f(x)=7Qp(X)= f(s+ 1) 7- s+ 1 -x+ "' 
where the omitted terms are polynomials of a degree lower than p. 
This yields 
00 

~ e-xxs+2 [Q~ (x)]2 dx 
0 

=plf(s+p+ 1)[6p2 +6p(s+ t)+(s+ 1)(s+2)] (4.19) 
00 

~ e-xxs+ 1 [Q~ (x)J dx = plf (s + p + 1) (2p + s + 1) (4.20) 
0 

00 

~ e-xxs[Q~ (x)J dx= plf (s + p + 1) (4.21) 
0 

00 

~ e-xxs-l [Q~ (x)]2 dx = plf (s + p + 1) ! (4.22) 
0 

00 

~ e-xxs-2 [Q~(x)]2 dx=plf(s+p+ 1) (s::ltss(;-~ 1 ) (4.23) 
0 

Let us show that the polynomial Q~ (x) has exactly p positive 
zeros, and that these zeros are real. If the number of zeros, say q, 
were less than p, then, denoting them by a~, a 2, a 3, ••• , aq, we 
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could build the function 

f (x) = (x- a,) (x- ~) ••. (x- aq) 

The product of this function by Q~ (x) would then not change sign 
if x were to change from 0 to oo, and (4.14) would not vanish. 
But this is impossible since f (x) is a polynomial of a degree 
lower than p, and, according to (4.15), integral (4.14) must 
vanish. Hence the number of zeros cannot be less than p, and 
since it cannot be greater than p, it must be p. 

5. Eigenvalues and eigenfunctions 
of the auxiliary problem 

We return to the auxiliary problem of Section 3. The problem 
was to find the eigenfunctions and eigenvalues of the equation 

d ( dy) ( x s2 ) --- x- + -+- Y='-Y dx dx 4 4x 

We found the eigenvalues to be 

s+ 1 '-=P+ - 2 -, p=O, 1, 2, ... 

(5.1) 

(5.2) 

and the eigenfunctions were expressed in terms of the generalized 
Laguerre polynomials: 

Y (x) = c x!f12e-"12Qs (x) (5.3) p p p 

The constant Cp we will flnd from the normalization condition 

"" 
~ [yp (x)]2 dx = 1 
0 

Recaillng formula ( 4.21), we evaluate the integral and get 

1 

Thus the functions 

c - -------rr-
p- [prr (s + p + 1)]1'' 

Y (x)- 1 X812e-"12Qs (x) 
P - [plr (s + p + 1)J 1'' P 

are orthonormalized: 
00 

~ Yp(X)Yp'(x)dx=Opp' 
0 

and {yp (x)} is a complete set. 

(5.4) 

(5.5) 

(5.6) 
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If we use (3.22), we can write 

y (x) = l ( r (s + P + l) )''• xs12e-xt2p (- p· s + 1· x) (57) 
p r (s + I) pl . ' ' • 

It is sometimes convenient to use the normalized polynomials 

OS ( ) Q~ (X) 
Qp x = [plr(s+p+l)J''• 

which yields the following expression for YP (x): 

Yp (x) = xs/2e-x/2Q;s (x) 

6. Energy levels and radial functions 
for the discrete hydrogen spectrum 

(5.8) 

(5.9) 

Let us now solve our physical problem. First we will find the 
hydrogen energy levels. The energy parameter in atomic units, e, 
was related to parameter A. of the auxiliary problem thus: 

(-~e)'/• =A. (6.1) 

where A. was equal to 

A.=p+ s-;1, p=O, 1, 2, ... (6.2) 

Parameter s was connected with the azimuthal quantum number, 

s=21 + 1 (6.3) 

and p (integral values only) was equal to the number of nodes 
of the corresponding radial function, that is, according to the 
definition in Section 8, Chapter IV, to the radial quantum number, 
n,. Hence A. is the integer 

A.= n, + 1 + 1 = n (6.4) 

which by definition is the principal quantum number. 
The energy levels in atomic units are 

n= 1, 2, ... (6.5) 

Hence we see that they depend only on the value of the principal 
quantum number. This special property of the Coulomb field is 
of a fundamental nature. It is connected with the group of 
transformations under which the Schrodinger equation (in mo-
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mentum space) for the hydrogen atom remains invariant. This 
group, which characterizes the increased symmetry of the hydro
gen atom, coincides with the rotational group of a four-dimen
sional sphere. We will return to this point in Part IV. 

In conventional units the energy levels of the hydrogen atom 
are 

e2 2:cRh 
E=-en=-~ a n (6.6) 

where 
(6.7) 

is the Rydberg constant. Its value is 

R = 3.2898421 X 1015 s-1 (6.8) 

According to the remark made in Section 2, if we want to 
account for the finiteness of the mass of the nucleus, we must in 
all formulas [in (6.7) as well] change the electron mass to the 
reduced mass 

, mM 
m= m+M 

The frequencies of the spectral lines are given by the Bohr 
frequency relation 

(J)nn' ( 1 1 ) 
'Vnn' =~ = R n'2 - fi2 (6.9) 

If n' = 1 and n has values 2, 3, .. , , we have a series of lines 
called the Lyman series. If n' = 2 and n = 3, 4, ... we have the 
Balmer series, and if n' = 3 and n = 4, 5, . . . we have the 
Paschen series. 

Let us now express the radial functions in terms of the general
ized Laguerre polynomials. Argument x in these polynomials is 
related to the distance in atomic units, r1, in the following way: 

2r1 x=n (6.10) 

[see formulas (3.1), (3.2), and (6.4)]. We use (2.9), (5.9), and 
(6.2)-(6.4) to get 

R ( ) _ (3::.!.)1 -r.tnQ•2l+l (~) nl r1 - Cn n e n-l-1 n (6.11) 

where Cn is a normalization factor determined from the condition 
00 

~ rnRnz (rl)]2 drt = 1 
0 

(6.12) 
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To evaluate the integral we introduce the variable x according to 
(6.10). Then 

00 

c!(; Y ~ x21 +2e-x[Q~~t~dx)]2 dx== 1 
0 

If we recall the relation between n and l, and p and s, we can 
express the above integral in terms of the ratio of (4.20) to 
( 4.21). This yields 

00 

~ xs+•e-x [Q;s (x)J dx == 2p + s + 1 = 2n 
0 

whence 
4 2 c2 =- or c =-n n.• ' n n.2 (6.13) 

so that the normalized radial functions are 

R ( ) _ _!. (~)l -rdnQ•2l+l (~) 
nl ft - n2 n. e n-l-1 n. (6.14) 

If we now use the expression for Q• in terms of the confluent 
hypergeometric function and keep in mind that l is an integer, we 
get 

Rnz (rt) = 1: 2 [(n- !) (n- l + 1) ••• (n + 1)]'1• 
n. 

X (2r,)' e-r.!np (- n + l +I· 2/ + 2· ~) (6.15) 
(21 + 1)1 ' ' n 

where according to definition (3.16) 

F (- n + l + 1; 2/ + 2; 2:') 

n.- l- 1 2r1 (n -l- 1) (n -l- 2) ( 2r1 )2 
= t- (21+2>11 n-+ (21+2)(2t+3)2r n- - ... <6·16> 

This leads us directly to the asymptotic expansion of Rnz (r1) 

for very large values of n. The limit of (6.16) as n- oo is 

l 2r 1 + (2rJ)2 

-- (2l + 2) 11 (21 + 2) (21 + 3) 21 

=(21+ 1)1(2rt)_1_ 11212t+•(,Y8r,) (6.17) 

where / 21+1 is the Bessel function of order 2/ + 1. This yields 

lim n'1•Rnz (r,) = (~)''• l2l+l ( ~) (6.18) 
n~oo '' 

Functions (6.18), in contrast, belong to the continuous spectrum. 
The functions Rnz (rt) are eigenfunctions of the Hamiltonian and 
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possess the property of being orthogonal and normalized: 
00 

~ Rnl (r,) Rn'l (r,) r~ dr, = ()nn' (6.19) 
0 

These functions, however, do not make up a complete set because 
the Hamiltonian has a continuous spectrum in addition to the 
discrete spectrum. 

Finally, we write some simple radial functions Rnz (r1) 

R10 (r1) = 2e-r, (6.20) 

7. Solution of the differential equation 
for the continuous spectrum in the form 
of a definite integral 

We turn to the case of the continuous spectrum. In Eq. 
which we write again, 

-+---+ 2e+--- y=O d 2y 1 dy ( 2 s2 ) 

dr{ r 1 dr1 r 1 4~ 

parameter e is a positive number. The variable 

Xt = r1 (8e)''• 
is real. We also put 

Equation (7.1) then reads 

x1 - 2 +-+ -' +A.1-- y=O d2y dy ( x s2 ) 

dx1 dx1 4 4x 1 

(6.21) 

(6.21.) 

(6.22) 

(6.22.) 

(6.22 •• ) 

(2.10), 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

which differs from Eq. (3.3) in the sign of one of the terms. We 
can obtain this equation directly if in (3.3) we put 

x=ix" (7.5) 
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This means that we can use the results of Section 3 and state that 
the solution to (7.4), finite at x = 0, is the function 

y = e-lx,f2xf12 Q (x.) 
with Q satisfying the differential equation 

x1 d2~ + (s + 1 - ix1) dQ + [A.1 -.!.. (s + 1)] Q = 0 
dx1 dx1 2 

This implies that Q can be represented by a series: 

Q=gF(s~l +iA.1; s+1; ix1) 

(7.6) 

(7.7) 

(7.8) 

We will need the asymptotic expansions of Q and y for large 
values of x1• The easiest way to obtain them is to express Q in the 
form of a definite integral. Equation (7.7) can be solved by using 
Laplace's method, which consists of the following. We seek the 
solution to (7.7) in the form of a contour integral in the complex 
z plane: 

(7.9) 

where f(z) is still to be determined. Substituting (7.9) into (7.7) 
and differentiating under the integral sign, we get 

x 1 ~ eix,:~~ (- z2 + z) f (z)dz 

+ ~ eix,z[ A.1 + ~ (s + 1) (2z- 1)] f (z) dz = 0 

To get rid of the factor X1 in the first term we integrate by parts. 
This yields 

~ z (1 - z) f (z) d (- ielx,z) 

=- ie1x• 2 z (1 - z) f (z) I!+ i ~ eix,z d~ [z (1 - z) f (z)] dz 

where the limits of integration are denoted by a and b. 
If we now require that the first term on the right-hand side of 

the above expression vanish, that is 

etx,zz (1 - z)f (z) I! = 0 (7.10) 

the substitution of (7.9) into (7.7) results in 

i ~ etx,z ( z (1 - z) :~ - 5 ; 1 (1 - 2z) f (z) - iA..f (z)) dz = 0 (7 .11) 

We can satisfy this equation if we nullify the integrand, that 
is, if f(z) satisfies the differential equation 

f'(z) s-1 1-2z i/.. 1 

f(zf= -2- z(l- z) + z(l- z) (7.12) 
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which we solve and get 

s-1 z 
log f(z) = - 2-log [z (1- z)] + iJ..1 log 1 _ z +log c (7.13) 

Whence 
f (z) = cziA.,+<s-1)/2 (1 - z)-O.,+(s-1)/2 

We see that the solution to (7.7) is 

Q = c ~ el%,~z1"-,+<s-l)/2 (l _ z)-IA.,+(s-1)/2 dz (7 .14) 

only if we choose the contour of integration so that (7.IO) is 
satisfied and we write it as 

elx,zzl"-•+<s+l)/2(1- z)-n •. +(s+l)/2l:=O (7.I5) 

The solution to (7.7) must be finite at x = 0. Such a solution 
can be found if we take the contour of integration that passes 
from z = 0 to z = I along the real axis. This contour satisfies 
condition (7.15) only if s + I > 0, which is always the case 
since we assume that s ~ 0. Substituting the limits of integration 
into (7.14),weget 

I 

Q = c ~ elx,zz'"'·+<s-1)/2 (1 - z)-iA.,+(s-1)/2 dz (7.14*) 
0 

To see whether the integral really does coincide with the series 
(7.8) we expand the exponential into a power series and then 
integrate termwise. If we use Euler's integral (or the complete 
beta function) 

I 

B (p q) = r zP-I (1 - z)q-l dz = r (p) r (q) (7.16) , J r (p + q) 
0 

we find that 
oo k I 

Q = c I (j~;> ~ z'"'.+H(s-1)/2(1- z)-IA.,+(s-1)/2 dz 
k-0 0 

oo (ix,)k r ( s t 1 + k + it..,) r ( s t 1 - it..,) 
=c I -k,- r<s+k+ 1) 

k-0 
or 

r ( s t 1 + it..,) r ( s t 1 -it..,) s + 1 . • 
Q=c r(s+l) F(-2-+tJ..1; s+1; tx1) 

(7 .I7) 
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which is what we set out to prove. By comparing (7.8) and (7.17) 
we see that the constants g and c of (7.8) and (7.14*) are con
nected in the following way: 

r ( s "t 1 + n, I) r ( s "t t - i'- I) 
g=c r(s+ 1) (7.18) 

We have thus found an expression for the confluent hypergeo
metric function: 

r (s + 1) 

I 

X ~ e'"'zztA,+(s-1)/2 (1 - z)-tA,+(s-ll/2 dz (7 .19) 
0 

Since (7.8) and (7.14*) are solutions to Eq. (7.7) and are finite 
at X1 = 0, we could derive (7.18) simply by comparing the two 
at X1 = 0. If in (7.19) we put z = I - Zt. we get the relationship 

F ( s ~ 1 + iA.1; s + 1; ix1) = etx,p ( s ~ 1 - iA.1; s + 1; - ix1) 

(7.20) 

This means that function y, defined by (7.6), will be real only if g 
in (7.8) is real, which is what we will be assuming from now on. 

8. Derivation of the asymptotic expression 

To derive the asymptotic expression of Q for large positive 
values of Xt. using (7.14), we deform the contour of integration 
in (7.14) as follows. Instead of joining points 0 and I by a straight 
line ":'e construct a broken line that passes from 0. to iA, th~n 
from tA to iA + I, and finally from iA + I to I (A 1s any fimte 
positive number). Since in the part of the compleX z plane l~ing 
between the deformed contour of integration and the ~tra1ght 
line from 0 to I the integrand in (7.14) is a holomorp~lc func
tion, the deformation will not change the value of the .mtegral. 
If we let A grow to infinity, the integral along the sechon from 
iA to iA + 1 will tend to zero because of the exponential e-x.A 
under the integral sign. In the limit we get 

I l® I 

Q = ~ e1"'z f (z) dz = ~ e1"'2f (z) dz + ~ e 1"'~ f (z) dz (8.1) 
0 0 l+too 
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where f(z) is found by solving (7.13). In the first integral on the 
right-hand side we put 

z = ~e1nl2 

whereas in the second we put 

1- z = ~e-ln/2 

(8.2) 

(8.2.) 

The limiting points for ~ in both integrals are 0 and oo. We have 
00 

Q = ce-W..t2+1<s+l> n/4 ~ e-x,c~<s-1)/2+1~, (l _ i~)<s-1)/2-I'A, dl;. 

0 

00 

+ elx'ce-n?.../2-t(s+l) n/4 ~ e-x,tr.<s-1)/2-11.., (I + il;.ls-l)/2+11.., dl;. (8.3) 
0 

Now let us introduce a new variable 

t=l;.Xt 

which yields 

where J denotes the integral 

1 ~00 ( t )(s-1)/2-11..1 J = e-tt<s- 1)/2+l1., 1 - i- dt 
r ( s ~ 1 + iA.~) o xl 

(8.4) 

(8.6) 

and 1 the complex conjugate of J. The asymptotic expression for J 
can easily be obtained. For this we need only expand the inte
grand in inverse powers of x 1 and then integrate termwise. In 
view of the fact that the series 

( . t )(s-1)/2-11.., iA.I - (s- 1 )/2 it 
1-tx,: =1+ 11 X. 

. ( n, I - S -; 1 ) ( ii, I - S -; 1 + 1) ( if )2 
+ 21 ~ + .. . (8. 7) 

converges only if It I < I x1 1, whereas with respect to t we ~nte
grate to infinity, the series obtained by termwise integration will 
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be a divergent, or asymptotic, series. Thus we have 

I= F2o (n•t + ! - f; iA.t + ! + ~ ; :, ) (8.8) 

where F20 (a; fl; z) is a formal power series, that is 

F ( ,A· )=I+~ + a(a+l)~(~+l) 2 + 
20 a, P• Z II z 21 z (8.9) 

By (7.17) we can write our results as follows: 

e-txr12p ( s ~ 1 + iA.1; s + 1; ix1) = eix,np ( s-;- 1 - iA.; s + 1;- ix1) 

= f (s + 1) ei (.s+l) 'lt/4-n'J..,/2Xl(.s+l)/2-i'J..,e-iX,/2 

r ( s; 1 - i'-•) 
X F ( ., I - s ., + I + s 20 ln.t + -2-; ln.t -2-; 

+ r (s + 1) e-i (s+l) n/4-n'J..,/2x-(s+l)/2+i'J..,eix,/2 

f ( s-;- I + iA1) 1 

X F ( ., + 1 - s ., + 1 + s l ) 
20 -tn.l -2-; - ln.t -2-; -X. (8.10) 

where the equality is to be understood as asymptotic equality. 
The last formula holds not only for real values of A.1 and x1 but 
for their complex values as well, provided -n/2 ::::;;; arc x1 ::::;;; n/2. 
For instance, if we put 

"-t = it. = i ( s ~ 1 + p) . Xt=-ix 

with p a positive integer, the second term in (8.10) will vanish 
because 

1 . =0 
r (-p) 

and (8.1 0) will give us not only asymptotic but exact equality: 

e-xi2F (- p; s + 1; x) 

= (-1)Pf(s+t) e-xt2xPF20 (-p-s· -p· _ _!_) (8.11) 
f(s+p+l) ' ' x 

It is clear from a comparison of (8.11) with (3.11) and (3.22) 
that (8.11) gives polynomials Q~ (x) in increasing powers of x 

· (on the left) and diminishing powers of x (on the right). 
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9. Radial functions for the continuous hydrogen 
spectrum 

207 

On the basis of the results of the previous sections [see (2.9), 
(2.II), (7.2), (7.3), (7.6), and (7.8)] we can write an expression 
for the radial wave functions for the continuous spectrum of the 
hydrogen atom: 

R81 (r1) =a (e) e-tr, ..fi8 (r1 -v'BBY 
X F (t +I+ ~; 21 + 2; ir1 -v'&) (9.1) 

The functions are real only if a(e) is real. To obtain the asymp
totic expression of the function for large values of r 1 we sub
stitute into (8.IO) the actual values of s, AI. x1 and put 

-.,...----1 -..,..-- - 1 Ia (9 .2) 
r (t + 1 + ~) -~ r (t + 1 + ~)I e 

Also, we replace the series F2o by their asymptotic value F20 = 1. 
We then get 

Redri) ~a (e) (2/ + 1)1 . e-nNB& _I-

I r (t + I + ~)I ~ 

X -1 cos (r1 -{28 + ) log (r1 .y&)- (/ + 1) 2!. +a) (9.3) 
,, -y28 2 

which we normalize thus: 

00 

lim - 1- \ r2 
Ae-+0 L\e J 1 

0 

e+Ae 2 

~ R81 (r 1)de dr1 =1 (9.4) 
8 

It is sometimes useful to introduce instead of e a new parame
ter k: 

e = f (k) (9.5) 

where ftk) is a monotonic function. We can then consider eigen
function R (k, ri) normalized thus: 

lim ;k f r~ k+~M R (k, r 1) dk dr 1 = 1 (9.6) 
t..t-+O 0 k 
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Let us find the relationship between the functions with different 
normalizations. If ile and ilk are considered positive, 

ile = f' (k) ilk 
e+~a k+~k 

~ Redrt) de= f' (k) ~ R (k, r 1) dk 
a k 

because 11k is infinitesimal. Substituting into 
ing with (9.6), we get 

(9.4) and compar-

I de I''• R (k, r 1) = Re~ (rt) Tk (9.7) 

We can transform (9.4) or (9.6) in the following way. Since 
the proper differentials belonging to different parts of the con
tinuous spectrum are orthogonal to each other, we can write (9.6) 
as 

lim ;k ~'I ~ R(k', r1)dk' ~· R(k", r1)dk" dr1 = 1 (9.8) 
00 { k+ ~k k+~,k } 

~k-+O 0 k k-~,k 

where iltk > ilk. We can pass on to the limit for ilk-+ 0 with 
il1k remaining finite. This yields 

00 k+ ~,k 

~riR(k,r 1 ) ~ R(k',r1)dk'dr1=1 (9.9) 
0 k-~,k 

Now let R0 (k, '•) be the unnormalized functions and c (k) the 
normalization factor, so that 

(9.1 0) 

Since 11 1k is infinitesimal, we can always take c (k) outside the 
integral sign and thus obtain an equation for c(k): 

I c(k) j2 

00 k+~·k 

~ riR0 (k, r 1) ~ . R0 (k', r 1) dk' dr1 

0 k-~,k 

(9 .11) 

(On the right the integral does not depend on iltk. although it 
might seem to at first glance.) 

These considerations apply not only to this particular example 
but to the general case of normalizing eigenfunctions in a contin
uous spectrum. 

To evaluate integra! (9.11) we must partition into two parts 
·the domain of integration with respect to r 1: one interval is from 
zero to a value r 1 = A, and the other is from A to oo. The integral 
over the finite interval (from 0 to A) tends to zero as t!.1k-+ 0. 
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What remains is the integral from A to oo: 
00 ll+l!J.,k 

lc(~)l2 = lim ~ r~R0 (k, r 1) ~ R0 (k', r1)dk' dr1 (9.12) 
A,k-+0 A k-l!J.,k 

The advantage of this formula is that by makiiig A sufficiently 
large we can use the asymptotic expression for R0 (k, r 1). 

We put 
k = (2e)'1• (9.13) 

and for R0 (k, r 1) use the function having the asymptotic ex pres-
sion 

R0 (k, r 1)= :. cos(kr 1+! logr1+v) (9.14) 

where y is a vector function of k that can be found by comparing 
(9.14) with (9.3). It can be shown that when evaluating (9.12) it 
is possible to consider k-1 log r1 + y under the integral sign as 
being negligible, since these terms are small compared to the 
leading term, krt. Keeping only this term, we get 

00 k+ l!J.,k 

1 c (lk) 12 = lim ~ cos kr1 ~ cos k'r1 dk' dr 1 
A,k-+O A k-A,k 

(9.15) 

We prove that 

(9.16) 

Indeed, this is equal to 

I. ( 1 ~oo sin (2k + ~ 1 k) r 1 d I ~oo sin (2k- ~.k) r1 d ) tm - r 1-- r 1 
• k-+0 2 '• 2 '• U! A A 

and the brackets contain the difference of two convergent 
grals, which at Atk = 0 coincide. What remains is 

00 

l 1• ~ sin (~ 1 kr 1 ) d 
I (k) 12 = lm '• c Ak-+0 r, 

A 

If we introduce a new variable, t = ru~ 1 k, we get 
()() 00 

......--:-:• ~ = lim r _si_n_t dt = r _si_n_t dt = ~ 
1 c (k) 12 l!J. k-+o ) t j t 2 

' Al!J.,k 0 

14-2186 

inte-

(9.17) 

(9.18) 
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so that we finally obtain 
c (k) = (2/n)''• (9.19) 

Hence the eigenfunctions normalized with respect to k will 
have the asymptotic expression 

R(k, r 1)~(!)''• ,11 cos(kr1+-}togr1+v) (9.20) 

whereas those normalized with respect to e will have, according 
to (9. 7), the asymptotic expression 

Redr1) ~ (;e)"' (!)"'~cos (r1 -y'28 + ~ logr1 + v) (9.21) 

Formula (9.3) now provides the following expression 
factor a(e) in (9.1): 

1 'I enl..f8B I ( t ) I a (e) = - (8e) • r l + 1 + --
n'1• (21 + 1)1 ..f2i 

We can also express 

for the 

(9.22) 

I r (t + 1 + ~ ) 1
2 = r (t + 1 + ~ ) r (t + 1 - ~ ) 

in terms of elementary functions. If we use notation (7.3), mul
tiply 

and 
f (! + 1 + iAJ) = (l + iA-1) ... (1 + iAt) f (1 + iA-1) 

r (l + t - iA-1) = (l- i'-1) ..• (1 - i'-1) r (t -lA1) 

and use the relationship 

f (1 + iA-1) f (t - iA-1) = I ~A., A (9.23) 
s n 1t , 

we find that 

lr(t+ 1 +i'-~)I2 =(1 2 +A-i)(22 +'-D ... (12 +'-D -~A·, (9.24) sm 1t 1 

or 

I r c~ + • + J2e ) r 
= (t + J_)(4 + J_) ... (t2 + -1 ) 1t/(2e)''• 1 (9.24•) 

2e 2e 2e sinh [n/(2e) 1•] 

Substitution of (9.24*) into (9.22) yields the final expression for 
a(e): 

( ) 2 {[I+ l/(2e)] ... [12 + l/(2e)]\ 112 

a e = 1 11 
{t-exp[-n(2/e) 1•]} '(21+ 1)1 

(9.25) 
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With this value of a (e) formula (9.1), namely 

Rez (r,) =a (e) e-tr, -V'i8 h ...;&Y 
X F(1 + 1 + .Y~e ; 21 + 2; ir1 ,Yse) (9.1) 

gives the normalized radial functions for the continuous hydrogen 
spectrum. 

To end Section 9 we give the asymptotic expression for Rtz (r1) 
as e-+ 0. By (6.17) and (6.18) we have 

lim Rez (r,) = (..!)''• /21+1 ( ~) = lim n''•Rnz (r,) (9.26) 
e-+0 r, n-+oo 

10. Intensities in the hydrogen spectrum 

Knowing the radial function, we can calculate the intensities 
of spectral lines, which correspond to various transitions, and the 
intensities in the continuous spectrum. We recall the formnlas for 
intensities which we derived in Section 9, Chapter IV. We also 
introduce atomic units and use the fact that in hydrogen the 
energy levels do not depend on the value of the azimuthal quan
tum number, l. Thus for transitions in the discrete spectrum 

l(n'l; nl-1)=(en' -en)4 ir(n'l; n/-1)P/ (10.1) 

I(n'l; nl+ 1)=(en'-en)4 lr(n'/; nl+ 1)12 (!+ 1) (lO.t•) 

and for transitions from the discrete spectrum into the continuous 
spectrum 

I (n'l; e) lle 

=(en'- e)4 [I r' (n'l; e 1- 1) 12 / +I r' (n'l; el + 1) 12 (/ + l)] lle (10.2) 

For arbitrary values of quantum numbers n', n, I the integers 
r(n'l; nl ± 1) are rather complicated. But for small values of n' 
the different Rn'z are simple polynomials, and hence we can 
easily integrate with respect to r for arbitrary n or e. We restrict 
ourselves to the Lyman (n' = 1) and Balmer (n' = 2) series. 

At n' = I the only possible value of l' is zero, which means 
that we either evaluate 

or 

14* 

00 

r (10; nl) = ~ r~R10 (rJ Rn1 (r1) dr1 
0 

00 

r(lO; el)=~ ryR10 (r1)Re1(r 1)dr1 
0 

(10.3) 

(10.3") 
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At n' = 2 there are two values of l', zero and unity. At l' = 0 
00 

r(20; n1)= ~ ryR20 (r 1)Rn1 (r,)dr 1 (10.4) 
u 

and at l' = 1 
00 

r(21; nO)=~ r~R21 (r 1)Rn0 (r 1 )dr 1 (10.5) 
0 

00 

r(21; n2)=~ r~R21 (r 1)Rn2 (r 1)dr 1 (10.6) 
0 

with similar integrals for the continuous spectrum. All the inte
grals can be evaluated in closed form with the help of (4.8) and 
(4.16) and their immediate generalizations for continuous-spec
trum eigenfunctions. These formulas are 

Q~ (x) = Q~+l (x)- pQ~!.~ (x) (4.8) 

f X5e-axQ~(x)dx= (as~p~; f(s+p+ 1) (4.16) 
o a 

To obtain this generalization let us express the generalized 
Laguerre polynomial Q~ in terms of the confluent hypergeometric 
function, F, using formula (3.22). We obtain 

(s+ l)F(-p; s+ 1; x) 

=(s+ 1 +p)F(-p; s+2; x)-pF(-p+ 1; s+2; x) (10.7) 
00 

~ e-axxsF (- p; s + 1; x) dx = r ~s!, 1 ) ( 1 --; r (10.8) 
0 

In the second expression we can introduce a new parameter b 
by changing a to alb and x to bx. This yields 

00 

~ e-axxsF (- p; s + 1; bx) dx = r ~s~ I) ( 1 - : r (10.9) 
0 

Our results are valid not only for integral values of p but for 
any fractional and complex values as well if constants a and b 
satisfy the condition I a I > I b I and integrals ( 1 0.8) and ( 10.9) 
exist. To prove that (10.7) holds it is sufficient to compare the 
coefficients of powers of x on both sides of ( 10. 7), and to prove 
(10.8) and (10.9) we only have to express F in the form of a 
series and integrate termwise. 
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We now turn to integral ( 10.3). Substituting the radial func
tions from (6.14) and (6.20), we get 

r (10; n1) 
co 

= ! n-'1• ( 1 - ~2 )"' ~ r 4e-<1 + I/n)r F (- n +·2; 4; ~) dr (10.10) 
0 

Clearly, this is not an integral of type ( 1 0.9) since in ( 10.1 0) 
the power of r coincides with the second argument in F, whereas 
in (10.9) this argument exceeds the power of x by unity. To 
evaluate ( 10.1 0) we must either differentiate ( 1 0.9) with respect 
to a or, using (10.7), increase the second argument in F by unity 
and then use (1 0.9). In either case we get 
00 

~ r4e-<I+I/n)rp (- n + 2; 4; ~) dr 

0 

( 1 )n-3 ( 1 )-n-3 
= 12 1 - -n 1 + -n (10.11) 

Substitution into (10.10) yields 
( I )n-'/, 

r(lO; n1)= 16n'1• n- n+'l 
(n + I) • 

(10.12) 

Integrals ( 10.4) · ( 1 0.6) are evaluated using the same method. 
After lengthy calculations we get 

(10.13) 

28 (n 2)n-3 
r (21 · nO) = -= n9' 2 .-:...;...----'--:-::-• ,Y6 (n + 2)n+J 

(10.14) 

210 ( 2)n-'/• 
r (21· n2) =-= n''• (n2 - tr'• n- (10.15) ' 1/6 (n + 2)n+'l• 

In the same way we can calculate the integrals for the con
tinuous spectrum. For this we need not repeat all the steps but 
simply use (10.12)-(10.15). We reason as follows. If we compare 
(6.15) with (9.1) and (9.25), we see that the radial functions of 
the discrete and continuous spectra can be expressed in the fol
lowing form: 

2 
Rnz (ri) = --;-1 Q (n, l, rt) 

n ' 
2&! (1/(-2e)1/', I, rt) 

Rez (rt) = {1- exp [- n (2/e)''•]}'11 

(10.16) 

(10.17) 
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where in both cases Q is the same analytic function of n, namely 

g (n, l, r) = [ ( 1 - ~2 ) ( 1 - :2 ) . . . ( 1 - !: ) r 
X (2/!):)l e-rfnp ( -n+l+ 1;21+2; ~) (10.18) 

On the other hand, integrals of type ( 10.9) are also analytic 
functions of their parameters. For instance, formula ( 10.11) holds 
for pure imaginary n = if (2e) ''•. Hence, if we put 

1 ( 1 )n-•1, ( 1 ) -n-'1. 
2n''•r(10; n1)=8 1 --n 1 +-n =f(n) (10.19) 

then by (10.3), (10.3•), (10.16), and (10.17) we get 

I (10· 1)- 2f (i/(2e)'1•) 
r ' 8 - {1-exp[-n(2/e)'1•]}'1• 

(1 0.20) 

or 
r' (10; sl) 

16 f I + i (2e)''•]1N 28-'1• [I - i (2e)''• )-tN2i-•!, 
- {l-exp[-n(2/e)'1•]}'/, 

We could obtain r'(20; e1), r'(21; eO), and r'(21; e2) in a simi
lar manner, but this can be done in a simpler way: by transferring 
to the continuous spectrum in the final formulas for intensity. 

To find the intensity of transition between two energy levels we 
must sum ( 10.1) and ( 1 0.1*) over all possible values of l. 

For the Lyman series the sum reduces to one term 

( I I )4 2 /(1;n)= 2- 2n 2 lr(lO; nl)l 

so that by (10.12) 
24 (n _ l)2n-1 

I (1; n) =-;;- (n + 1)2n+l 

For the Balmer series we have 

I (2; n) = }. ( ! - ~2 r 

(10.21) 

X[lr(20; n1)F+Ir(21; n0)12 +21r(21; n2)12] 

which according to ( 1 0.13)- ( 10.15) yields 

23 ( 2)2n-3 
I (2; n) =- n - 2n+3 (5n2 - 4) (3n2 - 4) 

n (n + 2) 
(10.22) 

If we want to find the intensities in the continuous spectrum, we 
must multiply (10.21) and (10.22) by the square of the ratio of 
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the factors of Q in (10.16) and (10.17), namely, by 

1 - exp [- n (2/d1'] 

after which we change n to i/ (2e) ''•. The result reads 

I (l; e) ~e 
16 [I + i (2e)'/,]2ilv'2e-t [1- i (2e)'f,]-21/.v2e-t 6e 

= 1-exp[-n(2/e)'/,] 

I (2; e) ~e 
B (5 +Be) (3 +Be) [1 + 2i (2e)'h)2tlv'28-3 

= 1- exp [-n (2/e)11'] 

x [1 - 2i (2e)'''r2t/-v'U-a ~e 
To get rid of imaginary quantities we put in ( 1 0.23) 

(2e)'1' =tan 'l')~o 0 < '1') 1 < n/2 
and in (10.24) 

2 (2e) '/, = tan '1') 2, 0 < '1') 2 < n/2 

Such substitutions lead to the following result: 

I (1• e) Lle = 16 exp (-4th cot Tlt) tan 1'1• 61']1 

' 1- exp (- 2n cot 1Jt) 

I (2; e) L\e 

215 

(10.23) 

(10.24) 

(10.25) 

(10.26) 

(10.27) 

_ 2 exp ( -B112 cot 112) (1 + 4 cos2 112H1 + 2 cos2 112) tan '112 6.112 (1 0.2S) 
- 1- exp (- 4n cot TJ2) 

In conclusion we note that the intensities observed in experi
ments depend not only on the properties of separate atoms but on 
the number of atoms in the "initial" state, which will differ with 
experimental conditions. For this reason a comparison of our 
results with experience can be only indirect. 

1 1. The Stark effect. General remarks 

If an atom is placed inside an electric field, its energy levels 
and hence spectral lines, which correspond to transitions between 
the levels, are split, generally speaking, into several components. 
The splitting of spectral lines in an electric field is called the 
Stark effect. For the hydrogen atom this splitting is proportional 
to the field; for other atoms it is proportional to the square of the 
field. This difference can be explained by the following. When 
there is an electric fie! d directed, say, along the z axis, the x com
ponent of angular momentum is a constant of the motion, which 
implies that the magnetic quantum number, m, still assumes a 
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definite value. In the case of a non-Coulomb field each energy level 
E =Enl will have corresponding to it only one eigenfunction with 
a definite value of m, whereas for a Coulomb field there will be 
several eigenfunctions. (They will differ by their azimuthal quan
tum number l.) In other words, the energy levels for a non-Cou
lomb field will be nondegenerate, and for a Coulomb field 
degenerate. This requires applying perturbation theory in diffe
rent ways. Since the additional term in the potential energy is 
proportional to the z coordinate, the first-order correction to 
the unperturbed problem is zero for nondegenerate eigenvalues. 
Indeed, this correction is the diagonal matrix element, which 
vanishes owing to the selection rule for z. Hence for a non-Cou
lomb field it is the second-order correction that does not vanish, 
and this is proportional to the square of the external field. The 
situation changes for a Coulomb field (degenerate eigenvalues). 
The first order correction, which, we recall, is proportional to the 
field, is calculated by nullifying the determinant D(/..) [Eq. (5.4), 
Chapter II], and it so happens that the correction is not zero. 

We note that the state of an atom placed in an electric field 
is not stationary, strictly speaking. From the fact that for very 
great distances from the atom the electron's potential energy 
tends to - oo it becomes evident that there is a (nonzero) proba
bility for the electron to separate itself from the atom. Thus pertur
bation theory provides an approximate solution to the Schrodinger 
equation in the sense of Section I, Chapter II, and Section 8, 
Chapter III, that is, a quasi-stationary state. 

In studying the Stark effect in hydrogen it is convenient to 
shift to parabolic coordinates instead of applying perturbation 
theory directly to the Schrodinger equation in spherical coordi
nates. This method has the advantage that in parabolic coordinates 
the perturbed equation allows for a separation of variables, and 
the problem reduces to solving equations whose unperturbed 
eigenvalues are nondegenerate. We will restrict ourselves to the 
first-order correction to energy levels. 

12. The Schrodinger equation in parabolic coordinates 

We write the eigenvalue equation for the Hamiltonian in atomic 
units: 

1 I - V2'i' - - 'i' - gz'i' = E'i' 2 r (12.1) 

The perturbation Hamiltonian is -gz, where g is the electric 
field in atomic units. If we denote the electric field in convention
al units by D, then 

D=~g=gX5.14X 109 Vcm- 1 (12.2) 
a 



Schrodinger's Theory 217 

This is why even in very strong fields of 105 or l 06 V cm-1 para
meter g will still be small. 

Let us introduce parabolic coordinates 

u = r + z, v = r - z (12.3) 

The surfaces u = constant and v = constant represent an ortho
gonal system of paraboloids. This can be seen from the equations 

x2 + y2 + 2uz = u2 

x2 + y2 - 2vz = v2 
(12.4) 

It is convenient to perform the transition to parabolic coordi
nates in three steps. First, we introduce the cylindrical coordi
nates z, p, <p. Then we put 

z + ip = ~ <s + i11)2 (12.5) 

Finally, we express 6 and 11 in terms of u and v. Separating the 
real and imaginary parts in ( 12.5), we get 

1 z = 2 (62 - 112) (12.6) 

P = 6lJ (12.7) 

On the other hand, the modulus of (12.5) is 

r =; (62 + t'J2) ( 12.8) 
Whence 

t'}2 =r-z=v (12.9) 

Next, we square the modulus of the differential of ( 12.5), 
express 6 and t'} in terms of u and v, and get 

dz2 + dp2 = (62 + rJ2> (d62 + drJ2> 

= ~ (u+v>(~ du2 +! dv2 ) 

so that the square of the element of arc length 

ds2 = dz2 + dp2 + p2 d<p2 

is 
(12.10) 

(12.11) 

The square root of the product of the three terms on the right
hand side of (12.11) is the volume element: 

1 d-r: = 4 (u + v) du dv dcp (12.12) 
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What remains to be found is the expression for the Laplacian 
operator in parabolic coordinates. The simplest way to do this is 
to write the general expression for the Laplacian operator in 
terms of curvilinear orthogonal coordinates q1, q2, q3: 

V2•., _ I [ a ( h,ha a"' ) 
't' - hah2hs aqa T aq. 

+ __£__ ( haha ~) + __£__ ( h1h~ _£.l_)] (1 2.13) 
aq2 h2 aq2 aqa hs aqa 

where h1, h2, h3 are the square roots of the coefficients in the 
square of the element of arc length: 

dl = h~ dq~ + h~ dq~ + h~ dq~ 
Applying (12.13) to our case, we find that 

V21ll = u ~ v [ :u ( u ~~) + a~ ( v ~!) + "4~/ ~~~] 

(12.14) 

(12.15) 

Now we substitute (12.!5) into (12.1) and by (12.3) express r 
and z in terms of u and v. After multiplying by (u + v)/2 = r 
and carrying all terms to the left-hand side we have 

a ( a"' ) a ( a"' ) 1 ( 1 1 ) a21Jl Tu "au +-au v au +4 -u+-v a<p2 

+ [ 1 + ! E (u + v) + ! (u2 - r 2)] 'I'= 0 (12.16) 

Obviously the equation can be solved by a separation of variables. 
Indeed, if we put 

1lJ = U (u) V (v) elmcp (12.17) 

Eq. (12.16) is satisfied if U(u) and V(v) are the solutions to the 
following equations: 

d ( dU ) ( I m2 g 2) - u- + a+-Eu--+-u U=O du du 2 4u 4 

d ( dV ) ( I m2 g 2) - v- + b+-Ev----v V=O dv dv 2 4v 4 

where 

(12.18) 

(12.19) 

(12.20) 

Here m is simply the magnetic quantum number. Parameters a 
and b, connected by (12.20), are found from the condition that 
for all values of u and v from 0 to oo the solutions to Eqs. ( 12.18) 
and (12.19) are finite. 



Schrodinger's Theory 219 

13. Splitting of energy levels In an electric field 

Our aim is to find the corrections to the hydrogen energy levels 
for small values of the principal quantum number, n, assuming 
that g is very small. 

Let us introduce the new variables 

u, = u (- 2£)'", v, = v (- 2£)'1• (13.1) 

Since parameter E is negative [its approximate value is E = 
. -1/(2n2)], u, and v, a_re real and change from 0 to oo. Equa

tions (12.18) and (12.19) m the new variables read 

where 

_!!_ (u1 dU) + (a1 -.!.u,- m2 + .12...u~) U=O du, dut 4 4ut 4 

dd (vt ddV) + (bt - .!._ Vt - m2 -A vi) V = 0 
tit tit 4 4tlt 4 

g - g 
I- (- 2E)'f, 

and where parameters a1 and b1 are 

so that 

a a----,..,--
1- (- 2E)'h ' 

b- b 
1 - (- 2E)'I• 

(13.2) 

(13.3) 

(13.4) 

(13.5) 

(13.6) 

It follows from Eq. ( 13.4) that g1 is a small constant only if 
the values of the principal quantum number, n, are small, a fact 
that we assumed at the start. If we consider g, known, Eqs. ( 13.2) 
and ( 13.3) are the eigenvalue equations for the hermitian opera
tors with eigenvalues a1 and b,. If we find these eigenvalues, by 
using ( 13.6) we can find the energy eigenvalues, E. 

In Eqs. (13.2) and (13.3) we will consider the terms that 
contain g1 as the perturbation. The unperturbed equation is of 
the form 

d ( dy) ( x m2) -- x- + -+- y='Ay dx dx 4 4x 
(13.7) 

which we recognize to be the one we studied in Sections 3-5. Its 
eigenvalues are 

').- +lml+l -P 2 I 
p = 0, 1, 2, .•• (13.8) 

and its eigenfunctions are 

Yp (x) =xi m 112e -x12Qp lml (x) (13.9) 
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Hence in the zeroth-order approximation the eigenvalues and 
eigenfunctions of Eqs. ( 13.2) and {13.3) are 

o + lml+l a, =n, 2 , 

bo_ + lml+l 1-n2 2 , 

n1 = 0, 1, 2, ... 

~=0, 1, 2, ... 

(13.10) 

(13.11) 

lfn. = Yn, (u,), V~. = y,., (v,) (13.12) 

In the same approximation Eqs. (13.1 0) and (13.11) give 

(- 2£)-'''= a~+ b~=n, + n2+ I m I+ 1 =n {13.13) 

where n assumes the values n = I, 2, 3, . . . and is simply the 
principal quantum number. 

All the eigenvalues of the operator in (13.7) are non-degenerate. 
Therefore to obtain the first-order correction to (13.10) and (13.11) 
it is sufficient to find the diagonal matrix element of the pertur-
bation, which is- g1uU4 in Eq. (13.2) and g,vT/4 in Eq. (13.3). 

We have already evaluated the integral ~~ r [yp (x)]2 dx, and 

according to (4.19) and (4.21) 
00 

~ xs+2e-z [Q;s (x))2 dx = 6p2 + 6p (s + 1) + (s + 1) (s + 2) (13.14) 
0 

Hence the eigenvalues in the first-order approximation are 

I m I+ I et [ 2 O a1 = n1 + 2 - 4 6n, + 6n, m I+ 1) 

+(lml+ 1)(1ml+2)] 

bt=~+ lml2+ 1 + ~ [6n~+6n2(lml+ 1) 

+ (I m I + 1) (I m I + 2)] 
Their sum is 

(13.15) 

(13.16) 

(13.17) 

where n is determined by (13.13). Then owing to (13.4) and 
(13.6) we have the approximate equality 

(- 2£)-'1• = n +% gn (~- n1) (- 2£)-'1. (13.18) 

To simplify matters let us change ( -2£) ''• in the correction term 
to its approximate value 1/n. We have 

(-2£)-''•=n+ ~ gn4 (~-n1) (13.19) 
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Solving this equation for E, we get in the same approximation 
I 3 

E =- 2n2 + 2 gn (n2 - n1) (13.20) 

Thus the energy levels depend, in fact, only on two quantum 
numbers: the principal quantum number, n, and the difference 
n2 - n1• For a given value of n this difference can assume all 
the values (integral, of course) from -(n- 1) to (n- 1). The 
pattern of the splitting of an energy state term in an external 
electric field can be found by taking specific values of n2 - n 1 one 
after another. Formula (13.20) agrees with experiments. 

We have seen that the state of the electron of the unperturbed 
hydrogen atom can be described either by specifying the quantum 
numbers n, l, m (in spherical coordinates) or by specifying the 
quantum numbers n1, n2, m (in parabolic coordinates). Since the 
eigenfunctions ,Pnrm do not coincide with ¢~,,.,m (the first are linear 
combinations of the second with the same values of n and m, and 
vice versa), the states nlm and n,n2m differ. But then in what 
state is the electron of the unperturbed hydrogen atom? We can 
judge the state of the atom by measuring its energy E, which for 
an unperturbed hydrogen atom depends only on n. This means 
that in a state with a definite energy only this quantum number 
has a definite value, whereas the other quantum numbers (say, 
n1, n2, m) remain not only unknown but physically undefined. 
The most we can say is that the wave function of such an atom 
is a linear combination of the eigenfunctions with the fixed value 
of n and various values of the other quantum numbers (in fact, 
this is a combination of the functions Wnrm as well as the func-
tions ¢~,,.,m). To specify the value of n1 - n2 we must act on 
the atom in a definite way. Namely, we must place it in an 
electric field. When this is done and the difference n1 - n2 is mea
sured, the state of the atom becomes known with greater accuracy. 
We can then say that here the wave function is expressed in terms 
of the eigenfunctions with definite values of n and n1 - n2• Hence 
it is the physical interaction with the atom that enables us to 
distinguish between states rather than mathematical arbitrariness 
(choice of coordinates or eigenfunctions). 

14. Scattering of a-partlc1es. 
Statement of the problem 

Let us imagin·e that there is a coordinate system with the heavy 
nucleus of an atom at its origin. A plane wave representing an 
a-particle with definite momentum Pz = p > 0 and energy E 
falls onto this nucleus from the negative half of the z axis (from 
the left). The wave undergoes diffraction: the outgoing wave from 
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the scattering centre interferes in the right half of the z axis 
(z > 0) with the incident wave. This means that the a-particle 
is "partially" deflected by the scattering centre and "partially" 
passes the scattering centre undisturbed (this must be understood 
as a linear superposition of states). For the sake of clarity we 
can visualize a whole plane of scattering centres and a beam of 
a-particles falling onto it in the direction of positive values of z. 
To the left of this plane the flux of a-particles is entirely along 
the z axis in the positive direction (that is, to the right). To the 
right of this plane it divides into two parts: the passing flux of 
a-particles and the deflected flux. 

What we want is to describe this phenomenon by using the 
wave function 1Jl and to find the ratio of the flux of scattered 
a-particles to the incident flux as a function of the deflection angle. 

We denote the charge and mass of the a-particle by 2e and ma, 
the charge and mass of the nucleus (the target) by Ze and M, 
and put 

maM ) 
J.L= m +M (14.1 

a 

When an a-particle hits an atom of a high-Z element, Coulomb 
repulsion between the two plays the main role, whereas the 
action of the electron shell on the a-particle is negligible. We 
can therefore assume the potential energy to be 

U (r) = 2Ze2 (14.2) 
r 

The SchrOdinger equation of our problem is 

_ .!:_ V21j> + 2Ze1 'I> _ lh ow = 0 
21' r iJt 

(14.3) 

and we will consider states with a definite energy equal to 

E=L (14.4) 
21' 

where p is the momentum of the a-particle at infinity. Let us also 
assume that the angular momentum of the a-particle about the z 
axis is zero, so that the wave function does not depend on angle cp. 

At negative values of z and large values of r the wave function 
by definition must be a plane wave 

(14.5) 

with -oo < z < 0 and r-+ oo. Aside from this, to make our 
solution unique we specify that no ingoing waves from infinity 
are present. 

Since the energy has a definite value, we can put 
11>= '¢oe-1Bttli 04_6) 
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where 1jl0 does not depend on t and satisfies the equation 

_ :; V21jlo + 2~e2 1jlo = £1jlO (14.7) 

Before solving this equation let us simplify its coefficients. This 
is done by introducing a new unit of length, 

h,2 
r---o- 2Ze2J.1. 

The new coordinates are 

1 X X=-, 
ro 

We also put 

YI=JL 
ro ' 

1 Z z =-, 
ro 

2Ze2 
E=e-

ro 

Equation ( 14. 7) then reads 

1 v2 "'o + 1 ,.,o ,1,., -2 r''l' 7"' =e.., 
and condition ( 14.5) takes the form 

¢0 ,..., exp [i (2e) '11 z'] 

at- oo < z' < 0 and r'- oo, 

15. Solution of equations 

(14.8) 

T1 = ...!_ (14.9) 
ro 

(14.10) 

(14.11) 

(14.12) 

Since according to the conditions of the problem the z axis 
plays a special role, we introduce parabolic coordinates: 

u=r' + z', v=r' -z' (15.1) 

Next we use the results of Section 12, specifically Eq. (12.16), 
in which we (a) change the term + 1 in the brackets to -1 
(because in our case the Coulomb energy has the opposite sign), 
(b) put g = 0, and (c) keep in mind that 1jl0 does not depend 
on angle cp. We get 

:u ( u aa~o) + a~ ( v ~~o) + [- 1 + f e (u + v)] 1j>0 = 0 (15.2) 

The condition at infinity, ( 14.12), is written in parabolic coor
dinates as 

1j>0 "' exp [i (2e)'1' (u- v)/2] (15.3) 

as v-+- oo and for all values of u. We can satisfy this condition 
only if 

(15.4) 
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where V does not depend on u but satisfies the asymptotic con· 
dition. 

[ . 'I ] V -- exp - t (e/2) 'v at v- oo (15.5) 

If we now substitute (15.4) into (15.2), we see that the former 
is a solution only if V satisfies the equation 

d ( dV ) [ ( e )''• l ] (if) V dv + i 2 - 1 + 2 8V V = 0 (15.6) 

Since e > 0, we can put 
'I' (28) V = V1 

after which we obtain 
(15.7) 

- v- ---- -u V=O d ( dV ) [ i l I ] 
dvl I dvl + 2 (2e)'/, + 4 I 

(15.8) 

This equation coincides with the one we studied 
Sections 7 and 8: 

in detail in 

(7 .4) 

In our case 
i I 

.).I= 2- (Ze)'/, ' S = 0, X1 = V 1 (15.9) 

If for the sake of convenience we put 

b=-1- ,.,=~-b (15.10) 
(2e)'/, ' 2 

by (7.6) and (7.8) we can write the solution to Eq. (15.8), finite 
at v1 = 0, as 

V = ce-to,f2F (- ib; 1; iv1) 

_ -lrJ./2[1 + (- ib) . + (- ib) (- ib +I) (' )2 + ] 
- ce (1!)2 tV1 (ZI)2 f.V1 • • • (15.11) 

Constant c can be found from condition (15.5), that is 

V -lrJ,/2 
--e as v1 - oo (15.12) 

This requires that we use the asymptotic expansion for the con
fluent hypergeometric function, F, derived in Section 8 [see 
(8.10)]. For the specific values of the parameters we have 

V _ cenb/2 -l (rJ./2-blog o1) F (- 'b• _ 'b• '/ ) 
- r (1 + ib) e 20 t , t , t v1 

b nb/2 . 
c e , (rJ1/2-blogo1) F (1 + 'b• i + 'b• 

c1r ( 1 - ib) e 20 ' 1 t 1 (15.13) 
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where F2o are formal power series built according to (8.9). Condi
tion (15.12) holds approximately if we put 

(15.14) 

Let us now turn to coordinates r' and z' and build the function 
,P0• On the basis of (15.1), ( 15.4), and ( 15. 7) we get the following 
expressions for 1j)0• For small values of v = r'- z' 

'i>o = e -nllt2r (1 + ib) l~'tb [ 1 + \~~~~) i (r'-;; z') 

+ (- ib\~~/ +I) ( i (r'-; z') r + ... ] (15.l5) 

and for large values of v = r'- z' 

,po=eiz'lllelblog[(r'-z'>/111 (t + (-ib)2 ib + ) 
1 r'- z' · • • 

- r(l+ib) b2 lr'fb -lblog[(r'-z')/bl(t+ ) 
r (l - ib) r' - z' e e ... (15.16) 

Note that parameter b is proportional to the wavelength. 

16. The Rutherford scattering law 

Formula (15.16) provides an overall solution for our problem. 
At large distances from the atom and not too close to the z axis 
(at least at a distance of several wavelengths from this axis) the 
wave function consists of two terms. The first term, being 
approximately '!'? = elz'lb+llllog ((r'-z')/b] (16.1) 

represents the passing plane wave corresponding to the undeflect
ed beam of a-particles. The second term, approximately being 

.,,o=-b2f(l+ib) I elr'/b-tblog[(r'-z')/bl 
"'2 r (I - ib) r'- z' 

(16.2) 

is the scattered spherical wave corresponding to the deflected 
particles. 

To estimate the relative intensity of the deflected and undeflect
ed particle fluxes, let us build, using ( 16.1) and then ( 16.2), 
two quantities that are proportional to the current densities. We 
recall formulas (2.1 0) and (2.11), Chapter II I, and get 

( z' r'- z' ) S1 =grad' T+blog b 

b4 , ( r' r' - z' ) s2 = (r'- z')2 grad b- b log b 

(16.3) 

(16.4) 
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Obviously, vector S1 at great distances is directed along the z 
axis, and S2 along the radius vector away from the scattering 
centre. 

If we denote the number of particles crossing an area da per 
unit time by n da and the number of particles scattered into the 
area that subtends a solid angle dw at the origin (the target) per 
unit time by CD dw, then by using ( 16.3) and ( 16.4) we find 

2 ( r' ) 2 4 <D = nro , , b r -z 

If we denote the scattering angle by e, then 

z' = r' cos e 

( 16.5) 

(16.6) 

With this in mind we can write (16.5) in the following form: 

nr2b4 

<D = 4 sin40 (8/2) (16.7) 

or, if we replace r0 and b by their values given by (14.8), (14.10) 
and (15.10), 

<D = n ( ~~ r sin4 (8/2) (16.8) 

Ernest Rutherford derived this formula on the basis of classical 
mechanical notions and verified it in experiments. The law of 
inverse proportionality to the fourth power of the sine of the 
scattering half-angle was fully confirmed. 

17. The virial theorem in classical 
and in quantum mechanics 

Classical mechanics contains a theorem that deals with the 
motion of a system of particles in a finite region of space. During 
this motion the particles' coordinates and, naturally, their ve
locities remain finite. The virial theorem states that the time 
average value of kinetic energy T is related to the virial, which is 
a certain linear function of the derivatives, with respect to the 
rectangular coordinates, of potential energy U. The coefficients 
of the derivatives are proportional to the corresponding coordi
nates. For one mass point the virial is 

V=x au + Y au + z au 07.1) ax ay az 
with U the potential energy. If we recall that the equations of 
motion are 

.. au 
mx=-()X· 

.. au 
my=- ay, mz=- ~~ (17.2) 
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we see that 
V = - m (xx + yg + zz) 

On the other hand, obviously, 

:t (x2 + y2 + z2) = 2 (xx + y iJ + zz) 
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(17.3) 

(17 .4) 

~: (x2 + y2 + z2) = 2 (r + fl2 + z2) + 2 (xx + yg + zz) ( 17 .5) 

or 
~ 4 2 -(x2+ y2+z2)=-T -- V 

dt2 m m (17.6) 

It is easy to see that the time average value of the left-hand side 
of ( 17.6) vanishes since it is equal to the difference of the values 
of ( 17.4) at two distant moments of time, divided by the time 
interval. 

Thus 
2(T) =(V) (17.7) 

This is the essence of the virial theorem of classical mechanics 
for the case of one mass point. The theorem can be generalized 
for a system of mass points. 

If the potential energy is a homogeneous function of degree p 
in the (Cartesian) coordinates, the definition of the virial, ( 17.1), 
gives 

V=pV (17.8) 
and hence 

2 (T) = p (U) (17.9) 

Now we take up the case involving quantum mechanics. The 
time average of a classical quantity has corresponding to it in 
quantum mechanics the mathematical expectation of the quantum 
analogue of this quantity in a state with definite energy. Let us 
show that, if we relate classical and quantum quantities in such 
a way, there is a condition in quantum mechanics similar to the 
virial theorem of classical mechanics. 

The Schrodinger equation for the motion of a mass point (as 
well as for the motion of a system of mass points) can be obtained 
from the variational method. This method states that for actual 
motion 

M=O (17.10) 

where the action integral, /, is 

I = ~ ijJ (T + U - E) 'iJ d,; (17.11) 

with T the kinetic-energy operator, U the potential energy oper
ator, and E the energy parameter (total energy). 

15* 
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We will keep to the case of one mass point. Then 

tJ2 
T'i' = - - V2'i' 2m 

where ~,72 is the Laplacian operator. 
If '!' is normalized so that 

~ "'"' d-r = 1 
then 

To= ~ ;j,T'!' d-r 

is the mathematical expectation of kinetic energy and 

Uo = ~ ;j,U'!' d-r 

is the mathematical expectation of potential energy. 

(17.12) 

(17.13) 

(17.14) 

(17.15) 

After these preliminary remarks we can formulate the virial 
theorem as follows. 

If the wave function, '~'· belongs to the discrete spectrum 10 and 
the potential energy is a homogeneous function of degree p in 
the coordinates, that is, if 

U (A.r} = A.PU (r) 

we come to the following relationship: 

2To=PVo 

(17.16) 

(17.17) 

that is, the double mathematical expectation of kinetic energy is 
equal to p times the mathematical expectation of potential 
energy. 

To prove the theorem we first change r in ¢ (r) to a proportional 
quantity (r-+ A.r) and consider the function 

'ljl• (r, A.)= A.'1''i' (A.r) (17.18) 

which according to (17.13) is normalized to unity. Next we sub
stitute ¢* into action integral ( 17.11) and denote by T; and u~ 
the mathematical expectations of the kinetic and potential ener
gies in the state described by "¢*. When x, y, z change to ')...x, ')...y, ')...z 
(that is, with the change of scale), T changes to ')...2T (normal
ization for "¢* coincides with normalization for ¢). This means 
that 

• r -· • 2 To= ) '!' T'IJ d-r =A. T0 (17.19) 

10 This corresponds to a motion in a finite region of space and with a finite 
velocity. 
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and also that 

u~ = ~ ,j,"U'IJ* d-e= ~ '11 (r) u ( T) '11 (r) d-e 

which owing to the homogeneity of U yields 

U~= A. -puo 

The action integral is then 

I= A.2T0 +A. -Puo- E 

Finally, nullifying its variation in parameter A., we get 

M = (2A.To- pA, -p- 1U0) M = 0 
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(17.20) 

(17 .21} 

(17.22) 

(17.23) 

But the solution of the variational problem is found at A. = I. 
Hence 

2To=PVo (17.24) 

which is what we set out to prove. 
In the general case of an arbitrary potential energy we have 

( au~ ) ( au au au) 
2To=- a).. A- 1=M.E. xaz-+Yay+zaz- =M.E.V 

(17 .25) 

We can apply the same reasoning to the case of a system of 
particles if operators T and U are homogeneous functions defined 
by (17.19) and (17.21). 

The relationship expressing the virial theorem is satisfied not 
only by the exact solution but by approximate solutions as well, 
provided that these are obtained by using the variational method, 
which allows for variation of scale. Variation of scale means that 
the wave function can be transformed according to ( 17. I 8), with 
an appropriate generalization for many particles. After this trans
formation A, can be found by the variational method. For instance, 
the method of self-consistent field (see Part IV), obtained by the 
variational method, allows for variation of scale. 

18. Some remarks concerning the superposition 
principle and the probabilistic interpretation of the wave function 

In Sections 14-16 we considered the problem of a particle collid
ing with the heavy nucleus of an atom. This problem is of special 
interest because it provides a graphic demonstration of the 
physical meaning of the concept of a wave function. 

We know that the wave function 'iJ (x, y, z, t) serves to describe 
the state of one particle. This state can be such that a given 
physical quantity does not have a definite value. For instance, let 
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the wave function of a free particle be 

'¢ = (c 1etxpfh + c2e1YPI11 ) exp (- ~ ;~ t) (18.1) 

In this state the particle's energy is 
p2 

E=2m (18.2) 

But we cannot specify the direction of its motion. If we were to 
run a large number of tests that made it possible to determine the 
direction of motion (say, with the help of a specially oriented 
aperture), we would find that there is a probability of the particle 
moving along the x axis with a velocity v = p/m. There would 
also be a probability of the particle moving along the y axis with 
the same velocity. In other words, in the state described by wave 
function ( 18.1) the particle has a potential possibility of being 
observed moving in one or the other direction. Obviously, this is 
a state different from the one in which the particle moves along 
the bisector of the angle between the x and y axes. In the latter 
case a particle having a velocity corresponding to the value of 
energy ( 18.2) would be in the state 

'¢ = cae-tEtth exp (...!.... x + Y P) (18.3) 
n-Y2 

which is completely different from (18.1). The possibility of the 
existence of states in which a given quantity does not have a 
definite value and which are linear combinations of states with 
definite values of this quantity (the superposition principle) is 
most characteristic of quantum mechanics, and herein lies the 
fundamental difference between quantum and classical mechanics. 
The language of classical mechanics cannot describe such a 
"mixed" state of one particle. The superposition principle Is 
necessary, however, if we want to derive, starting from a general 
principle, the dual nature of light and matter, which manifest 
themselves as waves and as particles. 

In the early history of wave mechanics the wave function was 
interpreted as a certain wave in physical space, a wave that was 
connected with a collection of particles capable of diffraction (de 
Broglie's wave). The superposition principle rested on this as
sumption. For instance, in ( 18.1) the term 

c 1e1~Pfh exp (- ~ ;~ t) 
corresponded to a wave representing a flux of particles moving 
along the x axis with velocity v = p/m, whereas the second term 
represented a flux of particles moving along the y axis. The whole 
wave function was, so to say, the superposition of these two fluxes, 
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and their ratio was equal to the ratio of the amplitudes' square 
moduli, I ctl 2/ I c2l 2. 

Such an interpretation of the wave function, thanks to de 
Broglie, was pictorial. Strictly speaking, however, it was not a 
precise interpretation because the two fluxes can interfere with 
each other and superposition can be understood as a linear com
bination of the wave functions representing the fluxes. More than 
that, we know that a wave function describes the state of only 
one particle (and not a flux) and must be interpreted on the basis 
of the potential possibility of certain results being obtained in 
experiments (measurements) with the particle. We have mentioned 
this fact in Section 6, Chapter IV, Part I. There we also noted 
that a quantum object cannot be an element of a statistical en
semble. For this reason there is no purpose in introducing 
"ensembles" of such objects, as is done in statistical physics. If 
we want to assume that the concept of probability requires the 
existence of an ensemble, this can only be an ensemble of the 
results of a definite set of experiments. 

To return to the wave function ( 18.1). If we consider it from 
the angle of potential possibility, we can build formulas for the 
probabilities of finding a particle moving along the x and y axes, 
provided that initially the particle was in state ( 18.1). The prob
abilities will then be proportional to the squares of the amplitudes 
moduli, and their ratio will be equa I to I cd 2/ I c2l 2• This result 
coincides with what we get when we consider de Broglie's waves 
as referring to fluxes of particles. But we should not understand 
the word "fluxes" too literally. We must allow for the possibility 
of mutual destruction of the waves that represent the fluxes as 
the result of interference of the waves. 



Part III 

PAULl'S THEORY OF THE ELECTRON 

t. The electron angular momentum 

In Section 7, Chapter II, we considered the operators of angular 
momentum, which we built using the position and momentum 
operators: 

mx= YPz- zpy 

my=ZPx- XPz 

mz = XPy- YPx (1.1) 

These operators can represent the angular momentum of a mass 
point with three degrees of freedom, that is, moving in space. 
The behaviour of an electron in a magnetic field and the prop
erties of systems of many electrons (the electron shell of an 
atom, for instance) show that the electron possesses an internal 
degree of freedom connected with its intrinsic angular momentum, 
which does not depend on the motion in space. This internal de
gree of freedom (or the corresponding intrinsic angular momen
tum) of the electron is called the electron spin. 

The properties of the electron's intrinsic angular momentum 
(spin) can be studied by using the commutation relations be
tween the components of the conventional (orbital) angular mo
mentum 

mymz- mzmy = ifimx 

mzmx - mxmz = ifimy 

mxmy- mymx = ifimz (1.2) 

We assume here that spin angular momentum satisfies the same 
relations. We also introduce the hypothesis that the operators for 
each of the spin components possess only two eigenvalues that 
differ only in their signs. 

The operators of spin angular momentum components can be 
written as 

1i 11 1i 
(mx)spln = 2 (J x• (my)spln = 2 Gy, (mz)spln = 2 Gz (1.3) 

232 
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where O'x, a11 , O'z are hermitian operators with two nondegenerate 
eigenvalues, + 1 and -1. The 1/ 2 -factor appears because opera
tors ( 1.3) must satisfy ( 1.2). 

When calculating spin in units of ft (and not in units of ft/2), 
it is convenient to use the operators 

1 1 1 
S~ = 2 0'~, Sg =2 a11 , 82 = 2 0'2 

instead of ax, a,, O'.z. We will use these new operators in Part IV 
to study the many-electron problem. 

The commutation relations for ax, a11 , O'z are 

C1110'2 - 0'2 0'11 = 2ia~ 

O'zO' x - 0' xO' z = 2ia11 

O'xO'g- O'yO'x = 2iO'z 

At the same time there is the following identity: 

which together with (1.4) yields 

a;az- 0'2 0'!=- 2i (axay + a11 ax) 

(1.4) 

According to our hypothesis, the eigenvalues of O'x are ±1, so 
that a~ has only one eigenvalue a;= 1. This means that a~ is 
not an operator but simply a number, which commutes with any 
operator, O'z inclusive. Hence the right-hand side of the last equal
ity vanishes. Together with similar equalities for other components 
this yields 

O'yO'z + O'zO'g = 0 

O'zO'~ + 0'~0'2 = 0 

0' xO'g + O'yO' x = 0 (1.5) 

which are called the anticommutation relations (the operators in 
this case are said to anticommute). If we compare (1.4) with (1.5), 
we can see that 

Also 

O'gO'z =- O'.zO'g = iO'x 

azax =- axaz = ia11 

a xa 11 = - a ,ax = ia2 (1.6) 

(1.7) 

We can consider O'x, a11 , O'z either as 2 X 2 matrices or as opera
tors that act on functions of a certain new variable a (in addition 



234 Fundamentals of Quantum Mechanics 

to coordinates) that assumes only two values, o = ±I, say. De
noting a function of this kind by ¢(r, o), where r represents all 
three position coordinates, we can satisfy relations ( 1.6) and 
(I. 7) if, for instance, we put 

ox¢(r, o)=¢(r, -o) 

o11¢ (r, o) =- io¢ (r, - o) 

Oz¢(r, o)=o'¢(r, o) 

lf we write '¢ as a two component column function 

'¢=(~) 

(1.8) 

(1.9) 

where 6 = 'iJ (r, + l) and TJ = ¢ (r, -1), then the previous for
mulas are written 

(1.10) 

Hence the operators can be represented in matrix form as 

(1.11) 
where 

Ot = ( ~ ~), ( 0 -i) 
02 = i 0 , (1.12) 

These are the Pauli matrices. The choice of matrices for op· 
erators o_., a11 , CJz is determined to within a canonical transforma
tion (which corresponds to a linear combination of 6 and TJ). 
Whence, if we assume, as is customary in scientific literature, that 
cr1, cr2, cr3 are matrices with numbers as elements, (1.12), and pre
serve the physical meaning of ax, a11 , CJz that follows from ( 1.8), 
then equalities ( 1.11) are not the only possible ones and can be re
placed by equivalent equalities. 

The operators Ox, a11 , Oz, which satisfy ( 1.6) and ( 1.7), are of a 
vector nature in the sense that, if we introduce three linear forms 

a:= l 1ax + m1a11 + n1az 

a~ = l2a x + m2a 11 + n2a z 

a~ = l3a x + m3a 11 + n3a z (1.13) 

where l~c, m~c, n~c (k = l, 2, 3) are the cosines of the angles between 
two rectangular coordinate systems, the new operators, o:, cr~, 
will have the same properties (1.6) and (1.7) as the old operators, 
Ox, o11 , Oz. It then follows that if we consider the three quantities 
to be the components of a vector, the eigenvalues of the projection 
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of this vector on any direction are + 1. Note that when we assume 
operators Ox, Oy, Oz to be matrices ( 1.12), as was done in ( 1.11), 
then ( 1.13) are the most gen~ral relationships for 2 X 2 matrices 
that satisfy ( 1.6) and ( l. 7). 

The three matrices ( 1.12) together with the unit matrix form a 
complete set in the sense that an arbitrary 2 X 2 matrix can be 
expressed in terms of a linear combination of these four matrices 
with coefficients that are complex numbers. If the matrix under 
consideration is hermitian, the coefficients are real. 

Now we turn to the problem of total angular momentum op
erators. If we take the operators of spin angular momentum in the 
form ( 1.3), the operators of total angular momentum are obviously 

h h h 
.Lx=mx+2ox, .Jly=mu+2aY, .Jlz=mz+20'z (1.14) 

Owing to the general property of angular momentum, operators 
(1.14) must satisfy the same commutation relations as the op
erators of orbital and spin angular momenta. This results in the 
following relations similar to (1.2): 

.Jl u.Jl z - .Jl z.Jl u = ili.ll x 

.Jl z.Jl x - .;{( x.ll z = ili.Jl y 

.Jl x.Jl y- .Jl JJ.Jl x = ili.Jl z ( 1.15) 

These commutation relations can be verified directly by using 
relations ( 1.2) and ( 1.4) for mx, my, mz and O'x, O'y, O'z respectively 
and remembering that orbital angular momentum commutes with 
spin angular momentum. 

We can use the components of the spin and orbital angular 
momenta to build a bilinear form that commutes with each com
ponent of the total angular momentum. Indeed, let us put 

.;{( = O'xmx + O'ymy + O'zmz + li 

or, which is the same, 
1 

.A = 0' x--K x + 0' JJ,_K y + 0' z.Jl z - 2 h 

According to the properties of mx, my, mz, 

--Kmx- mx--K =-iii (aymz- O'zmy) 

whereas according to the properties of O'x, ay, O'z 

! (A ax- O'x.L) =iii (aymz- O'zmy) 

(1.16) 

(1.16*) 

If we then add the two equalities, the right-hand side vanishes. 
The expression on the left together with the similar relations for 
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the other two components yields 

J( J( x - Jl x.L = 0 

J( .A g - .A g.L = 0 
J{J(z- J(z.Jt = 0 (1.17) 

Let us see how operator Jt is connected with the operator of 
orbital angular momentum in Schrodinger's theory. We find that 

.A2 -.Lh=m2 +m2 +m2 (1.18) X g Z 

On the other hand, we can square operators corresponding to the 
orbital angular momentum components, ( 1.14). We then see that 

J(2 + ,A2 + ,A2 = _A2 - .!.. h2 
X /J Z 4 (1.19) 

Thus the square of vector (Jtx. Jt 11 , Jlz) differs from the square 
of the scalar operator Jl only by the term n2/4. We will call Jt 
the operator of the spin-orbit scalar of angular momentum. 

The right-hand side of ( 1.18) is an operator in Schrodinger's 
theory and does not contain the Pauli matrices. Its eigenvalues 
are h 21 (l + l), where 1 is a positive integer or zero. If we denote 
the eigenvalues of J( by lik, we have 

k(k-l)=l(l+ 1) 

which for a given value of l yields 

k = - l or k = l + 1 

(1.20) 

(1.21) 

But k cannot be zero. Indeed, from formula (1.19) it follows 
that the mathematical expectation of .A2 exceeds tJ 2/4 in any state. 
Hence the eigenvalue equation 

.A\jl = kh\jl (1.22) 

cannot have a zero eigenvalue. This in turn means that at l = 0 
the only possible value of k is k = 1, and at l;;;:::: 1 there are two 
values of k, given by formula (1.21). 

2. The operators of total angular momentum 
in spherical coordinates 

When we studied the problem of motion due to a central field 
in SchrMinger's theory (Chapter IV, Part II), we found the 
expressions for the operators of orbital angular momentum in 
spherical coordinates r, a, cp. These coordinates are connected with 
rectangular coordinates x, y, z via the following formulas: 

x = r sin ~ cos cp, y = r sine sin cp, z=r cos e (2.1) 
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If we put 

• ~> a "li a . ~> a (2 2) 
~=-tn~, ~=-t~, ~=-tn~ . 

then according to formulas (3.2), Chapter IV, Part II, we have 

mx =-sin <p Pe-cot 8 cos <p Pep 
my= cos <p Pe - cot 8 sin <p Pep 

(2.3) 

The simultaneous eigenfunctions of the square of angular mo
mentum and the projection of angular momentum on the z axis 
must in Schrodinger's theory satisfy the following equations: 

2,h n2[ 1 a ( · e a¢) + I a2¢] m 't' = - n sin 8 as sm as sin2 8 a~p2 

= h2l (l + l) 'Jl (2.4) 

mz'¢ =- ih ~: = m'Jl (2.5) 

and must be single-valued on the surface of a sphere. 
Now we consider the total angular momentum, which includes 

spin. Let us reintroduce the operators .ltz and .It of the previous 
section [see (1.14) and (1.16)]. In terms of pe and pep these op
erators are 

li 
J(z =Pep+ 2 (Jz (2.6) 

Jt = (- (Jx sin <p + (JY cos <p) Pe 
+ (- (Jx cot 8 cos <p- (Jy cot 8 sin <p + (Jz) Pep+ h (2.7) 

We ask for the simultaneous eigenfunctions of .ltz and .lt. 
These functions must satisfy the equations 

Jlz'll = h ( m + ~) 'ljl 
.It'¢= hk'Jl 

and must be single-valued on the surface of a sphere. 

(2.8) 

(2.9) 

As to the eigenvalues of the two operators, we have already 
stated that for a given nonzero value of l the quantum number k 
can assume the values k = -l and k = l + l, whereas at l = 0 
the only possible value of k is unity. The quantum number m is 
the same as in Schrodinger's theory. It can assume all integral 
values from m = -l tom= +l. 

To simplify (2.6) and (2.7) let us use the canonical transfor
mation 

L'=SLS+, '¢' = s, (2.1 0) 
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where 
S q>+ .. q> = cos 2 H1z sm2, s+ =cos~ - ia sin~ (2.11) 2 z 2 

If prior to transformation 

ax= a,, a11 = a 2, az = aa 

.It =-iii _q_ + E._ a3 z aq> 2 

then after transformation 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

Changing the operators ax, a11 , az in (2.7) according to (2.14) 
to a:. a~, a~ and p~ to 

, s s+ li pq> = pq> = p~- 2 a3 (2.16) 

we find the transformed operator Jt in the form 

.It'=- a, cot fJprp + a2 (Pe - i~ cot fJ) + aaprp + ~ (2.17) 

where P•P and pe are understood to be the operators (2.2). 
To further simplify Jt we apply to it two transformations one 

after another. First, we put 

where 

We get 

T e +. . e =cos 2 ta2 sm 2 , 

'IJl" = T'ljl' 

T+ e . . e =cos-- ta2 sm-2 2 

u" 111 + ( iii t e) 
.;n = - sin e Prp a2 Pe - 2 co 

Second, we put 

Jlt" =(sin fJ)''• .,({"(sin 0)-'1•, 'ljl" =(sin e)''• 'ljl" 
The transformed operator Jt• now assumes the form 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

which is much simpler than the initial form, (2.7). Operator ..K~, 
on the other hand, has not changed after transformations (2.18) 
and (2.21), so that we have 

(2.23) 
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If we consider ¢ to be a two component wave function on the 
surface of a sphere [see ( 1.9) ], 

and if we put 
I 'i' 12 = I '1'1 12 + I '1'2 12 

we can take the normalization condition to be 
n2n 

4~ ~ ~I¢ 12 sine d9 d<p = 1 
0 0 

(2.24) 

(2.25) 

(2.26) 

The same will hold for 'I'' and 1jl". But for 1jl"', which differs from 
'I'" by the factor (sin 9) 't,, the normalization condition is 

n2n 

4~ ~ ~ 1 'i'* 12 de d<p = 1 (2.27) 
0 0 

Only the original wave function is required to be single-valued. 
As for the transformed wave functions, they change their sign 
when cp increases by 2n since the operators of the transformations, 
(2.11), are linear in sin ( cp/2) and cos ( cp/2). Hence the trans
formed functions are two-valued functions of position coordinates. 

The eigenvalue equations (2.8) and (2.9) for Jfz and vft then 
read 

Pep 'I'• = li ( m + +) 'i'* (2.28) 

(2.29) 

3. Spherical harmonics with spin 

If we write the two component wave function as 

'i'*=(~) (3.1) 

we see that Eq. (2.28) splits into two similar equations 

~~ = i ( m + ~) Y, ~! = i ( m + ~) Z (3.2) 

and Eq. (2.29) reduces to the system 

-~-~- az -kY 
sin 6 a<p ae - ' _i_ ~ + 2!._= kZ 

sin 6 a<p ae (3.3) 
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If we want the solutions to satisfy (3.2), we put 

Y (9 m) = - 1-el<m+'/alcrA (9) 
' '"~' (4n)''• 

Z (9 m) = - 1- e1 <m+'/al 'fiB (9) 
' '"~' (4n)''• 

(3.4) 

Then A (9) and B (9) will satisfy the following system of equations: 

dA = (m + 1/2) A + kB 
d6 sin a , dB = - (m + '12) B - kA (3.5) 

de sin fl 

and the normalization condition will be 

n 

~ ~ (A2 + 8 2) d9 = 1 (3.6) 
0 

These last functions can be expressed in terms of the associated 
Legendre polynomials of the first kind, P't (cos 9), studied in 
Schrodinger's theory (see Sections 4-6, Chapter IV, Part II). Let 
us recall some of their properties. The function 

P'/' (x) = P't (cos 9) (3.7) 
satisfies the equation 

d [ 2 dP'/' ] m2 m m - (l-x )- ---Pt +L(l+ l)Pt =0 
dx dx I- x 2 

(3.8) 

and is the solution that remains finite at x = +I. At m = 0 the 
function P'/' (x) reduces to the Legendre polynomial 

P1 (x) = 2!1! :~~ (x2 - 1)1 (3.9) 

and at m~O it is 

(3.1 0) 

For negative values of m the P'/' (x) are expressed in terms of the 
associated Legendre polynomials with positive values of m: 

(3.11) 

We also know [see (5.18) and (5.19), Chapter IV, Part II] that 
P't (cos 9) and P't+ 1 (cos 9), considered as functions of a, satisfy 
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the following system of first-order equations: 

:e Pi (cos 8)- m cot 8 P'{' (cos 9) =- p'{'+' (cos 8) 

:e P'!'+' (cos 8) + (m + 1) cot 8P '!'+' (cos 8) 

= (l + m + 1)(1- m) P7' (cos 9) (3.12) 

Equations (3.5) reduce to this system. We can show this by 
initiating a transformation 

A + iB =(sin 8)''• e -te/2 (y 1 + iy2) (3.13) 

analogous to the one from \jl* to 'I'' given by (2.18) and (2.21) [we 
consider A, B, Yt. and Y2 in (3.13) to be real]. Then the equations 
for Yt and Y2 are 

'!ie' - m cot 9 y1 = (k + m) Y2 

~2 +<m+ 1)cot9y2 =-(-k+m+ l)y1 (3.14) 

These coincide with the equations for ordinary spherical harmo
nics, (3.12) I if we put 

Yt = - c (k + m) P'{', Pm+l 
Y2=c 1 

or 
Yt =- c'P!m, Y2= c' (- k + m + 1)P!m-l 

and if we assume, following ( 1.20). that 

k (k- I)= l (l + 1) 

(3.15) 

(3.16) 

(3.17) 

We can take l to be either of the two numbers -k and k- 1 that 
is nonnegative. This condition can be written 

t+'h=lk- 1/21 (3.18) 

Equating (3.15) with (3.16) and using formula (3.11) I we get the 
ratio of the constants c' and c: 

~ = ( _ l)m (k + m) (l + m)l 
c (l- m)l 

(3.19) 

The value of each constant can be found from the normalization 
condition (3.6) 1 which can be rewritten thus: 

1'1 

~ ~ (Y~ + un sin 8 d8 = 1 (3.20) 
0 

16-2186 



242 Fundamentals of Quantum Mechanics 

We get 

1 ((1-m)l)''• 
c = I k + m I''• (l + m)l ' 

c'=(-1r k+m, ((t+m)!)''• 
I k + m 11• (l - m)! 

(3.21) 

If we introduce the normalized spherical harmonics by (6.7), 
Chapter IV, Part II, 

p;m (x) = (21 + 1)'1• ( ~: + :~: )"' P'l' (x), x = cos e (3.22) 

where 
+I n 

"2 ~ [Pim (x)]2 dx = ! ~ [Ptm (cos 9))2 sine de= 1 (3.23) 
-1 0 

then 
__ k+m p•m 

Yl - [(k + m) (2k- l)J''• 1 ' 
= ( k- m- 1 )''• p•m+l (3.24) 

Y2 2k- I l 

where the square roots must be taken to be positive. Bearing in 
mind the relationship between k and l (3.18), we write these 
formulas as 

( k + m )''• p•m ( k- m- 1 )''• p•m+l k 0 Yl=- 2k-l k-t. Y2= 2k-1 k-1' > (3.25) 

( k + m ) 'I• .m ( k - m - 1 ) 'I• •m + 1 
Y1 = 2k _ 1 P -k, Y2 = 2k _ 1 P -k , k < 0 (3.25*) 

These formulas demonstrate that the functions y with negative k 
can be expressed in terms of functions with positive k: 

( k- m )''• yt(-k, m, 9)=- k-t-m+ 1 ydk+ I, m, 9) 

( k + m +I )''• Y2(-k,m,9)= k-m Y2(k+1,m,9) (3.26) 

We list some spherical harmonics with spin for various values 
of k: 

m=-1 

m=O 

k= +I (l = 0) 

Y1=0 
y,=-1 

Y2= 1 
Y2=0 



m=-1 

m=O 

m=-2 

m=-1 

m=l 
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k=-1 (l=l) 

y, =-sinS 

y 1 =cos8 

k = + 2 (l =I) 

y,=O 

I . e y,=-sm 
...;2 

y, = - ...;2 cos e 

Y2 = cos8 

Y2 =sin 8 

Y2 = - -v ~ sin 8 

y 2 = ,Y2 cos8 

I . e Y2=-sm 
-¥2 

Y2=0 

4. Some properties of spherical harmonics with spin 

If we write Eqs. (3.5) as 

[- icr2 :e - (ms~ ~2) cr1] ( ~ ) = k ( ~ ) 
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(4.1) 

then these can be interpreted as the eigenvalue equations for the 
hermitian operator 

m . a (m + 1/2) 
;;c. = - l(12- - . (11 ae sm e (4.2) 

with the eigenvalue being k. It then follows that functions A and B 
are orthogonal, that is 

n 

~[A(k, 8)A(k', 8)+B(k, 8)B(k', 8)]d8=0, k ¥= k' (4.3) 
0 

and constitute a complete set. 
Now let us shift from A and B to Yt and y2 via (3.13). The 

latter then also constitute a complete orthogonal set. Recalling 
their normalization condition, (3.20), we can write 

n 

; ~ [Yt (k, m, 8) Y1 (k', m, 8) + Y2 (k, m, 8) Y2 (k', m, 8)] sin 8 d8 = ~kk' 
0 (4.4) 

16* 
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or simply 
l't 

~ ~ y (k, m, 9) y (k', m, 9) sin a d9 = 6kk' (4.5) 
0 

where y denotes the set of two functions, Y1 and Y2· 
An arbitrary pair of functions u1 (9) and u2 (8) which we denote 

by one symbol u(8), can be expanded (after certain conditions 
are met) in a y (k, m, 9) -series: 

u (8) = L c (k) y (k, m, 9) (4.6) 
k 

Actually, ( 4.6) is two expansions: 

Up (9) = L c (k) Yp (k, m, e), 
k 

p= l, 2 

where the expansion coefficients, c (k), are the same in both cases. 
These coefficients can be found via the integral 

l't 

c (k) = ~ ~ y (k, m, e) u (9) sin a de 
0 

which in explicit form is 
l't 

(4.7) 

c (k) = ! ~ [y)J (k, m, e) UJ (9) + Y2 (k, m, 9) u2 (9)] sin a de (4.7.) 
0 

With further applications in mind we put 

u (9) = y (ko. m, e) cos a (4.8) 

To evaluate integrals of type (4.7*) we express y(k, m, 9) in 
terms of ordinary spherical harmonics via (3.25) and (3.25*) and 
then use the recursion relation (6.11), Chapter IV, Part II. In 
fact, only three expansion coefficients c (k) are nonzero, which 
means that ( 4.6) contains no more than three terms. If we write k 
instead of ko, this expansion will be 

2m+ I y(k, m, 9)cos9=- 4k2 _ 1 y(-k,m,a) 

+ [(k + m) (k- m- nl''· (k- 1 9) 
l2k- II y 'm, 

+ [(k- m) (k + m + 1))'/• (k + 1 9) (4.9) 
l2k +II y 'm, 

[We can verify this by expressing y (k, m, 8) in terms of ordinary 
spherical harmonics.] 
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Now suppose that 

u (0) = y (ko. m - 1, 0) sin 0 (4.8*) 

in contrast to ( 4.8). After a similar procedure we find the expan
sion for (4.8): 

. (k2- m2)'/r 
y (k, m- I, 0) sm 0 = 2 4k2 _ 1 y (- k, m, 0) 

_ ((k- m- I) (k- m)]'1• (k _ I O) 
2k -I Y 'm, 

+ ((k + m + I) (k + m)]'/• (k + I O) 
2k+ 1 Y 'm, (4.10) 

This can be verified by using the recursion relation (6.12), Chap
ter IV, Part II, of which (4.10) is a generalization. 

We note that ( 4.9) and ( 4.10) hold not only for Y1 and Y2 but 
for functions A and B as well, since they are interconnected 
through a linear transformation. The coefficients of this transfor
mation do not depend on either k or m. 

The method by which we derived the recursion relations, using 
the completeness condition, is sufficiently general. It can be 
applied for ordinary spherical harmonics and generalized La
querre polynomials, considered in Part II. 

5. The Pauli wave equation 

If a particle of mass m and electric charge -e is in an electro
magnetic field with vector potential Ax, Av. Az and scalar potential 
<D, the Lagrange function (Lagrangian) of nonrelativistic classical 
mechanics is 

!E = ! m (r + 1? + z2)- ~ (xAx + yA6 + zAz) + e<D (5.1) 

The generalized "momenta" conjugate to coordinates x, y, z are 
a~ a~ a~ 

Px = ax • Pv = au , Pz = az (5.2) 

These do not coincide with the components of momentum 

Px=mi, P6 =my, P2 =mz (5.3) 

but are related to them via the formulas 
e 

Pv=Pu--cAv, 
e 

Pz = P z - c Az (5.4) 

The particle's energy is 

E = xpx + iJp, + zpz- !E = ! m (r + y2 + z2)- e<D (5.5) 
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Expressing (5.5) in terms of generalized momenta, we get the 
Hamiltonian function of classical mechanics 

H= 2~ [(Px+: Axr + (Pu +; Aur + (Pz+; AzY] -e<I> (5.6) 

In the absence of a magnetic field the vector potential can be 
taken to be zero, which transforms (5.6) into 

1 
H = 2m (P~ + p~ + P;)- eq> (5.7) 

or 
(5.8) 

where 
V=- eq} (5.9) 

is the particle's potential energy. 
We have already seen that in Schrodinger's theory the Hamil

tonian can be obtained from the classical Hamiltonian function 
by substituting for the generalized momenta Px, py, Pz the op
erators 

'h a P =-t-
X ax 1 

'h a P =-t-u ay , Pz=- ih :z (5.10) 

What happens when we deal with spin? We can build the op
erator 

P = ClxPx + ClyPy + ClzPz 

and use it in building the Hamiltonian. 
Next we find the anticommutator of the operator 

vK = Clxmx + G 11m11 + azmz + h 

(5.11) 

(5.12) 

[see (1.15)] and P. The two operators anticommute, that is, the 
anticommutator equals zero: 

vKP + PvK = 0 (5.13) 

To prove this we use properties ( 1.6) of Clx, Cly, Clz and the 
obvious commutation relations 

muPz - Pzmu = Pumz - mzPu = ihp" 
mzp"- Pxmz = Pzm"- m"pz = iflpu 
m"p11 - p11m" =pxmy- m11p" =ihpz (5.14) 

Here we will not proceed with the calculations but will note that 
they simplify considerably if we use spherical coordinates rather 
than (Cartesian) rectangular coordinates. This will be done in 
Section 6. 
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If we assume, as is done in Schrodin ger's theory, that an elec
tron has only those degrees of freedom that are associated with 
the motion of a mass point in ordinary three-dimensional space, 
then substituting the operators into (5.8) unequivocally brings us 
to the already studied Schrodinger expression for the Hamiltonian. 
But if for an electron we introduce new degrees of freedom, na
mely, the ones connected with spin, then there are new possibi
lities of transforming from quantities of classical mechanics to 
quantum mechanical operators. 

Using the properties of the Pauli matrices Ox, o11 , Oz and the 
commutativity of Px, p11 , Pz, we come to the following expression 
for the Hamiltonian (5.8): 

(5.15) 

Hence introducing operator P, (5.11), gives nothing new. It is 
different when there is a magnetic field. Then the classical Ha
miltonian function has the form (5.6) and the generalized mo
menta do not coincide with the components of momentum but are 
connected via (5.4). We write these as 

e 
Px = Px + c Ax • 

If we consider these quantities as operators, they are not com-
mutative. The commutation relations for them are 

.!_ (P p _ p p ) = :_ ( aAz _ aA 11 ) = .:_ ~ 
h II z z Y c ay az c x 

.!_ (P p _ p p ) = !... ( a Ax _ aAz ) = !.._ ~ 
h Z J& X z C az ax C II 

i e (aA 11 aAx) e 
7i:(PxP11 - P11Px)= c ax -ay- =-c~z (5.17) 

where ~x. ~11 , ~z are the magnetic field components. Because of 
this with the magnetic field the transformation from operators p 
to operators P gives different results depending on whether we 
initiated the transformation in (5.8) or in (5.15). If we shift from 
Px, p11 , Pz to Px, P11 , Pz in (5.8), we return to (5.6), which we de
note by H0: 

H0 = 2~ [(Px + ; Ax r + (P 11 + : Ay r 
+ (Pz + : Az YJ- e<I> (5.18) 

But if we do this in (5.15) and then use the relations ( 1.6) for 
matrices Ox, o11 , Oz and the commutation relations (5.17), we arrive 
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at the operator 

W = H0 + J..L0 (ax,Ux + a11,U11 + Gz,Uz) 

For the sake of brevity we have put 

J..L0 . 2e::,c =0.927X 10-20 ergo-• 

(5.19) 

(5.20) 

This can be considered as the magnetic moment of the electron 
(the Bohr magneton). 

Hamiltonian (5.19) is the generalization of the Hamiltonian in 
Schrodinger's theory when there is a magnetic field acting on the 
electron (we ignore relativistic corrections). We will call H• the 
Pauli operator, and the wave equation 

lr\fJ =iii ~~ (5.21) 

the Pauli wave equation. 

6. Operator P in spherical and cylindrical 
coordinates and its relation to .It 

Introduction of the spin dependent operator 

P=C1xPx+a11P11 +azPz (6.1) 

is an important point in transferring from the Schrodinger equa
tion to the Pauli equation. Let us study the interrelation of the 
Pauli operator with .It, the operator of the spin-orbit scalar of 
angular momentum. In Section 5 we established that these two 
operators anticommute [see (5.13) ]. To study this interrelation 
more closely it is convenient to transform both operators to 
spherical coordinates. For .It we did this in Section 2. As for P, 
we will proceed in two steps: first we transform P to cylindrical 
coordinates, and then we transform the result to spherical coor
dinates. 

Since vector potential Ax, A11 , Az is covariant, 

Pz = Pz+; Az (6.2) 

transform in the same way as Px, p11 , Pz· Hence it is sufficient to 
transform only Px. p11 , Pz (assuming, for the time being, that the 
vector potential is zero) and then include Ax, A11 , Az in the final 
formulas. 

Let us introduce the cylindrical coordinates, p and cp, in the 
following way: 

X= p COS cp, y= p sincp, z=z (6.3) 
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The partial derivatives of 1Jl with respect to both new and old 
coordinates are related thus: 

whence 

iJq> d'lj> sin q> iJ'Ij> 
-=COSq>------
iJx ap p iJq> 

iJ¢ • iJ¢ + cosq> iJ¢ -=smcp- ---oy ap p oq> 

sin q> 
Px =COS q>pp- -P-pep 

(6.4) 

. + cos q> (6 4.) Py = Stn q>pp -p- Pep . 

whereas Pz does not change at all. 
Next we write P as 

p = OtPx + a2Py + 03Pz (6.5) 

with crt, a2, a 3 being the matrices (1.12). Substitution of (6.4*) 
into (6.5) yields 

P =(at cos q> + a2 sin q>) Pp 

+ ! (- Ot sin q> + a2 cos q>) Pep+ a2p2 <6·6> 

The last expression can be considerably simplified if we choose 
an appropriate canonical transformation 

'~'' = S1J>, P' = sps+ (6.7) 

We note that in Section 2 we used this transformation in studying 
the angular momentum operators. There we introduced the ma
trices 

S q> + · 1 q> s+ <P • • q> (6 s =cos 2 ta3 s n 2 , = cos 2 - ta3 stn 2 . ) 

With the help of these we can express the coefficients of pp, Pili• Pz 
in (6.6) in the following way: 

Ot COS q> + a2 sin q> = s+ a1S 

- (Jl sin q> + (]2 cos q> = s+ (]~ 
a3 = s+ a3S (6.9) 

[the last formulas are equivalent to (2.14)]. If we apply the 
transformation to operator (6.6) and put 

p~=Spps+, 

we can write 

(6.1 0) 

(6.11) 
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Since matrix S does not contain coordinates p and z, it com
mutes with PP and Pz, so that these operators do not change. As 
for operator p;, we found it in Section 2 [formula (2.16) ]. Apply-
ing this result, we get 

(6.12) 

Hence operator P transformed to cylindrical coordinates is 

P' = atPp + * a2 (P"'- ~ a3) + a3Pz (6.13) 

or, after we change a2a3 to iat> 

P' =at (Pp- ~:) + ~ a2Pcp+ a3pz (6.14) 

To account for the vector potential we change pp, prp, Pz in (6.14) 
to 

e e e 5) Pp=PP+cAP, P"'=p"'+cA"', Pz=Pz+-cAz (6.1 

where Ap, A"', Az are the generalized components of the vector 
potential and satisfy the relationship 

Ax dx + Ay dy + Az dz = AP dp +A"' dq> + Az dz (6.16) 

We now find P in spherical coordinates. The transition from 
the cylindrical to the spherical coordinates 

z = r cos 8, p = r sin 8 (6.17) 

is performed according to the formulas similar to those used in 
transferring from rectangular to cylindrical coordinates. By anal
ogy with (6.4) and (6.4*) we get 

whence 

~ = cos e o'ljl _ sin 6 o"ljl 
oz or r oa 
o'ljl =sinS~+ cosO o"ljl 
op or r oa 

sine 
Pz= cos 8 Pr- - 2 -Ps 

(6.18) 

. cose 
Pp=smep,+-2-p6 (6.18") 

Substitution of these formulas for Pz and PP into (6.14) yields the 
following expression for P': 

P' = (a1 cos 8- a3 sin 8)-21 Ps + ~e p"' rsm ... 

+ (a1 sin 8 + a3 cos 8) Pr- 1
2.h ~e (6.19) 

rsm 
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Now, to simplify this we introduce a canonical transformation 
similar to (6.7): 

'¢" = T'¢', 

where matrices T and T+ are 

T e +. . e =cos 2 10'2 sm 2• 

P" = TP'T+ 

T+ e . . e =cos- -t<J2 sm-
2 2 

(6.20 

(6.21) 

The coefficients of the first three terms on the right of (6.19) can 
be expressed as 

<J1 cos 9 - <J3 sin 9 = r+ <J1T 

<J2 = r+O'zT 

<J1 sin 9 + <J3 cos 9 = r+ <JaT 

and <J1 in the last term as 

O't = r+ (<J1 cos 9 + <J3 sin 9) T 

The new operator P" then reads 

P" = .£..!.. p" + ~ p" + <J p" - i? (<J cos 9 + <J sin 9) r e r sm 9 q> 3 r 2r sm 9 I 3 

where 
P" = Tp r+ q> q> • 

Since T contains only one coordinate, 9, we have 

whereas 
, ·~r ar+ 11 

Pe = Pe - t" as- = Pe- 2 0'2 

(6.22) 

(6.22") 

(6.23) 

(6.24) 

(6.25) 

Substituting (6.25) and (6.25*) into (6.23), we get the final for
mula 

P" = ~~ ( Pe - i ~ cot 9) + , s~~ e PQ> + 0'3 (Pr - i:) (6.26) 

We note that operator P in both cylindrical and spherical coor
dinates acquires a somewhat simpler form if we effect the trans· 
formations 

'¢" = p''•'¢' for cylindrical coordinates (6.27) 

'¢" = r (sin 9)'1• '¢" for spherical coordinates (6.28) 

Each of these corresponds to a specific transformation of P: 

p• = p'I•P'p-'1• (6.29) 

p• = r (sin 9)'1'P"r- 1 (sin 9)-'1• (6.30) 
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After we make these transformations we get 

p• = f1tPp + ~ Pq~ + f1aPz p 

for cylindrical coordinates, and 

P*=~ +~ +a r Pa r sin 8 Pq~ 3Pr 

for" spherical coordinates. 

(6.31) 

(6.32) 

We can also show that transformations (6.27) and (6.28) sim
plify the expressions for the probability of the electron's coor
dinates being within given limits. What we mean is that the pro
bability for the inequalities 

p < p' < p + dp, <p < <p' < <p + d<p, z < z' < z + dz (6.33) 
is 

I 'II'' 12 p dp d<p dz = I 'II'* 12 dp d<p dz (6.34) 

and the probability for the inequalities 

a < a' < a + da, <p < <p1 < <p + d<p, r < r' < r + dr (6.35) 

fs (with a new value of ¢*) 

I'¢" 12 r 2 sin a de d<p dr = I '11'*12 de d<p dr (6.36) 

Now we are prepared to express P in terms of the operator of 
the spin-orbit scalar of angular momentum, vlt. This is most 
easily done in spherical coordinates. Both operators were subjected 
to the same transformations: the transformation matrices S and T 
are the same for both operators [see (2.11) and (6.8) for S and 
(2.18) and (6.21) for T]. We can thereby deal with the transformed 
operators, p• and Jl*: 

p• _ <11 ..J.... Ot + - r Pa , sin 8 Pq~ f1aPr 

u• <11 + 
oAt = - sin 8 Pq~ f12Pa (6.37) 

We can easily see that 

p• = f13 ( Pr + i ~· ) (6.38) 

But the properties of matrices a1 and a2 imply that vlt* anticom
mutes with a3. For this reason the equality 

p• = (Pr- i ~·) f13 (6.39) 

also holds. Here matrix a3 can be interpreted as the radial com
ponent of the spin. Indeed, if we put 

(6.40) 
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we will have 
(6.41) 

so that after we have used in our formulas transformations S 
and T, matrix a, becomes a3. Hence prior to the application of S 
and T the formulas corresponding to (6.38) and (6.39) are 

P = Gr (Pr + i ~) = (Pr- i ~ ) Gr (6.42) 

This can also be verified directly. 
According to (5.13) operators P* and .;1(• (as well as P and .;/l) 

are anticommutative. This is readily seen if we multiply (6.38) 
from the left by .;1(•, then multiply (6.39) from the right by .;/{*, 
and add the two products. We then get 

,L*p• + p• .L* = Pr (.L"aa + aa.L*) = 0 (6.43) 

Finally, let us give the formula for P in curvilinear orthogonal 
coordinates. 1 If in coordinates q1, q2, q3 the square of the element 
of arc length is 

ds2 = h2 dq2 + h2 dq2 + h2 dq2 
I I 2 2 3 3 (6.44) 

then 

P = .!!J_ (Pt - i.!.. ....2._ (log h2ha)) + ~ (P2- i..!!.. ~ (log haht)) 
h. 2 iJql h2 2 iJq2 

+ ~ (PJ -..!!.. ~(log h1h2)) (6.45) ha 2 iJqa 

where by Pk we have denoted the operators 

•t. iJ Pk=-tn
iJqk 

(6.46) 

In the presence of an electromagnetic field we must change Pk to 

(6.47) 

where the Ak are the covariant components of the vector potential 
and satisfy the condition 

Ax dx + Ay dy + Az dz =At dqt + A2 dq2 + A3 dq3 (6.48) 

We readily see that in the particular cases of cylindrical and 
spherical coordinates formula (6.45) transforms into (6.14) and 
(6.26) respectively. 

1 This was done for a more general case In the author's work "The Dirac 
wave equation and Riemannian geometry" in I. Russian Phys.-Chem. Sot. 62: 
133 (1930). 
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7. An electron in a magnetic field 

Let us study the Pauli operator when there is a constant mag
netic field. For the sake of clarity we will use Cartesian rectan
gular coordinates. If the magnetic field is sufficiently weak, in H0 

we can drop the terms that contain the square of the vector po
tential. In the terms that are linear in the vector potential we 
substitute for Ax, Ay, Az the expressions 

1 
Ax = 2 (z~y- Y~z) 

1 
Ay = 2 (X~z- Z~x) 

1 
Az =T(Y~x -x~y) (7.1) 

This gives 
1 

A.11Px + Aypy + AzPz = 2 (mx~x + my~y + mz~z) (7.2) 

where mx, my, mz are the components of the electron's orbital 
angular momentum [see (1.1)). 

Using (7.2), we obtain the approximation for H0: 

1 
H0 = 2m (P~ + P~ + P;) - e<I> 

+ 2~c (mx~x + my~y + mz~z) (7.3) 

If to (7.3) we now add the spin dependent terms [see (5.19) ], we 
get 

H* = 2~ (P~ + p~ + p;,) - elll 

+ 2:c [(m:~: + hCJx) ~x +(my+ hC1y) ~Y + (mz + hC1z) ~z] (7.4) 

This expression contains the scalar product of the magnetic 
field by the vector of the electron's magnetic moment 

e 
J.l.x = 2mc (mx + hCJx) 

e 
J.l.y = 2mc (my+ hCJy) 

J.Lz = 2~c (mz + hC1z) (7.5) 

This vector has two parts: the orbital and the spin part. The 
first is proportional to the electron's orbital angular momentum 

(7.6) 



Pauli's Theory of the Electron 255 

whereas the second is proportional to the intrinsic angular rno· 
mentum (spin) 

1 
2 liCJx, 

1 
2 lioy. (7.7) 

The ratio of the magnetic moment to the mechanical angular 
momentum of .an electron, or the gyromagnetic ratio, associated 
with spin is twice the gyrornagnetic ratio for orbital motion. This 
is sometimes called the "double magnetism" of electron spin. 

In the central-field problem the correction term of H* in (7.4), 
which depends on the magnetic field, commutes with the principal 
term, ( 5. 7). Hence the correction to the energy level, due to the 
magnetic field, consists in adding an eigenvalue of the correction 
term in (7.4). If we choose the z axis directed along the field, the 
correction will be 

f..E = 2eh (m' ± 1) dez 
me 

where lim' is an eigenvalue of mz. 

(7.8) 

The correction f..E due to electron spin does not, however, bring 
any new levels into the picture since m' is an integer. Thus 
changing m' to m' ± 1 results in nothing. It is the relativistic 
effects that here play an important role. 

The Pauli operator, H", does not account for these corrections 
[see formula (7.4)]. If we include them, then even in a central 
field the radial equation contains not only the quantum number l 
of Schrodinger's theory but the quantum number k. The last is 
determined from the eigenvalue equation for spherical harmonics 
with spin. 

..K¢ = kli'l> (7.9) 

[see ( 1.22) ], and is connected with l in the following manner: 

k(k-1)=/(l+ 1) (7.10) 

[see (1.20)]. 
We know that at l = 0 there is only one value of k, and that is 

k = l. But at l = l, 2, ... two values of k are possible, k = I + 1 
and k = -1. As a result Schrodinger's energy level corresponding 
to a given value of l (and a given value of n, the principal quan· 
turn number) at l;;::::: 1 splits into two adjacent components, which 
form a doublet. This is customarily called the relativistic doublet. 

In the radial equation the order of magnitude of the relativistic 
term, as compared with that of the principal term (the potential 
energy), is usually denoted by y2, where 

(7 .11) 
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is a dimensionless constant, called the fine-structure constant. In 
contrast, the influence of a magnetic field on an energy level is 
given by (7.8). 

The splitting of energy levels in a magnetic field is called the 
Zeeman effect. 

The exact theory of the Zeeman effect for the hydrogen atom will 
be dealt with at the end of this book on the basis of Dirac's theory 
of the electron. Here we only want to point out that the behaviour 
of an electron in a magnetic field proves convincingly that the 
electron has a new degree of freedom associated with spin. 

The existence of this new degree of freedom plays an important 
role in the quantum theory of many-electron systems (atoms and 
molecules are examples). This theory cannot be formulated with
out accounting for the symmetry of the wave function with 
respect to all possible permutations of the electrons. The wave 
function, expressed in terms of the whole set of variables (x, y, z, a) 
for each electron, must reverse its sign under interchange of any 
two sets of variables corresponding to two electrons. This con
dition is called the Pauli exclusion principle, or the antisymmetric 
requirement for the wave function. We must note here that the 
set of variables for each electron includes the spin variable, a, 
in addition to the position variables. It is then evident that the 
need for spin arises already in the nonrelativistic theory. 

The many-electron problem will be studied in Part IV. 



Part IV 

THE MANY-ELECTRON PROBLEM 
OF QUANTUM MECHANICS 

AND THE STRUCTURE OF ATOMS 

1. Symmetry properties of the wave function 

In the previous chapters we studied wave functions for the 
states of one electron. If the state is stationary, the wave function 
must satisfy the Schrodinger equation. When we are dealing with 
states of a system of n electrons, the wave function must possess 
certain properties of symmetry (it must be antisymmetric) under 
interchange of the position and spin variables of the electrons. 
This requirement is called, as we know, the Pauli exclusion prin
ciple. More than that, in many cases the total spin (or the total 
intrinsic angular momentum) of the system of electrons is known. 
This results in an additional restriction on the wave function. 

As we know, a one-electron wave function depends on the three 
coordinates x, y, z and the spin variable a, which takes on two 
values only (for instance, a= +I and a= -1). If we denote 
the set of the three coordinates by r, we can write a one-electron 
wave function as 

'ljl (x, y, z, a)= 'ljl (r, a) (I. I) 

Now we turn to the wave function of a system of electrons. The 
wave function depends on all the spatial and spin variables of 
the electrons. For n electrons we have 

(1.2) 

It is often convenient to denote by Xt all the variables referring 
to the ith electron (that is, the spatial and spin variables). Then 
the wave function for an n-electron system will be 

'ljl = 'ljl (Xt, X2, ... , Xn) (I .3) 
According to the Pauli exclusion principle, the wave function 

must be antisymmetric with respect to the variables x1, x2, ••• , Xn, 
that is, it must change sign under interchange of any two vari
ables. For instance 

'ljl (x2, X~t X3, ••• , Xn) = - 'ljl (xh X2, X3, ••. , Xn) (1.4) 
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What are the requirements for a system of n electrons to have 
a definite value of total spin? First, we recall the main properties 
of spin studied in Part III. 

When there is only one electron, any operator acting on the 
spin variable can be represented as a linear combination of the 
three operators ax, ay, az. These are defined by the following 
relationships: 

ax'¢(r, a)='ljl(r, -a) 

ay'¢ (r, a)=- ia'¢ (r, -a) 

Oz'¢ (r, a)= a'¢ (r, a) (1.5) 

If we consider 'ljl to be a two component wave function, the first 
component being 'ljl (r, + 1) and the second 'ljl (r, -1), the operators 
ax, <Jy, az act in the same way as the Pauli matrices 

Ox=(~ ~), ay=(~ -~), az=(~ _ ~) (1.6} 

The operators 

satisfy the commutation relations 

SySz- SzSy = isx 

SzSx- SxSz = isy 

SxSy- SySx = iSz 

(1.7) 

(1.8) 

which are characteristic of angular momentum in general (in 
units of 1i). Operators ( 1. 7) can therefore be interpreted as the 
operators of the components of the electron's intrinsic angular 
momentum. For a many-electron system we can in the same way, 
( 1.5), define operators <Jtx, <Jty, <Jtz that act on the spin variable of 
the lth electron. We have 

a1x'¢ = 'ljl (r1 o1; r 2, a2; ••• ; r 1, - a1; •• • ) 

a1y'¢ =- ia1'¢ (r" a1; r2, o2; ••• ; rz, - a1; ••• ) 

Ozz'¢ = o1'1jl (r" a,; r2, a2; •.. ; r1, a,; ••. ) (1.9) 

The operators for the components of total spin angular momentum 
(in units of li} can then be defined by analogy with (1.7) in the 
following way: 

1 
Sx = 2 (olx + 02x + 

1 
Sy = 2 (a,y + a2y + 

(l.l 0) 
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These satisfy the same commutation relations ( 1.8). We also see 
that commutation relations ( 1.8) allow for an operator 

(1.11) 

which is the square of total spin angular momentum. This last 
operator commutes with each of the operators Sx, Sy, Sz, and its 
eigenvalues are s (s + 1), with s being half of a nonnegative inte
ger. If the number of electrons, n, is even, s is a positive integer 
or zero. But if n is odd, s takes on half-odd-integral values. In 
both cases the difference n/2 - s = k is a nonnegative integer; 
k can be interpreted as the number of electron pairs with com
pensated spin. 

For a given value of s the eigenvalues of Sx, Sy, Sz run through 
a sequence of numbers 

-s, -s+ 1, ... , s-1, s 

that is, 2s + 1 values in all. 
We can represent operator s2 in the following way: 

s2 =n- ~ + _LP11 
1<1 

(1.12) 

(1.13) 

where by Pi/ we have denoted a permutation of the spin variables 
01 and o1• 

We can now formulate the condition for a system of n electrons 
to have a given ealue of total spin in the form of an equation: 

(1.14) 

What are the eigenfunctions of this equation? To determine these 
we put k = n/2 - s and let a~o a2, ••. , <Xk be a set of k different 
numbers from the sequence 1, 2, ... , n. We introduce a function 
of the spin variables 

Fa,a2'''a,=F(aa,Oa2 •.. oa,IOak+IOak+2 ••• Oan) (1.15) 

symmetric both in the arguments Oa 1, Oa2, ••• , oa, that stand to 
the left of the vertical bar and in the arguments Oa"+ 1' Oak.fl 2, ••• 

• • • , oan that stand to the right. We also introduce a set Qf ( ~) 
functions of the position coordinates of all the electrons, 

( 1.16) 

which do not include spin variables as arguments. Functions 
(1.16) and also functions (1.15) are symmetric in the labels 

17* 
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a., a 2, ••• , a~c. We can now build the series 

'IJl (r., O't; r2, 0'2; • ·.; r n• O'n) 

L 'i>a 1a1 ••• a11 (rt, r2, • • •, r n) F a1a1 ••• a11 (a~o 0'2, ••• , O'n) 
(a1 ••• a11) 

(1.17) 
On the basis of ( 1.13) we can show that the series ( 1.17) sat

isfies Eq. (1.14) with a value of s equal to n/2- k, provided that 
the functions of position coordinates, ( 1.16), are restricted by the 
subsidiary conditions 

(1.18) 

where a runs through all values of the sequence 1, 2, ... , n 
except a 2, ••• , a~c. The number of such conditions is ( ~~~~ ). 

For the obtained eigenfunction of s2 to be a possible physical 
state of the system of electrons with a given total spin we must 
see whether it satisfies the Pauli exclusion principle, that is, 
whether it is antisymmetric in X1. This is so if we express all func
tions (1.16) via the formula 

'1Jla1a2 ••• a11 (r It r2, ... r n) 

=e(P)\j>(ral, ra1 , ... ,ra11 lra11+1' ra11 +2, ... ,ran) (1.19) 

in terms of one function of the electrons' position coordinates. 
namely 

\j>=\jl(r~o r2, ••• ,r~clrk+h 'k+2• .•. ,r") (1.20) 

In (l.I9) the labels a 1, a 2, ••• , an are the numbers 1, 2, ••. , n 
taken in an arbitrary order, and P is the permutation 

( 1 2 ... n) 
p = (1.21) 

at ~ •. • an 

which replaces I by at, 2 by a2, etc. By e ( P) we will denote a 
number equal to +I if permutation P is even and -I if it is odd. 

What condition must function ( 1.20) satisfy? It must 
(1) be anti symmetric in the first k arguments [which in ( 1.20) 

stand to the left of the bar], that is, for instance 

'lj>(r2, '" '3• ... , '" lrk+h •• • , rn) 
=- 'I> (r., r2, ra, ... , r~c Irk+., ... , r n) (1.22) 

(2) be antisymmetric in the last n - k arguments [to the right 
of the bar in ( 1.20) ], that is, for instance 

'lj>(rlt r2, ... ,r~clrk+2• 'k+h rk+3• ... ,rn) 

=-'I> (r., r2, ... , '"I 'k+lt 'k+2• 'k+3• ... , r n) (1.23) 
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(3) possess the property of cyclic symmetry, which is expressed 
by the equality 
¢ (rt> ••• , 'k-~> rk Irk+~> rk+2• ••• , r n> 

= 'ljl (r., ••. , 'k-h rk+l I 'k• rk+2• •.. , r n) + 
... + "'(r., ... ''k-h 'k+tl 'k+h •••• 'k+Z-h 'k• 'k+l+h •••• r n) + 

• .. + 'ljl (r., ... , 'k-h r n I rk+h ... , r n-h rk) (1.24) 

The right-hand side consists of n- k terms. Each of these is 
obtained from the left-hand side by successively interchanging 
the argument rk, lying to the left of the bar. 

The cyclic symmetry is the result of the subsidiary conditions 
(1.18). Each of the (k~l) conditions (1.18) corresponds to an 
equality of type ( 1.24). This can be verified by a direct compu
tation, in which we must allow for the properties of antisymmetry 
( 1.22) and ( 1.23). Suppose that by P we denote a cyclic permu
tation of the set of arguments rk, rk+1, ... , rn, that is, a permu
tation in which each member of the set is replaced by the next 
member, the last member taking the position of the first. Then 
(1.24) can be rewritten as 

(1 + p + p2 + + pn-k) ¢ = 0 (1.25) 

for even values of n- k, and 

(1-P+P2 -

for odd values. 

(1.26) 

In the particular case of two electrons the state with total spin 
zero (n = 2, k = 1) is described by a symmetric function of 
coordinates, and a state with total spin one (n = 2, k = 0) by an 
antisymmetric function. 

A very important example of a function of n arguments 
r~o r2, ... , r n that satisfies the three symmetry conditions just for
mulated is the product of two determinants 

¢ = wo rqr(2) 
where 

'ljlt(r t) ... ¢1 (r k) 
'l'Ol = , . , , . . . 

¢k (rt) •.. ¢k (r,) 

¢t{rk+t) ... 'ljlt(r n) 
'l'(2) = . . . . . . . . . . 

¢n-k (rk+ t) • • • ¢n-k (r n) 

These determinants use the one-electron functions 

11'1 (r), ¢2 (r ), ••• , '¢n-Il (r) 

(1.27) 

(1.28) 

(1.29) 
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that depend on position coordinates only. The larger of the two 
determinants contains all of the n- k functions ( 1.29), whereas 
the smaller contains only the first k functions. 

With this reasoning we are able to express the wave function 
( 1.2), which depends on the spin variables in addition to the 
position coordinates, in terms of the Schrodinger wave function 
( 1.20), which depends only on the coordinates. In the process we 
strictly take into account the Pauli exclusion principle and the 
eigenvalue equation for spin angular momentum, (1.14). 

Though the Schrodinger wave function does not depend on 
spin variables, its properties do depend on the value of total 
spin, since total spin affects the symmetry of the wave function. 

This explains what at first glance seems a paradox, that neither 
the Schrodinger equation nor the wave function contains spin 
variables and yet the energy levels depend on the values of total 
spin. This paradox can be solved in the following way. There are 
additional symmetry conditions imposed on the wave function 
that corresponds to an energy level with given spin. And these 
conditions differ for different values of total spin. 

2. The Hamiltonian and Its symmetry 

The wave function that describes a stationary state of a many
electron system must be an eigenfunction of the appropriate Ha
miltonian. By analogy with classical mechanics the Hamiltonian 
can be written as 

n n 

H =- ;~ I vi+ I u (xk, Yk· zk) 
k-1 k-1 

n 
~ e2 

+ L, [(x - x )2 + (Y - y )2 + (z - z )]''• 
k>l-1 k l k l k l 

(2.1) 

Here Vi is the Laplacian operator that acts on the kth electron; 
U (x, y, z) is the potential energy of the external field, external in 
relation to the n electrons (for instance, the potential energy of 
the field produced by the nucleus of the atom or by the nuclei in 
the case of a molecule); and the double sum is the potential energy 
of interaction between the electrons. Hamiltonian (2.1) corres
ponds to the case without a magnetic field. If the system of 
electrons were in an external magnetic field, the Hamiltonian 
would contain terms that depend on spin. 

The energy levels and the stationary states of the system are 
determined from the equation 

(2.2) 
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where H is given by (2.1). We have already noted before that 
though H does not contain spin variables, the energy levels E 
depend on the quantum number s (spin angular momentum). The 
explanation is that the symmetry properties of the Schrodinger 
wave function, 'ljl, depend on the values of s. 

For an atom, H is spherically symmetric, that is, it does not 
change under rotations of the coordinate axes in space. We can 
then subject the Schrodinger wave function (a function of coor
dinates) to the condition that it simultaneously be the eigenfunc
tion of the operator of the square of orbital angular momentum 
(the quantum number l) and that of the operator of one of 
the components of angular momentum (the quantum number m). 
If, in addition, this eigenfunction possesses symmetry properties 
that correspond to a definite value of s, then it can be used to 
build a function of type ( 1.2). This last is a wave function with 
spin s. It satisfies the Pauli exclusion principle and is a simulta
neous eigenfunction of the following five operators: the Hamil
tonian, the square of orbital angular momentum, the square of 
spin angular momentum, the square of total (spin and orbital) 
angular momentum, and the component of total angular momen
tum along a coordinate axis. The function is built by using the 
so-called vector model, but we will not elaborate on this. 

The Hamiltonian of a diatomic molecule has not spherical but 
only axial symmetry (that is, it does not change under rotations 
about the axis that connects the two atoms). Axial symmetry too 
can be used to introduce quantum numbers and to partially de
termine the wave functions. 

If we use the spherical or axial symmetry that a system pos
sesses, we can introduce certain quantum numbers and thus clas
sify the energy levels. But considerations of symmetry are not 
sufficient to determine the levels themselves and the stationary 
states. An exact solution of Eq. (2.2) presents insurmountable 
mathematical difficulties (with the exception of the case of one 
electron). For this reason the development of approximate methods 
is most important. The most fruitful of these is the self-consistent 
field method, which we will consider next. 

3. The self-consistent field method 

We can obtain the eigenvalue equation for the Hamiltonian by 
applying the variational method, that is, requiring that 

6W=O (3.1) 
with 

(3.2) 
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In these formulas we assume \jl to be the function of coordinates 
introduced in Section l, that is, a function not dependent on spin 
variables. The volume element of configuration space, dV, is then 
the product of the differentials of all the coordinates of the 
electrons: 

(3.3) 

The normalization integral, N, can be considered a given constant. 
To prove our statement we find the variations of the integrals 

in (3.2). Since H is hermitian, 

6 ~ ~H\jl dV = ~ 6~H\jl dV +complex conjugate (3.4) 
Also 

6 ~ ~'¢ dV = ~ 6~'¢ dV +complex conjugate (3.5) 

Then we multiply the second equality by a constant real quantity 
E, subtract the product from the first equality, and nullify the 
difference. We get 

~ 6~ (H'¢- E'¢) dV +complex conjugate= 0 (3.6) 

This must hold for an arbitrary variation of the real and imag
inary parts of \jl, which is only possible if the coefficient of 6~ 
in the integrand is zero. Whence 

H'¢ = E'¢ (3.7) 

which is the eigenvalue equation for the Hamiltonian. This ends 
the proof. 

The physical meaning of W is that it is the mathematical expec
tation of the system's energy in state \jl. The extremal value of W 
is the energy level E. To obtain the lowest level with a given val
ue of quantum number s we must, in varying the integral, choose 
for comparison only functions \jl that possess the "right" symmetry 
properties and satisfy some general conditions (the derivatives 
of \jl must exist and all integrals must have finite values). If we 
want to obtain the higher levels, we must in addition require that 
the wave function corresponding to these levels be orthogonal to 
the wave functions of the lower levels. 

To simplify matters we can require that the wave function 
satisfy some additional conditions. For instance, we can choose 
the wave function in the form of a product of two determinants, 
which in turn consist of the one-electron wave functions [see 
( 1.27) and ( 1.28) ]. Of course, in this case we would obtain an 
energy level that lies somewhat higher than the true one. The 
difference, however, will be small. In the same manner we can 
obtain all the other energy levels (also approximately). 
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Let us calculate the result by substituting into W the product 
( 1.28). We will assume that the functions ¢P (r) are orthogonal: 

~ ¢p (r) ¢q (r) d-r = llpq• d'f = dx dy dz (3.8) 

which is true without loss of generality. For this we express the 
Hamiltonian (2.1) as 

n n 

H(r!>r2 , ••• ,rn)=IH(rp)+ I jrp~rql (3.9) 
p-1 p>q~l 

where 
(3.10) 

Then 
k n-k 

W =I ~ ¢p (r) H (r) ¢ 11 (r) d'f + I ~ ¢ 11 (r) H (r) ¢ 11 (r) d-r 
p-1 p-1 

i:._ ( ( p<J) (r, r) p<J) (r', r') -I p<l> (r, r') 12 d-r d'f' 
+ 2 J J lr- r' I 

i:._ ( ( p<2l (r, r) p<2> (r', r') -I p<2> (r, r') r d'f d'f' 
+ I J J lr- r' I 

+e2 ~ ~ P0>(r. 1 ;>~<~r· r') d'fd'f' (3.11) 

where we have introduced the notations 
k 

pOl (r, r') = L ¢p (r) ¢ 11 (r') 
p-1 

(3.12) 

n-k 

p<2l (r, r') = L ¢p (r) ¢p (r') 
p-l 

(3.13) 

The formulas obtained allow for a clear interpretation. First of 
all, we assume that the overall wave function can be expressed in 
terms of one-electron wave functions ¢P (r). This is equivalent to 
each electron having its own wave function (we can also say, its 
own orbit). The electrons in this case separate into two "clouds". 
The first corresponds to electrons on orbits \jl1, \jl2, •.• , \jlk, and 
the second to electrons on orbits '1'1. \jl2, ••• , ¢n-k· The two clouds 
have opposite ,spin angular momenta. Each orbit '1'1. \jl2, • • • \jlk 
"carries" two electrons with opposite spin angular momenta. The 
remaining orbits, \jlHJ, •.. , 'l'n-k, have one electron each, and the 
spin angular momenta of these electrons are the same. Thus for 
the first k orbits the total spin of each electron pair is zero. For 
the remaining n - 2k orbits the spin angular momenta add up. 
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Since the electron spin (its absolute value) is 1/2. the total spin of 
the system is n/2- k = s, which is what we expected. We can 
interpret the e times p<l) (r, r), which is 

k 

ep<l)(r, r) =eLI '¢p (r) 12 
p-1 

(3.14) 

as the space charge density of the first cloud [a similar interpre
tation can be given to ep<2>(r, r)]. As for (3.12) and (3.13), they 
have different arguments r and r' and do not allow for a classical 
interpretation. We call them "mixed" charge densities. 

Let us now interpret the expression for the energy of the elec
tron system, (3.11). The first sum on the right is the kinetic and 
the potential energy of the first cloud in the field produced by the 
nuclei; the second sum is the same for the second cloud. The 
terms in first double integral that contain p<l) of the same argu
ments represent the electrostatic energy of the electrons of the 
first cloud. What remains in the first double integral contains the 
mixed charge density. It does not have a classical interpretation, 
and its presence in the energy is a specifically quantum effect (it 
is called the exchange interaction). The second double integral 
corresponds to the second electron cloud, and it can be interpreted 
in a similar manner. Finally, the third double integral corres
ponds to the electrostatic interaction between the two clouds. 

Our interpretation is not rigorous. However, it is pictorial and 
hence useful for understanding the physical meaning of our for
mulas. In the strict sense formula (3.11) is the result of substitut
ing a wave function having the "right" symmetry properties into 
the integral that is being varied. 

If we vary (3.11) under conditions (3.8), we can find the system 
of equations for the sought functions '¢P (r). The system is 

2 [H (r) + V (r)] 'l>P (r)- e2 ~ [p<O (r', ~~ ~ ~:2; (r', r)] 'i'p (r') d-r' 
n-k 

= 2>•qp'l>q (r), p = 1, 2, •.. , k (3.15) 

[ H (r) + V (r)] 'iJp (r)- e2 ~ r: ~·r~)l 'l>p (r') d-r' 
n-k 

= L A.qp'iJq (r), 
q-1 

In both formulas 

p=k+l, ... ,n-k 

~ P(l) (r' r') + p<2> (r' r') 
V (r) = e2 ' ' d-r' lr- r' I 

(3.16) 

(3.17) 
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can be interpreted as e times the potential of all the electrons. The 
quantities Aqp are the Lagrange undetermined multipliers, which 
correspond to the orthogonality conditions (3.8). These conditions 
must be taken into account when building the variation 6 W. We 
can consider the off-diagonal elements of matrix Aqp to be nonzero 
only if one of the labels is greater than or equal to k + 1 and the 
other is less than or equal to k. 

We note that Eq. (3.16) for 'ljlp (r) does not contain the function 
in its coefficients, so that if we consider all the other functions to 
be known, the equation for 'ljlp (r) will be linear. 

We can formulate this property of the equation in the follow
ing way. We put 

n-k 
p<~> (r, r 1 ) = L (1- 6pq) '¢q (r) '¢q (r1 ) (3.18) 

q-l 

and by Vp (r) denote an expression similar to (3.17) but with sums 
(3.12) and (3.18) instead of (3.12) and (3.13). If we change V 
to Vp and p<2> to p~>, Eq. (3.16) retains its form. 

Let us now turn to (3.15). We write this equation for the case 
when each orbit has two electrons, that is when s = 0. Then n 
is an even number, k = n/2, and the sums (3.12) and (3.13) 
coincide. Hence we can drop the upper index of p. More than that, 
we can assume in this case that 'Aqp is a diagonal matrix and put 

As a result 
'Aqp = 2Ep6qp (3.19) 

[H (r) + V (r)] '¢p (r)- e2 ~ tr (~·;J 1 'i'p (r1 ) d1:' = Ep'i'p (r) 

where 
v (r) = 2e2 r p (r', r) d-r: 

J lr-r'l 
and 

n/2 

p (r1 , r) = L "'q (r1 ) \jlq (r) 
q-1 

If we then denote 
2 r p (r', r') I ..2 r I ¢p (r') 12 I 

V P (r) = 2e J I r - r' I dT - e- J I r - r' I d't 

and introduce a functio~ similar to (3.18) 
n-k 

Pp (r 1 , r) = L (1- 6pq) \jlq (r1 ) \jlq (r) 
q-1 

we get Eq. (3.20) in the following form: 

(3.20) 

(3.21) 

(3.21*) 

(3.22) 

-2 r Pp (r', r) I I 

[H (r) + V P (r)] 'iJp (r)- e- J lr _ r'l \j)p (r) d't = Ep'i'p (r) 
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Suppose that we drop the term with the integral. We then get the 
Schrodinger equation for an electron in a field with potential 
energy 

(3.23) 

where U (r) is the potential energy of the external field [see 
(3.10)], and Vp(r) is the potential energy of the field produced by 
all the electrons except the given electron [Vp (r) calculated by 
(3.22) is proportional to a potential that corresponds to charge 
density p - I 'i'P 12). As for the term with the integral, it has no 
classical counterpart. It is called the correction for quantum 
exchange. 

Without the integral, Eq. (3.20) (a somewhat less accurate 
equation, in fact) was first suggested by the English mathema
tician D. R. Hartree. However, he did not give a satisfactory justi
fication for such equations because in deriving them he used nei
ther the variational method nor the idea of a wave function of the 
system as a whole. He proceeded from the obvious considerations 
just mentioned. Hartree called such equations self-consistent field 
equations (in the sense that the potential V in the equation for 
the wave functions is itself expressed in terms of these functions). 
Subsequently they were named the Hartree equations. 

The complete equations with the integral terms, equations which 
take into account the symmetry of the system's wave function for 
a given value of spin angular momentum, have been obtained here 
by using the variational method. In doing so we have confirmed 
the Hartree equations. The complete equations have come to be 
known as self-consistent field equations with quantum exchange. 
In current literature these are also referred to as the Hartree
Fock equations. 

The complete equations can be derived in another way, proposed 
by Dirac. This derivation differs in that the spin variables are 
included in the one-electron wave functions at the very outset 
(rather than excluded). The wave function ( 1.3) of a system of 
electrons is approximately expressed by one determinant of type 

'1'1 {x,) • • • '1'1 (Xn) 
'l'= (3.24) 

Wn (x,) • • • Wn (Xn) 

which contains the one-electron wave functions ( 1.1), called the 
orbitals. The resulting equations for these orbitals are similar to 
ours. What makes this method advantageous is the simple ma
thematics involved (since we have to do with one determinant 
instead of the product of two). The drawback is that Eq. (1.14) 
for the operator of spin angular momentum is not satisfied auto
matically but only after we have chosen the orbitals in a proper 
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way. When the problem possesses spherical symmetry, we can 
express the orbitals ,Pi (x) in the determinant (3.24) in terms of 
the radial functions Rnl and the spherical harmonics with spin in 
such a way that the radial equations coincide with the ones we 
obtained by the previous method. 

The self-consistent field equations for the orbitals can also be 
obtained from the theory of second quantization. 

4. The equation for the valence electron 
and the operator of quantum exchange 

We consider a system of an odd number of electrons, n = 2k+ 1, 
which has a spin equal to 1/2 (for example, an atom with one va
lence electron). The overall wave function of such a system is a 
product of two determinants. It contains k wave functions 
,p~, ¢ 2, ••• , ,Pk, which enter into both determinants, and one wave 
function ¢. which enters into the larger determinant alone. We 
can say that functions ,p., 'ljl2, ••• , 'ljlk describe 2k inner-shell elec
trons with compensated spin (two on each orbit) and function 'ljl 
describes the valence electron. 

Using formula (3.11), we can write the energy of this system 
in the form of a sum: 

W=Wo+W' (4.1) 
where 

k 

W0 = 2 L ¢p (r) H (r) ¢p (r) dT: 

+ e2 r r 2p (r, r) p (r', r') -I p (r, r') 12 d dT:' 
.}.} lr-r'l 't 

(4.2) 

is the energy of the inner-shell electrons, and 

W' = ~ 'ljl (r) H (r) ¢ (r) dT: 

+ e2. r r 2p (r', r'> 1 'Ill (r) 12 - p (r', r) rn 'Ill (r') d dT:' 
.} .} I r- r' I 't 

(4.3) 

Is the energy of the valence electron of the field of the inner-shell 
electrons. The mixed charged density p (r, r') is 

k 

p (r, r') = L "i'P (r) ¢p (r') 
p-1 

(4.4) 

If we vary W over all the wave functions simultaneously, we will 
again arrive at the self-consistent field equations (3.15) and 
(3.16). 

We can modify our problem and first determine the wave func
tions of the inner-shell electrons from the minimum condition 
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for W0 • Then, assuming that ¢1, ¢ 2, ... , '~'" are given, we can 
determine the wave function of the outer electron, ¢ (r), from the 
minimum condition for W or W' (these two differ by the constant 
Wo). 

This modified problem amounts, from the physical point of view, 
to first determining the stationary state of a system that contains 
one electron less (the atomic core) and then finding the state of 
the valence electron, ignoring the polarization of the atomic core 
by this electron. 

For the wave functions of the inner-shell electrons we get a 
system of equations (3.20), and for the valence electron a linear 
integra-differential equation 

[H (r) + V (r)] ¢ (r)- e2 f P (r', r) 'il (r') d-r:' = E¢ (r) (4.5) J I r- r' I 
where 

v (r) = 2e2 r p (r', r') d-r:' 
J I r- r' I (4.6) 

The wave function of the valence electron is always assumed to 
be orthogonal to the wave functions of the inner-shell electrons: 

~ ¢p (r) ¢ (r) d-r: = 0, p = 1, 2, ... , k (4.7) 

It is easy to see that p(r, r') and V(r), determined in (4.4) and 
(4.6), coincide with (3.21*) and (3.21), and Eq. (4.5) with 
Eq. (3.20). Hence all the wave functions of the inner-shell elec
trons satisfy the equation for the valence electron as well; all 
are the eigenfunctions of the same linear integra-differential 
operator that stands on the left side of (4.5). It also follows from 
this that the orthogonality conditions (4.7) are automatically met 
(that is, these conditions are a corollary of the equation). As for 
the parameters EP in (3.20), these are the eigenvalues of the same 
operator and can be interpreted as the energy levels of the inner
shell electrons. 

Let us introduce a linear integra-differential operator .9'1, defin
ing it as 

.9'1¢ (r) = e2 r p (r', r) '¢ (r') d-r:' 
J lr-r'l (4.8) 

Recalling formula (3.10) for the Hamiltonian, H (r), we can write 
our basic equation (4.5) as 

ft2 
- 2m V2¢ + [U (r) + V (r)] '¢- .9'1'¢ = E¢ (4.9) 

The operator -.9'1 enters as a separate term into the expres
sion for the energy of the electron. It can therefore be interpreted 
as a special kind of energy, usually called the quantum exchange 
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energy. If we examine the way that we derived Eq. (3.13), we see 
that the term d¢ appears because we took into account the 
symmetry properties of the wave function. These properties as 
well as the Pauli exclusion principle are connected with the indis
tinguishability of electrons and the impossibility of following any 
electron when it interacts with other electrons (the impossibility 
of labeling an electron so as to spot it after the interaction). This 
is an impossibility characteristic of quantum mechanics but not 
of classical mechanics (where the concept of a path is considered 
universally applicable). For this reason it is difficult to find a 
pictorial interpretation and a name for d. The accepted term 
"quantum exchange" comes from the idea that when electrons 
interact, they change places, so to say. 

5. The self-consistent field method 
In the theory of atoms 

The simplest of the many-electron systems is the atom. What 
makes it easier to apply the self-consistent field method in describ
ing various atoms is that even before quantum mechanics was 
fully established as we know it today (Schrodinger's theory) Bohr 
depicted the structure of electron shells for all atoms in the 
Periodic Table. His approach makes it possible to assign certain 
quantum numbers to each electron in the atom. These numbers 
are similar to those that characterize the state of a separate 
electron in a central field in the one-body problem. Bohr based his 
approach on experimental data, namely, the analysis of the spectra 
and chemical properties of atoms. Bohr's picture was confirmed 
theoretically by Schrodinger's quantum mechanics and the devel
opment of approximate methods, notably the self-consistent field 
method. 

In quantum mechanics the possibility of ascribing specific 
quantum numbers to each electron in the atom implies the possi
bility of ascribing a specific wave function to each one. This is the 
very assumption that lies at the basis of the self -consistent field 
method, where the overall wave function is expressed in terms of 
one-electron wave functions. Thus we can determine the general 
character of the wave function if we know the quantum numbers 
of a given electron. 

According to Bohr's approach the electrons in the atom separate 
into groups of equivalent electrons. Each such group is char
acterized by two quantum numbers: the principal quantum num
ber n and the azimuthal quantum number l, where n = 1, 2, 3, ... 
and l = 0, 1, ... , n- 1. Inside each group the electrons can be 
characterized by two other quantum numbers: the magnetic 
quantum number m and the spin auantum number ms, where 
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m = -l, -l + l, ... , l- l, l and ms = ± 1/ 2• In the theory 
elaborated in Section 3 we took into account two values of the 
spin quantum number by separating the electrons into two clouds. 
Hence to characterize the wave function of an electron with given 
n and l it is sufficient to specify the value of the magnetic quan
tum number m. 

If we denote the spherical coordinates with the origin in the 
nucleus by r, 9, cp, then the wave function of an electron with 
quantum numbers n, l, m will be 

1 
..Pnlm = -{4it Rnl (r) Y1m (9, cp) (5.1) 

where Yzm is a normalized spherical harmonic: 

~ I Y,m (9, cp) 12 sin 9 d9 dcp = 4n (5.2) 

We must note that the choice of the quantum numbers that serve 
to separate the electrons inside a group is somewhat arbitrary 
because we can choose any direction as the polar axis. This 
arbitrariness is not evident, however, when a group of equivalent 
electrons is completely filled, that is, when the electrons in the 
group have all possible values of m. We say then that we have a 
closed electron shell. 

Let us write the expression for the mixed charged density of 
the electrons of one cloud that belong to a closed electron shell. 
By (4.4) we have 

+l 

Pnz (r, r') = L ..Pnlm (r, 9, cp) ..Pnlm (r', 9', cp') (5.3) 
m--l 

Substituting '¢nlm from (5.1) and using the addition theorem for 
spherical harmonics, we get 

Pnz (r, r') = 214~ 1 Rnz (r) Rnl (r') Pz (cos V) (5.4) 

where 
cos"= cos 9 cos 9' +sin 9 sin 9' cos (<p- <p') (5.5) 

and P1 is a Legendre polynomial. Since v is the angle between the 
directions (9, cp) and (9', cp'), it does not depend on the choice of 
the polar axis. Formula (5.5) prompts the conclusion that a closed 
electron shell is spherically symmetric. 

The number of electrons of one cloud that belong to a closed 
shell as 21 + l. Hence the total number of electrons of such a 
shell is 41 + 2. 
Accordi~g to Bohr's picture most of the electrons in an atom 

make up dosed shells. The rest, called the outer electrons, are 
situated in unfilled shells. All elements have only one unfilled 
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shell, with the exception of the rare earths and a few other ele· 
ments, which have two. 

The simplest case is when there is only one (valence) electron 
outside the closed shells. An example of such an atom is the 
sodium atom. 

When studying problems connected with the atom, it is con· 
venient to use a "natural" system of units (atomic units) intro· 
duced by Hartree [see Section 2, Chapter V, Part II]. In this 
system the electron charge, the electron mass, and Planck's con
stant h divided by 2:rt are put equal to unity. The atomic unit of 
length will be equal to 0.529 angstrom, the atomic unit of speed 
is the !37th part of the speed of light, and the atomic unit of 
energy will be twice the ground-state energy of the hydrogen 
atom, that is, 27.21 eV (1 hartree). 

The Hamiltonian for sodium in atomic units is 

H (r) = - ~ V2 --¥- (5.6) 

since the charge of the nucleus of sodium is equal to 11 units. 
The inner-shell electrons of a sodium atom are grouped in three 
closed shells. We denote the corresponding wave functions as 

'1'1 = ~1 100• '1'2 = ¢200• '¢a= ¢21-lt '~4 = ¢210• 'i's = '¢211 (5.7) 

where the 'i'nzm are given by (5.1). The mixed charge density 
of all three shells will be 

p (r, r') = 4~ [R10 (r) R10 (r') 

+ R2o (r) R2o (r') + 3R21 (r) R21 (r') cos v] (5.8) 

Substituting this into the expression for W0, ( 4.2), we get the 
energy of an ionized sodium atom. In the expression obtained 
for W0 we can integrate over all angles. The expression will then 
depend only on the radial functions R1o. R2o, and R21· 

Now we can proceed in two ways, numerically or analytically. 
To apply the numerical method we must build equations involving 
variations of the radial functions. These equations have a form 
similar to (3.20). The numerical solution of variational equations 
is based on the method of successive approximations. We can then 
compile tables of radial functions with any desired degree of 
precision. To apply this method successfully it is important to 
choose a "reasonable" initial trial function. This is best done 
analytically. For this we look for R10. R2o. and R21 in the form of 
analytic functions that depend on a small number of variational 
parameters. For instance, we can put 

R10=ae-ar, R20=b(I-! (a+~)r), R2t=cre-vr (5.9) 

18-2186 
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where a, b, and c are found from the normalization condition 
00 

~ [Rnt (r}F r 2 dr = 1 
0 

(5.1 0) 

and are expressed in terms of a, ~. and y. If we substitute (5.9) 
into the expression for Wo, we find Wo as a linear-fractional func
tion of a, ~. and y. By equating with zero the derivatives of W0 

with respect to parameters a, ~. y we arrive at an equation for 
a, ~. y. After solving these we get 

a= I 0.68, ~ = 4.22, y = 3.49 (5.11) 

with the following radial functions (in analytic form): 

R10 (r) = 69.804e- 10·68' 

R20 (r) = 13.602 (1 - 4.967r) e-4.22r 

R21 (r) = 26.276re-3•49' (5.12) 

If we take these as the initial trial functions, we can get still 
better approximations from the variational equations. Functions 
(5.12) correspond to a definite value of the energy of an ionized 
sodium atom, namely, to Wo = -160.9 hartrees, whereas the more 
exact functions, found by numerical solution of the equations, 
yield Wo = - 161.8 hartrees. 

By finding the functions Rto, R2o, and R21 we have, in the given 
approximation, fully determined the electron-shell structure for 
sodium. We can now build the integra-differential equation (4.5) 
for the wave function of the valence electron. This function will 
be of type (5.1), where Rnt (r) is found by solving numerically a 
certain equation, which we will not elaborate on here. 

Solution of Eq. ( 4.5) first of all gives the optical terms of 
sodium. It also gives a rough estimate of the X-ray terms. To 
exhibit the accuracy of our method we offer the following table: 

Eao 

Theory -40.6 -3.00 -1.83 -0.1860 -0.1094 
Experiment -39.4 -2.16 -1.04 -0.1885 -0.1115 

All figures ~re given in hartrees. We see that the optical terms 
(Eao and Ea1) · are found with a fair degree of accuracy. For 
instance, the error in Eat amounts to only 1.9 precent. For com
parison, if in Eq. ( 4.5) we neglect the term with the integral, the 
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value of £31 is -0.08895, which corresponds to an error of 
22.4 percent. 

Apart from the optical terms our integra-differential equation 
makes it possible to find the wave functions for the valence elec
tron on different energy levels. This enables us in turn to find 
the transition probabilities. For sodium and lithium the result 
agrees qualitatively with experiments. The result for lithium is 
the characteristic nonmonotonic dependence of the probability of 
the transition Enl- E2o on quantum number n. 

These results show that we can formulate the theory of the 
valence electron in an atom, with a high degree of accuracy, as 
the problem of a single body in a given field provided that we 
take into account the quantum exchange by introducing the 
integra-differential equation ( 4.5). 

One of the ways in which we can use our equation has to do 
with what is known as the sum rule. This rule refers to the oscil
lator strengths, which are quantities proportional (a) to the 
square of the matrix element of the given transition and (b) to 
the difference in the two energy levels involved in this transition. 
The rule is usually stated in this way: 

The sum of the oscillator strengths corresponding to all optical 
transitions in a given series must be unity. 

This is an exact rule for atoms with one electron (hydrogen
like atoms, or ions with no electrons except one). As for atoms 
with a single valence electron, experiment has shown that in 
some cases (lithium, thallium and other atoms) the very first 
"oscillators" yield a sum greater than unity. Our theory explains 
this by noting that Eq. (4.5) has a complete set of eigenfunctions, 
and some of these functions correspond to X-ray terms. Hence, 
when building the sum of the oscillator strengths, we must account 
for the fictitious oscillators that correspond to transitions to 
occupied X-ray terms, which lie below the optical terms. 

Since for these oscillators the difference in the energy levels 
that enters into the oscillator strength is negative, the oscillator 
strength itself will be negative. Thus in the expression for the 
total sum there will be a (finite) number of negative terms. It 
is clear from this that if the total sum is unity, the sum of the 
positive terms, which corresponds to the observed optical tran
sitions, will exceed unity. We must also bear in mind that the 
total sum is unity only if we neglect certain small corrections 
due to quantum exchange. 

Our equations in relation to atoms with a single valence elec
tron are mainly applied in calculating energy levels and tran
sition intensities. But attempts have also been made to use these 

Ill" 
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equations to account for some relativistic effects, namely, the 
distance between the two terms of a doublet (doublet splitting). 

Because of the difficulties involved in determining the wave 
function of the valence electron over small distances from the 
nucleus these attempts failed to give good quantitative results. 
For the doublet splitting of the spectral terms of sodium and 
lithium they only made it possible to estimate the order of mag· 
nitude. (We note that earlier calculations involving rougher 
approximations of the wave function did not even give the correct 
order of magnitude.) But they did bring out how important a role 
is played in the formula for doublet splitting by the terms 
responsible for the quantum exchange. It well may be that these 
terms explain the observed negative value of the doublet splitting 
for some atoms. In all likelihood, however, it will not be sufficient 
to consider the valence electron as being in the static field of the 
inner-shell electrons if we are to build an exact theory of doublet 
splitting. 

6. The symmetry of the Hamiltonian 
of a hydrogen-like atom 

In the previous section, following Bohr, we characterized each 
atomic shell by two quantum numbers, n and l. For a given value 
of n the number l takes on the values l = 0, 1, 2, ... , n- 1, 
altogether n values. All n electron shells belonging to a given 
value of n form the so-called "big" shell. (In fact, we often speak 
of electron shells and subshells. There is one shell for each prin
cipal quantum number n, and there is one subshell defined for 
each value of l allowed by l = 0, 1, 2, ... , n - 1. Thus each shell 
consists of a number of subshells.) This big shell possesses great 
stability in the atom. In the monovalence atoms of lithium, sodium, 
and copper there are one, two, and three big shells that are 
completely filled (closed). It is most convenient to describe a big 
shell with the help of hydrogenic wave functions corresponding to 
a certain effective charge of the nucleus. This charge can be de
termined using the variational method. 

Let us denote the true charge of the nucleus by Z and the 
effective charge for a big electron shell with quantum number n 
by Zn. It is more convenient to deal with the quantity Pn = Zn/n, 
which is the root-mean-square of the momentum of an electron in 
the nth big shell (in atomic units), rather than with the effective 
charge Zn. . 

Describing atomic .sl1€1'ls with the help of (analytic) hydrogenic 
functions makes it possible to find simple formulas for the various 
functions that characterize the properties of an atom. For instance, 
the momentum distribution function for the electrons in the nth 
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shell, normalized according to the condition 

appears to be 

00 

4n ~ Pn(p)p2 dp=n2 

0 

Pn (p) = 2 ( 2 + 2)4 n Pn p 

277 

(6.1) 

(6.2) 

The theory of hydrogenic functions can be applied not only to 
the theory of the electron-shell structure of atoms but also to the 
Compton scattering on bound electrons and other similar problems 
dealing with wave functions belonging to a continuous spectrum. 
For the hydrogen atom we have, in atomic units, 

n = (- 2£)-'1• ~6.3) 

In the continuous spectrum E is positive and (6.3) is pure imag
inary. This, however, does not exclude the possibility of using 
the theory of hydrogenic functions belonging to a discrete 
spectrum for the case when the relationships obtained with their 
help are formulated in terms of analytic functions of n. We can 
then make a formal transition in these relationships from the 
discrete spectrum to the continuous, giving n pure imaginary 
values. For this reason we will confine ourselves to a discrete 
spectrum. 

To write the Schrodinger equation in momentum space for 
a hydrogen-like atom we must first determine what corresponds to 
the operator of multiplication into 1/r in momentum space. The 
wave functions in coordinate space and momentum space are 
connected by the relation 

oh (p p p) = 1 r e-l(XPx+YPy+ZPz)fhm (X y z) dx dy dz (6.4) 
't' JC> II' Z (2n/i)'/r .} T ' ' 

We must find the form of the operator L that transforms func
tion ¢ into function L¢, which can be represented as 

L•h (p p p ) = 1 r e-l (XPx+YPy+ZPz)fh cp (x, y, z) dx dy dz (6.5) 
't' x• Y' z (2nll)'/r .} r 

But 

_1_ r e-l(xp~+YP~+zp~)/h dp' i_e-i(XPx+YPg+zPz)fh (6 6) 
2n21l .l I p- p' 12 r ' 

where dp' = dp: dp~ dp; is the volume element in momentum 
space. Hence the operator that in coordinate space appears as 
multiplication into I/r transforms in momentum space into the 
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integral operator 
1 r "' (p') I 

L\jl (Px• Pu· Pz) = 2n21i j 1 P _ p' 12 dp (6.7) 

Thus the Schrodinger equation in a Coulomb field with po
tential energy -Ze2/r becomes in momentum space an integral 
equation of type 

1 Ze2 r '¢ (p1 ) I 

2m p2\jl (p) = - 2n21i ) I p- p' 12 dp (6.8) 

Since we are dealing with the discrete spectrum, for which energy 
E is negative, we can introduce the root-mean-square momentum 

Po=(- 2m£)''• (6.9) 

We will consider the components of momentum divided by p0 

as the rectangular coordinates on a hyperplane corresponding to 
the stereographic projection of a sphere of unit radius in four
dimensional Euclidean space. The rectangular coordinates of a 
point on the sphere are 

where 

6 = 2PoPx sin a sin 9 COS cp 
P5+ P2 

2PoPu • • a • 
'YI = 2 2 = sm a sm u sm cp 

Po+ P 

~ = ~PoPz =sin a cos 9 
P~+ p2 

P5- P2 
!(;= =COS a 

P~+ p2 
(6.10) 

(6.11) 

The angles a, a, and cp are the spherical coordinates on the 
hypersphere. At the same time angles 9 and cp are the angles 
that 'characterize the direction of momentum in three-dimensional 
space. The element of area on the hypersphere is 

dQ = sin2 a da sin 9 dO dr:p (6.12) 

and the total surface area of the hypersphere is 2n2• Instead of 
\jl (p) we introduce the function 

qr (a, e, r:p) = ;a p0'1• (P5 + p2) 2 lJl (p) (6.13) 
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for which the normalization condition is 

1 ~ ~ P2 + P2 
- 2 I 'l' (a, 9, cp) 12 dQ = 2 ° 1 '¢ (p) 12 dp 
2n 2p0 

= ~ I '¢ (p) 12 dp = 1 (6.14) 

If for the sake of brevity we put 

i.. = Zme2 = Zme2 ( 6 15) 
lip0 1i (- 2mE)'I• ' 

and go on to the new variables, the Schrodinger equation (6.8) 
becomes 

'- \ 'I' (a', 8', <p') , 
'l'(a, 9• cp)= 2n2 J 4sin2 (ro/2) dQ <6·16) 

Here 2 sin ( w/2) is the length of the chord and w is the arc 
length of the great circle that connects the points c.t, 9, cp and 
c.t', 9', ql on the four-dimensional sphere, so that 

4 sin2 ~ = (s- 6')2 + (rJ - TJ'f + (b- r)2 + (x- x')2 (6.17) 

Equation (6.16) is the integral equation for the spherical harmo
nics of a four-dimensional sphere. The eigenvalues will be the 
integers i.. = n (n = 1, 2, ... ), and the eigenfunctions will be 
the homogeneous harmonic functions of degree n - 1 in its 
arguments ;, TJ, {;, x. that is, functions of type 

'l'=u(;, TJ, {;, x) (6.18) 

where u (xi. x2, x3, x4) is the solution to the four-dimensional 
Laplace equation 

(6.19) 

As we see from (6.15) the integer n is the principal quantum 
number. 

Thus the theory of the hydrogen atom is connected with the 
four-dimensional potential theory. This interrelation makes it 
possible to easily derive the properties of hydrogenic wave func
tions and, notably, establish the addition theorem for these func
tions. This theorem holds not only for real integral values of n 
(the discrete spectrum) but also for complex values (the con
tinuous spectrum). 

The most significant corollary of this interrelation is the de
termination of the symmetry transformation group allowed by the 
Schrodinger equation for the hydrogen atom. Equation (6.17) 
obviously retains its form under an orthogonal transformation of 
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the variables s. TJ, ~. x. that is, if the hypersphere is rotated arbi· 
trarily in four-dimensional space. It follows from this that the 
initial Schrodinger equation not only possesses the usual spher
ical symmetry but also has a wider symmetry corresponding to 
four-dimensional rotations. This explains the long-known fact that 
the energy levels of hydrogen depend only on the principal quan
tum number n. Application of a wider transformation group to 
the Schrodinger equation ensures the results mentioned at the 
beginning of this section. We will not detail these results or their 
derivation. 



Part V 

DIRAC'S THEORY OF THE ELECTRON 

Chapter I 

THE DIRAC EQUATION 

1. Quantum mechanics and the theory of relativity 

The theories of both Schrodinger and Pauli are nonrelativistic. 
They ignore the fact that no mass point can move in space and no 
action can propagate in space at a velocity that exceeds the 
speed of light. A relativistic generalization of quantum mechanics 
requires introducing new physical concepts and even modifying 
the interpretation of the wave equation. The modification is nec
essary because we need to introduce, besides spin, a new degree 
of freedom for the electron and because we cannot interpret this 
degree of freedom within the limits of the one-body problem. 

However, it is possible to formulate the problem of one body 
(the electron) in a given external electromagnetic field in accord
ance with the theory of relativity. Dirac formulated this problem 
when he suggested his equation for the electron. 

In Section 13, Chapter III, Part I, we saw that the wave 
equation, that is, the equation that determines the law governing 
the time dependence of the electronic state (function ¢), must be 

H¢-lh ~; =0 (1.1) 

where H is the Hamiltonian. The wave equation is closely related 
to the quantum equations of motion, from which we derived the 
wave equation (Section 13, Chapter III, Part I). The quantum 
equations in turn can be derived from the wave equation (Sec
tion 4, Chapter IV, Part I). Now, following Dirac, we must gen
eralize the wave equation ( 1.1) to the theory of relativity. We 
must require that it be invariant under Lorentz trasnformations 
and that it give us the classical equations of motion of the theory 
of relativity. 

2. Classical equations of motion 

Let us recall the form of the classical equations of motion of 
the theory of relativity and the corresponding Lagrangian and 
Hamiltonian functions. 

281 
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In the mechanics of the theory of relativity the momentum 
(Px, P11 , Pz) is connected with the velocity (.X, [/, i) by the rela
tionships 

p _ mx 
x- (1 - rJ2jc2)'1• , 

where 
(2.1 *) 

The equations of the motion of an electron (mass m and electric 
charge -e) in an electromagnetic field have the form 

dPx =- .!!_ (y'de - Zd8)- eft· 
dt c Z II X 

dP11 e 
---;[t = - c (z/J6."< - X:J6z) - efff II 

dP z e ( . "1£1 • "1£1 ) w 
---;It=- c Xcroll- Ycrox - e(!} z 

From these we can easily derive the equation 

~~ = - e (Xfff x + yfff 11 + zfff z) 

where T is the electron's kinetic energy: 

(2.2) 

(2.3) 

T = (1 - rJ2jc2>''• (2.4) 

These equations can be obtained from the Lagrangian 

[£ =- mc2 (1 - v2/c2)'1' - ; (xAx + [JA 11 + iAz) + e<I> (2.5) 

where CD is the scalar potential, and A = (Ax, A11 , Az) the vector 
potential. The generalized momentum conjugate to coordinate xis 

Px = iJiJ2x. = mi -..!.A = P - ..!. A (2.6) 
(l _ rJ2fc2)'/z C X X C X 

and similarly for the other coordinates. Hence the generalized 
momenta Px, p11 , Pz do not coincide with momentum components 
Px, P11 , Pz but are linked with them, as in nonrelativistic case, by 
the relationships 

e 
Px=Px+C"Ax, 

e 
Pu=Pu+-; All, 

[see formula (5.16), Part Ill]. The energy of the electron is 

E . + . + . [£ mc2 <D 
= XPx ypll ZPz- = (I - rJ2fc2)'J. - e (2.8) 
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Expressing it in terms of the generalized momenta, we find 
the classical Hamiltonian function 

2 [ I ( e ) 2]''• H c!assrcai = me 1 + m2c2 p + c A - e<I> (2.9) 

3. ·Derivation of the wave equation 

We seek a quantum operator that corresponds to the Hamil
tonian function (2.9). Let us start from the simplest case of a 
free electron, that is, when there is no electromagnetic field and 
the scalar and vector potentials are zero. Then 

Hclasslca! = mc2 ( 1 + m!c2 (P! + P~ + P;) )''• (3.1) 

Because equations of the theory of relativity are symmetric 
with respect to coordinates and time and because the wave equa
tion contains the linear operator of differentiation with respect to 
time, the equation must also have linear operators of differentia
tion with respect to coordinates. Consequently, the quantum Ha
miltonian must be linear with respect to the operators 

'h a 'h a 'It a Px =- t ax• Pu =- t 7fii' Pz =- t 7fi 

that is, it must have the form 

H = ~1Px + ~2Pu + ~3Pz + ~4 (3.2) 

where ~k are the as yet unknown operators that do not depend 
on Px, py, Pz· But these operators must not contain the coordi
nates x, y, z either because all points in space have equal status 
for a free electron. Consequently, they must act on some new vari
ables on which the wave function in Schrodinger's theory did not 
depend. We will determine the meaning of these new variables 
later. We will see that they are a generalization of the operators 
in Pauli's theory. 

To determine the properties of operators ~k we require that 
there be the same relationship between the square of the energy 
and the square of momentum of a free electron in quantum me
chanics as in classical mechanics, namely 

H2 = m2c4 + c2 (P! + p~ + P;) (3.3) 

Let us calculate the square of operator (3.2), bearing in mind 
that the ~k do not contain the coordinates and hence commute 
with Px, Pu. Pz but cannot commute with each other. We get 

fl2 = ~~ + ~iP! + ~~p~ + ~~p; 
+ (~1~4 + ~4~1) Px + (~2~4 + ~4~) Pu + (~3~4 + ~4~3) Pz 

+ (~~3 + ~a~)PuPz + (~3~1 + ~~~3) PzPx + (~r~ + ~~~) PxPu (3.4) 
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This expression coincides with the previous one if the following 
conditions are observed: 

~~ = m2c4, ~i = ~~ = ~~ = c2, ~~~k + ~k~t = 0, i =I= k (3.5) 

If we use the relationships 

(3.6) 

to introduce new operators a.k proportional to ~k, then the Ha
miltonian will be 

H = c (atPx + a2p11 + aapz) + mc2a4 (3.7) 

and the a.k must satisfy the conditions 

a~= I, (3.8) 

which in shorter form can be written as 

i, k = 1' 2, 3, 4 (3.9) 

4. The Dirac matrices 

We will see later that the a.k can be considered as transforming 
four functions '¢t. '¢2, '¢a, '¢4, in the same way that the Pauli 
matrices transform two. The object on which the a.k act will then 
be a collection of four functions, and the operators can be repre· 
sented in matrix form with elements that are the coefficients of 
these transformations. 

We will often denote the collection '¢t, '¢2, '¢3, '¢4 simply by 'IJ> 
and the transformation 

'¢~=all'¢! + a12'1Jl2 + ata'¢a + at4'¢4 

'¢~ = a21'¢1 + a22'¢2 + a2a'¢a + a24'¢4 

'¢~ = aat'¢1 + aa2'1Jl2 + aa3'¢a + aa4'¢4 

'¢~ = a4t'¢t + a42'1Jl2 + a4a'¢a + a44'¢4 

by the brief notation 
'¢'=a'¢ 

where, consequently, a is the matrix 

(

au a12 a1a a14 ) 
· ~I ~2 ~3 ~4 

a= 
aat a32 aaa a34 

an a42 a43 a44 

(4.1) 

(4.2) 

(4.3) 

Let us express operators a~. a 2, a 3, a 4, which satisfy (3.9), in 
terms of matrices similar to those in Pauli's theory (see Part III). 
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From ttt, a 2, a 3, tt4 we construct six matrices. First, three 

(4.4) 

and then, three more: 

(4.5) 

We can easily verify that matrices ax, ay, O'z will satisfy the same 
relationships as the Pauli matrices, namely 

O'yC1z =- O'zO'y = iax 

O'zC1 x =- 0' xO'z = ia11 

O'xC1g=- O'yO'z=iO'z 

The square of each of these. will be unity: 

a2 = a2 = a2 = I 
X y Z 

The matrices Pa• Pb, Pc will satisfy similar relationships: 

and 

PbPc = - PcPb = ipa 

PeP a= - PaPc = ipb 

PaPb = - PbPa = iPc 

p~=p~=p~= I 

The products of matrices p into matrices cr are 

further 

and, last 

PaO'x = O'xPa =a, 

Paau = O"gPa = a2 

PaC1z = O'zPa = aa 

PbC1x = C1xPb = ia1a4 
p11cr11 = a11p, = ia2a4 

PbC1z = C1zPb = iaaa4 

Pcf1x = O'xPc =- i~3a4 

PcO'g = C1yPc = - ia3a1a4 

PcC1z = O'zPc =- ia,a2a4 

(4.6) 

(4.7) 

(4.8) 

(4.9} 

(4.10) 

(4.11) 

(4.12) 

Hence each of the matrices p commutes with each of the mat
rices cr, and we can say in a sense that p and cr refer to different 
degrees of freedom of the electron. 
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Using matrices at expressed in terms of p and a, we can write 
the Hamiltonian (3.7) as 

H =CPa (axPx + ayPy + azpz) + mC2Pc (4.13) 
We note that to the four matrices a 1, az, aa, a4, which satisfy 
(3.9), we could add a fifth, say, as = Pb· This last anticommutes 
with the Hamiltonian (4.13). 

Now let us turn to the problem of building 4 X 4 matrices that 
have the general properties we have just stated. We first consider 
the three 2 X 2 matrices that we met in Pauli's theory. 

If we denote them by a?, ag, ag, we have 

a?=(~~). a~=(~ ~i). a~=(~ ~1) (4.14) 

Let us assume that the transformations. 

a?(~)= ( ~), a~(~)= (- i~), ag ( ~) = ( _!) (4.15) 

are applied not to one but to two pairs of numbers, ( ~ ) and ( ;: ). 

simultaneously. These two pairs can be considered to be a set of 
four numbers ¢1, ¢2, ¢a, ¢4· We can relate the numbers ~. 'TJ, ~·. 11• 
to '¢1, '¢2. 'ljla, '¢4 in different ways. 

We can put, for instance 

"¢,=~. "¢2=fJ, ¢3=6'", "¢4=fJ· (4.16) 
or we can put 

'¢,=~. "lfla=fJ, (4.17) 
In the first case the matrices corresponding to our transforma-

tions will be 
ro 1 0 0 fO -i 0 

~.]. 
r 1 0 0 

~ 1 
ll 0 0 0 I 0 0 0 -1 0 

a,= 0 0 0 1 ' a2 = 0 0 0 aa= 0 0 1 -t 

0 0 1 OJ tO 0 i 0 J 0 0 0 -1 J 

and in the second 
(4.18) 

case 

0 0 1 01 0 0 -i 0 (I 0 0 0 
0 0 

0 l J 
0 0 0 -i 

p,= l~ 1 0 0 
p,= 1 0 0 0 ' P2= i 0 0 0 0 -1 0 

LO 1 0 0 LO i 0 0 J 0 0 -1 
(4.19) 
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Obviously, the transformations a 1, a2, a3 and the transforma
tions pt. p2, pa, taken separately, satisfy the same relationships as 
the transformations ( 4.15), which are applied to two functions. 
Namely 

and 

<12<13 =- <1a<12 = i<rt 

<ra<rt =- <1t<1a = i<12 

<11<12 = - <12<11 = i<ra 
<121 = <12 = <12 = 1 2 3 

P2Pa =- PaP2 = ip, 

PaPt = - PtPa = ip2 

P1P2 = - P2Pt = ipJ 

(4.20) 

PT=P~=p~= 1 (4.21) 

On the other hand, we can verify that each transformation <1 com
mutes with each transformation p, so that 

<1tPk=Pk<r~o i,k=1,2,3 
Each of the matrices p and a and each of their products 

has two 2-fold degenerate eigenvalues, + 1 and -1 . 

(4.22) 

(4.22) 

The three matrices a;, the three p;, and the nine <rtpk together 
with the unit matrix form a system of 16 matrices, which can be 
called complete in the sense that any 4 X 4 matrix, that is, a 
matrix with 16 elements, can be expressed as a linear combination 
of these 16 matrices. The coefficients in this combination are num
bers. 

For example, we can use p; and <r; to express the matrices in
volved in the Dirac equation and the related matrices, pa, pb, pc 
and <1x, O'y, O'z. We can do this in various ways, so that matrices 
with a given physical meaning can hav~ different mathematical 
forms. In the literature we most often ·find the representation in
troduced by Dirac, who put 

<1x = <rt. <1y = <12, <1z = <13, Pa =Pt. Pb = P2, Pc = Pa (4.23) 

According to ( 4.1 0) and ( 4.15), the corresponding matrices ak 
will be 

(4.24) 

(We have assigned a prime for each matrix so as to distinguish 
these from the ones that we will use later.) 

In some respects it is more convenient to use the following 
matrices: 

<1x = PaO't, 

Pa = P3• 

O'y = <12, 

Pb = Pt<12, 

<1z = Pa<ra 

Pc = P2<12 (4.25) 
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or in explicit form 
ro 1 o o 

0 0 0 
0 -i 0 

i 0 0 
ax= 0 0 0 -1' cry= 0 0 0 

0 0 -1 OJ lO 0 i 

Ol 
0 
. ' (Jz= -t 

OJ 

o -~ ~ o~tjl 
0 0 -1 

lO 0 0 
(4.26) 

0 Ol 0 0 0 
0 i 

-i 0 

0 0 

-i 

0 

0 0 0 -11 
0 0 0 0 0 0 

0 -1 0' Pb= 0 0 • Pc= 0 0 0 
0 0 -1 li OJ -1 0 0 0 

From this we get. the following expressions for ak: 

0 0) 0 0 
0 1 ' 

1 0 

~)· 
-1 

(

0 -i 

~~ i ~ 
0 0) 0 0 
0 i 

-i 0 

- ( ~ ~ 0 -~) 
a4 - 0 0 0 

-1 0 0 0 

5. The Dirac equation for a free electron 

(4.27) 

(4.28) 

(4.29) 

We can now write the Dirac equation for a free electron in 
explicit form. If H is the operator (3.7), the wave equation 

H'i' = [e (a1Px + «2Pu + a3pz) + me2a4] 'I'= ih ~~ (5.1) 

can be written as a system of four differential equations: 

•t. ( iJ¢2 . iJ¢2 + iJ¢, ) 2,,, •t. iJ¢, -tHC --L- - -me 't'4=tH-iJX ay az at 
•t. ( iJ¢, + . iJ¢, iJ¢2) + 2,,, ·t. iJ¢2 -t"e - t--- me "'3 = tr,-ax ay i)z at 

_ • t. ( iJ¢4 + · iJ¢• + iJ¢a ) + 2,1, _ • t. a¢a tfle ax t iJy az me 't'2- l1~ at 

·t. ( a¢a . iJ¢a a¢. ) 2," . t. iJ¢• 
-tr~e --l--- -me 't'l= l,,-ilx au oz at (5.2) 
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We note that it is easier to investigate the Dirac equation when 
it is written in the short form (5.1), so that there will be almost 
no need to use (5.2). 

We have considered two ways of choosing matrices. One, pro
posed by Dirac, corresponds to formula ( 4.23). The other, proposed 
in this book, corresponds to ( 4.25). 

For some purposes it is convenient to introduce such a repre
sentation of matrices r:xk as will ensure that the corresponding 
system of equations for the four component wave function of the 
free electron has real coefficients. It is sufficient to interchange 
p2 and pa in ( 4.25) and change the sign before matrix PI· Instead 
of ( 4.25) we will then have 

o~ = P2<JI' 

P~ =pz, 

<J~ = Oz, 

Pb =- P1°2• 

0~ = Pz0 1 

P~= Pa0 z (5.3) 

To distinguish the new matrices from the old we assigned them 
the index 0. All matrices (5.3) have pure imaginary elements. 1 

The new matrices and the old are connected via a canonical 
transformation with matrix 

1 
T= --/2 (P2 + Pa) (5.4) 

which is hermitian and unitary, so that 

T- 1=T+=T, (5.5) 
Indeed, we have 

Tp2T=pa. (5.6) 

The new matrices r:xk (which we denote by an will be connected 
with the old matrices through the canonical transformation 

(5.7) 
These will be 

(5.8) 

A comparison with ( 4.28) shows that they differ from the old in 
that r:x2 is interchanged with r:x4• The elements of the first three 
matrices a~ will be real, and the elements of a~ pure imaginary. 

1 Since we .are dealing with 4 X 4 matrices, there is no danger of confusing 
them with the Pauli matrices (4.14). 

19-2186 
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We can now write the system of four differential equations for 
the wave function of a free electron, (5.2), as 

a'¢g a,p~ a,p? 1 a,p? me 
a-x-7JY+-az+ C"(Jf+n¢~= 0 

a,p? a,p~ a,pg 1 a,pg me 
ax + ay- -az +-car - -n- lll? = o 
a,p~ a,pg o'¢~ 1 o'¢~ me 
ax+ ay + az-+ C"(Jf --n-¢~= 0 

a,pg a,p? a,p~ 1 o¢~ me 
ax- - 7iY- --az +-car+ -n- "'~ = o (5.9) 

Last, let us write in explicit form the relationship between the 
wave functions ¢~, which correspond to the choice of matrices a~ 
according to Dirac [see 4.24], and our wave functions. We have 

.,,, = ¢•- ¢• ,1,' = ¢2 +¢a 
'1'! --./2 ' '1'2 "1/2 

'¢~ = ¢•J; ¢4 ' ¢~ = '¢20 ¢a (5.10) 

We introduce the unitary matrix S that corresponds to the trans· 
formation 

'¢' = S'¢ (5.11) 
This matrix is 

1 0 0 -1 

1 0 0 = 1 -lp2 1 + ia2 1 - ipaa2 
S= --./2 1 0 0 --./2 -./2 -./2 (5.12) 

0 1 -1 0 

As for the relationship between ¢ 0 and ¢, which corresoonds to 
the transformation 

'i'o=T¢ 
this is given by the formulas 

'¢~ = ~ ('¢1- i'¢a)• 
1 

'¢g = --./2 ( '¢2- l'¢4) 

(5.13) 

'¢g = ~ (- '¢a+ i'¢.), '¢~ = ~ (- '¢4 + i'¢2) (5.14) 

Since T2 = 1, the same formulas hold for '¢1 and ¢~. We have 

•h __ I_ ('''o _ t" '"o) ,,, __ I_ (•"o _ l.,,,o) 
"'• - ,Y2 "'• '~'a • '1'2- -./2 '~'2 't'4 

'¢3 , ~ (- 'i'g + i'¢?), '¢4 = ~ (- '¢~ + i¢D (5.15) 
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6. Lorentz transformations 

We will now prove the invariance of the wave equation under 
Lorentz transformations and investigate the geometric properties 
of ¢1, ¢2, 'iJs, ¢4· 

We put 
ct =x0 (6.1) 

and introduce four numbers: 
e0 = l, (6.2) 

so that we can write the square of the four-dimensional separation 
in the form 

3 

±ds2 = c2 dt2 - dx2 - dy2 - dz2 = L e dx2 (6.3) 
k=O k k 

We write the Lorentz transformations as 
3 

x; = L eka1kxk (6.4) 
k-0 

where atk are real numbers that satisfy the condition 
3 

L etalkall = elJkz 
t-o 

(6.5) 

These conditions follow from the fact that transformations (6.4) 
must leave ds2 invariant. Owing to these conditions the solution 
of (6.4) for Xt yields 

which in turn leads to the equations 
3 

L etaktau = ei':Jkl 
i=O 

(6.6) 

(6.7) 

If we multiply Eq. (5.1) by if (he), we can write it in the form 
3' 

" ak a,p + imc a•'¢ + a¢ = 0 L..J axk 1i axo 
k=l 

(6.8) 

or 

(6.9) 

provided that ao, is the unit matrix. 

19* 
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Now let us change variables according to (6.6). We have 

Hence 

(6.10) 

If we can find a matrix S (not a unitary one, generally speak
ing) such that 

l = 0, 1, 2, 3 (6.11) 

and 

(6.12) 

then Eq. (6.10) can be written thus: 

(6.13) 

If we then put 

'IJl' = S'¢ (6.14) 

and premultiply (6.13) by (S+)-1, that is, initiate a transfor
mation of the four equations (6.13) inverse to S+, we get 

(6.15) 

that is, an equation of the same type as the initial one, (6.9), 
with the same matrices ak but with new independent variables 
x~. x;, x;, x~ and new functions '¢~, 'IJl;, '¢~. 'IJl~- Hence we will be 
able to prove that 

If the Lorentz transformations are accompanied by transfor
mation (6.14), which acts on functions 'IJl, the wave equation 
will keif[[S form. 

In other words, we will prove the invariance of the wave equation 
under the Lorentz transformations. 
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7. form of matrix S for spatial rotations 
of axes and for Lorentz transformations 

293 

We will show that a matrix S with the needed properties does 
indeed exist and that with our choice of matrices ak it has the 
form 

( ~ : ~ ~) 
S= o o a ~ 

0 0 y 6 

(7.1) 

where a, ~. y, ll are four complex parameters connected by the 
relationship 

(7.2) 

These parameters are called the generalized Cayley-Klein para
meters. The hermitian conjugate of S will be 

s+=(~ i ~ ~) 
0 0 a y 

0 0 ~ 6 

(7.3) 

First of all it is easy to prove by direct calculation that Eq. (6.12) 
is an identity owing to the relationship (7.2) if we perform three 
transformations successively: first S, then a4, and last S+. Note 
that we also have 

(7.4) 

To make certain that for any Lorentz transformation we can 
choose parameters a, ~. y, ll so that Eq. (6.11) will hold, we will 
use the fact that the Lorentz transformations and the transfor
mations S each form a group, that is, that several successive 
transformations can be replaced by one of the same type. We can 
obtain the most general Lorentz transformation equations by 
applying successively transformations that are simple in form. 
For instance, we can rotate the coordinate system about the 
x, y, z axes and then apply the transformation 

(7.5) 

If we then find the matrix S for each of these transformations, the 
matrix S of the general transformation can be obtained by mul
tiplying the matrices of all the transformations. 
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Let us first study the rotation about the z axis, since in this 
case S has the simplest form. We write the transformation equa
tions as 

' . xi= xi cos cp- x2 sm cp 

x; =xi sin cp + x2 cos cp 

' x3=x3 

X~= X0 (7.6) 

We will show that the parameters corresponding to this rotation 
are 

~=0, v=O, 
so that the matrix of this transformation is 

( 

e-l'f!/2 0 0 

0 e1'fil2 0 
S= 

0 0 e1'fil2 

0 0 0 

We can write it also as 

S <p • • <p 
=cos 2- t stn 2 PJ0'3 

or, according to (4.25), as 

S =cos ~ - i sin ~ !1z 

We have 

(7. 7) 

(7.8) 

(7.9) 

(7.10) 

s+atS=S+pa!1xS=Pa(cos ~ +isin ~ !1z)!1x(cos ~ -isin ~!1z) 
= Pa (cos cp + i sincp!1z) !1x = Pa (!1x cos cp- !1y sin cp) 

so that 
' s+ s · ai = a1 =at cos <p- a 2 sm <p (7 .11) 

and in a similar manner 

a~= s+a2S = a 1 sin <p + a 2 cos cp 

' + s a3=S a3 =a3 

, s+ ao= aoS=ao (7 .1t•) 

Thus the new matrices a~ are expressed in terms of the old CX.k 

in the same way as the new (transformed) coordinates X: are 
expressed in terms of the old Xk, which means that relationships 
(6.11) hold true. 



Dirac's Theory of the Electron 295 

Now we study the rotation about the axis x = x1: 

I • x2 = x2 cos <p - x3 sm <p 

x~ = x2 sin <p + x3 cos <p 

(7 .12) 
Here 

a=cos ~, ~=-isin:, v=-isin ~, 6=cos; (7.13) 

so that the transformation matrix 

S <p • • <p 
=cos 2 - t sm 2 Pa<T1 (7 .14) 

or 
S =cos ..2. - i sin ..2. a 2 2 X 

(7.14*) 

To prove that (6.11) is valid in this case we can use the same 
method as in the previous case. 

Finally, for the rotation about the axis y = x2 we have 

X:= x1 cos <p + x3 sin <p 
I 

x2=x2 

X~=- X 1 sin <p + X3 COS <p 

(7 .15) 

The parameters in this case are 

a= cos ; , ~=-sin ~ , y =sin ; , 6 =cos ~ (7 .16) 

If we use these parameters to build matrix S for this rotation, 
we get 

S <p • • <p = cos- - t sm - <12 2 2 
(7 .17) 

or 
S = cos .!.. - i sin ..!.. a (7 .17*) 2 2 II 

In all three cases a rotation about axis Xk by an angle IJl in the 
positive direction has corresponding to it a unitary matrix 

S =cos..!..- i sin ..2. <1x 2 2 k 
(7.18) 

where the result does not depend on the choice of matrices ak. 
To generalize the result we can say that a spatial rotation by an 
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angle w about an axis with direction cosines l, m, n has corre
sponding to it a matrix 

S=cos ~ -isin ~ (lO'x+mO'y+nO'z) (7.19) 

We now turn to the Lorentz transformation equations proper, 
(7.5), which we write as 

We put 

so that 

, 
x1 =xi' 

' Xs- VXo/c 
Xa = (1 - v2fc2)'1•, 

, 
x2=x2 

1 Xo- VXa/C 
X = ---=---=-"";7"" 
o (l - v2fc2)'1• 

..!!....=tanhu c 

(7.20) 

(7.21) 

The parameters in this case are 
a= e-u/2 , ~ = 0, v = 0, lJ = eu/2 (7.22) 

Here matrix S will no longer be unitary but with our choice of 
matrices Ctk will remain of type (7.1). We write it as 

S = cosh ~ - sinh ~ 113 (7.23) 

·or 
S = cosh ~ - sinh ~ a3 (7 .24) 

It is easy to verify that now too the relationships (6.11) hold. 
For the Lorentz transformation corresponding to the motion 

along the Xk axis with the velocity v = c tanh u the matrix S is 

S =cosh ~ - sinh ~ ak (7 .25) 

and for the transformation corresponding to the motion along the 
line with direction cosines 1, m, n 

S =cosh ~ - sinh ~ (1a1 + ma2 + na3) (7 .26) 

Hence in all cases we can find a matrix S of type (7.1) that sat
isfies relationships (6.11). We have thus proved the invariance 
of the wave equation under a Lorentz transformation. 

We note that the Cayley-Klein parameters and hence matrix S 
are determined for a given rotation to within their sign. In our 
formulas the sign of matrix S has been chosen so that an infini
tesimal rotation, or a Lorentz transformation with an infinitesimal 
velocity, has corresponding to it a matrix that differs from S= + 1 
by a second-order infinitesimal. 
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8. Current density 
We see that to each Lorentz transformation there corresponds a 

definite (to within its sign) transformation of the functions 
'¢1, '¢2, '¢a, '¢4· These functions therefore represent a kind of geo
metric quantity, such as a vector or tensor. We can call this 
quantity a tensor of rank 1/ 2 or half-vector. The justification for 
this name is that some quadratic forms of '¢ are transformed as 
a four-dimensional vector. Indeed, let us put 

Ak = ;j,ak'¢, k = 0, I, 2, 3, 4, 5 (8.1) 
or in explicit form (with our choice of CXk) 

Ao = iii1W1 + iil2W2 + ii'>a11la + ijl41jl4 

A1 = ij,I'¢2 + ijl21Jl1 + ijla1Jl4 + ijl41Jla 

A2 = - i;j,11J12 + i;j,21Jl1 + iijla1Jl4- iijl41Jls 

A3 = ij!I1!li - ijl211>2 + ijla1Jla - ijl41jl4 

A4 = - iii1'il4 + iii2'ila + iiia11l2- ijl41Jll 

As=- lijl11jl4 + i~1jl3- iijla1Jl2 + iijl41Jll (8.2) 
Formulas (6.11) then give 

3 
I - 1 I - + - I "' A 1 2 3 ) A1 = 1jl a11jl = 1jlS a1S1jl = 1jla11jl = L. ekak1 k' 1 = 0, , , (8.3 

k-0 

These equalities show that A0, A,, A2, A3 transform like the com
ponents of a four-dimensional vector. The formulas (6.12) and 
(7.4), on the other hand, give 

I I 

A4 = A4, As= As (8.4) 
which means that the· quantities A4 and As are four-dimensional 
invariants. The quantities Ak are linked thus: 

~+~+~+~+~=~ ~~ 
Let us show that if the Ak are built by means of the functions 1jl, 

which satisfy the wave equation, we have the following equation: 

aA 1 + oA2 + oAa +.!. oAo = 0 (8.6) 
ax ay az c at 

For this we write Eq. (6.9) and its complex conjugate: 
3 
~ o1Jl lmc 
L..J ak 7fX + '"""Jf'" a41jl = 0 
k-0 k 

(8.7) 

3 -
~ o1Jl me -
L..J 7fX"k -l T1Jla4=0 
11=0 k 

(8.7*) 
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We premultiply the first of these equations by ,j, and the second we 
multiply into 1jl, and we add the results. The second terms in the 
equations cancel out, and we get 

3 

" a -l..J 7fX ('1Jak1Jl) = 0 
k=O k 

(8.8) 

that is, we come to Eq. (8.6) 
If we now integrate (8.6) over a volume V encompassed by a 

surface a, we get 

:t ~ Ao d-r =- c ~ [A, cos (n, x)+ A2 cos (n, y)+ A3 cos (n, z)) d-r (8.9) 
v 

The physical meaning of A0 is the probability density. In Schro
dinger's theory this is \i>1JJ. A comparison of (8.6) and (8.9) with 
(2.7) and (2.9) of Chapter III, Part II, shows that vector cAk 
plays the role of vector S in Schrodinger's theory and is the 
counterpart of the electron flux. Hence the classical charge den
sity p and current density pv have corresponding to them the 
quantum counterparts 

P-- e\j>'ljl=- eA0 

pvk-- eSk = - ec\j>ak'¢ = - ecAk, 

9. The Dirac equation in the case of a field. 
Equations of motion 

(8.10) 

k = 1, 2, 3 (8.11) 

The wave equation for the free electron introduced in previous 
sections had the form 

H'IJ- ih ~i = 0 (9.1) 
with the Hamiltonian 

H = c (atPx + a2Py + aaPz) + mc2a4 (9.2) 

We must now generalize this equation for an electron in an 
electromagnetic field. The classical Hamiltonian function, (2.9), 
can be found from the function in the case of no field, provided 
that we add to the latter the potential energy -ecp and change the 
generalized momenta Px, py, Pz to momenta Px, Py, Pz according 
to (2.7) We did this in Pauli's theory. Let us try the same substi
tution in our relativistic Hamiltonian (9.2) and put 

where 
H = c [a,Px + a2Py + aaPz] + mc2a4 - ecp (9.8) 
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and where Px. Pu. Pz are understood to be the operators 

-ih_g_ -ih.i_ -lh_g_ ax • ay , az 
The main justification for this transition from the equation with

out a field to the equation for an electron in an electromagnetic 
field is this. The directly observable physical quantities are the 
electric and magnetic fields~ and 1€. The potentials, on the other 
hand, are auxiliary mathematical functions determined only to 
within the transformations 

A' =A+ gradf, 
, 1 at 

cp =cp--;ar (9.5) 

which leave the field unchanged. For this reason we must require 
that all physical effects that follow from the wave equation remain 
unchanged when we substitute A' and cp' for A and cp. This re
quirement will be met if such a substitution has corresponding to 
it a unitary transformation of operators and wave functions. Let 
us show that this proposition is true if the Hamiltonian is of 
type (9.3). 

Let us denote by H' an operator of type (9.3) in which A' and q/ 
are substituted for A and cp by means of (9.5). If we use relations 
of type 

le le 

[ - ih _g_ + !. (.91- + .EL)] •h' = e -rc 1 [- ih _!__ + !!... d ] e 7iC 1 •h' ax c % ax 'I' ax c n 'I' 

(9.6) 
we can easily show that, if 'lj> satisfies (9.1), the function 

(9.7) 
will be the solution to 

H''IJ>'- lh 88~' =- o (9.8) 

Thus adding a gradient to the vector potential Is equivalent 
to introducing a phase factor into the wave function, which is a 
particular case of a unitary transformation. 

The wave equation (9.1) with the Hamiltonian (9.3) will ob
viously be invariant under a Lorentz transformation because the 
vector potential is transformed in the same way as the gradient, 
and the scalar potential as -(1/c) (atat). Besides, and this can 
easily be shown, Eq. (6.8) is still correct. 

How can we prove the validity of the new wave equation? A for
mal proof is to consider the equations of motion. We recall the 
formula for the total time derivative of an operator L [see (13.22), 
Chapter Ill, Part 1], that is, 

~~ = ~~ + T (HL- LH) (9.9) 
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Let us see whether substit•1ting x, y, z, P,, P11 , Pz successively 
for L brings us to the classical equations of motion, which was 
the case in Schrodinger's theory. We put 

L=x, y, z 
and obtain 

• dx 
x=Tt=ca1, z=-~~ =ca3 (9.10) 

These are the operators for the velocity components of the 
electron. They do not commute with each other, and the square of 
each is c2, that is, the square of the speed of light. The eigenval
ues of the three operators are ±c. It turns out then that measure
ment of a component of the velocity of an electron is certain to 
lead to the result ±c. The question of whether this paradoxical 
result has a physical meaning remains open. The author is in
clined to consider this result as a defect of Dirac's theory. 

Let us now put 
e 

L=Px=Px+-Ax c 

and then calculate dP,/dt. For this we first find 

_!_(P p _ p p) =~(aAz _ aA11 ) =.!!..~ 
]j II Z 2 II C ay az C X 

J.... (P p _ p p ) =.!.. ( a Ax _ aAz ) =!... ~ 
11 z X X z C az ax C IJ 

l e ( aA11 a A,) e 
T (PxP11 -P11Px) =-c """§'X -ay =-;~z 

On the basis of this we have 

(9.11) 

1;" = : a~x + 1; [ a2 (P 11P x - P xP 11) + aa (P zp x - P xP z)] 

ie ) -T((pPx-Px(p 

( 1 aAx a«p ) "UJ =e ---+- -ea2cro +ea3~ c at ax z II 

or 

(9.12) 

The last step is to introduce by means of (9.1 0) the operators 
x, [!, z and write for dP11/dt and dPz/dt equations similar to (9.12). 
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We get 
dPx =-!..(y·~ -z~) -el! =F dt c z g % % 

dP11 e 
tit=- -c(z~x- i~z)- el!11 =F11 

d;z =-: (i~11 -fl~z)-el!z=Fz (9.13) 

These equations coincide with the classical equations (2.2). 

10. Angular momentum and the spin vector 
in Dirac's theory 

Let us consider the time derivatives of the operators Ox, o11 , Oz, 
which enter into the generalized Pauli operator. For this it is 
convenient to express, by means of ( 4.5) and ( 4.1 0), the matrices 
a.k in terms of p and o. We can then write the Hamiltonian (9.3) 
as 

H =CPa (o xP z + o11P 11 + OzP z) + mc2pc- ell> (10,1) 

Recalling that the o's commute with the p's, we find the time de
rivative by means of the general formula (9.9): 

d:t = ic:a [(o11a z- 0 x<111) P 11 + (C1zC1 z - CJ zC1z) P zJ 

Whence, if we use the properties (4.6) of the CJ's, we get 

dCTz 2c ) ---crt= JjPa (C1zPg- C1yPz (10.2) 

Finally, if we write this formul~ together with the other two sim
ilar formulas, we get 

li dCTz ·p + ·p 2fit=-y z z 11 

li da11 • • 
2fit=-zPx+xPz 

li daz ·p + ·p 2Cit=-x u Y z (10.3) 

where we have used the equations of motion (9.10) and also the 
relationships ( 4.1 0), which express the a.k in terms of p and CJ. 

In classical mechanics Px, P11 , Pz are proportional to i, y, i, 
which means the right-hand sides in (10.3) would vanish. The 
left-hand sides would also vanish because the transition to clas
sical mechanics is equivalent to h being zero. We note that the 
order of the multipliers in ( 1 0.3) is irrelevant. 
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To return to quantum mechanics. We write the right-hand side 
of the first equation in ( 10.3) as 

. . d d~ d~ 
- yPz+ zP11 = -Tt(YPz- zP11 ) + Y(it-zdl 

If we now substitute the expressions for P11 and Pz by means of 
Eqs. (9.13), we find that Eqs. ( 10,3) yield 

and similarly 

:t (uPz-zP11 + ~ ax)=YFz-zF11 (10.4) 

:t (zPx-XPz+: a11 ) =zFx -XFz 

:t ( xP 11 - yP x + ~ Gz) = xF 11 - yF x (10.4*) 

We can interpret these equations as the counterpart of the law 
of classical mechanics that states that the time derivative of angu
lar momentum is the torque, or the moment of force. The angular 
momentum in our problem is 

1i 
Jlx = yPz- zP11 +Tax 

11 
Jl11 =zPx-XPz+Ta11 

li 
Jlz=XP11 - yPx + TGz (10.5) 

This is a generalization of the expressions that we studied in de
tail in the part devoted to Pauli's theory. The relations (10.5) 
transform into those of Pauli's theory if we nullify the vector po
tential (so that Px = Px. Py = py, Pz = Pz) and represent the 
operator;S ax, a11 , az in the form of the 2 X 2 Pauli matrices. 

Let us now try to generalize the operator 

P=axPx+a11P11 +azPz (10.6) 

(We studied this operator in Pauli's theory.) We construct the 
time derivative of P. If we turn to the Hamiltonian ( 10.1), we see 
that we can express it in terms of P as 

H = CPaP + mc2p0 - e<I> (10.7) 

This implies that the only term in H that does not commute 
with P is the one with the scalar potential. Whence 

dP aP ie e ( aAx aA11 aAz) 
dt = Tt + h (P<I>- <DP) = c fix --at"+ f1y --at"+ Oz (Jt 

( a111 aa, a111 ) + e ax ax + a11 ay + Gz az 
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or 

(10.8) 

Thus the time derivative of P is proportional to the scalar prod· 
uct of the electric field IS and the spin vector o. When the elec
tric field is zero, P is a constant of the motion. Note that in 
Pat.Jli's theory we would have obtained the same equation of mo
tion for P, but there the Hamiltonian depended on P quadratically 
and not linearly. 

In Pauli's theory we also dealt with the operator 

(10.9) 

We likewise showed that this operator anticommutes with P. For 
this reason in Dirac's theory .K will not be a constant of the mo
tion even for a free electron. But since matrix Pc anticommutes 
with matrix pa, which stands in the first member of the Hamilto
nian (10.7), and commutes with the other two members of (10.7) 
the operator .Ito = pc.K will, in the absence of a field, commute 
with all the members of (10.7) and thus will be a constant of the 
motion. 

When there is no electromagnetic field, J( can be written as 

(10.10) 

where .Kx, .Ay, .Kz are determined by (10.5). We will assume 
that J( is determined by (10.10) also when the momentum opera· 
tors Px, Py ,Pz contain the vector potential. Let us construct the 
expression for the total time derivative of operator .K o = 
= pc.K for this (general) case. We will have 

d.AD d 
dt = dt (pc.K) 

=- epc [<1x (y/G z- ziG g)+ O"g (ziG X- xiS z) + Oz ("/G g- y/G xH 
+ epb [<1x (Y~z- Z~g) + Og (Z~x-X~z) + O"z (X~g- Y~x)) 

(10.11) 

The right-hand side vanishes not only In the absence of a field 
but also when the magnetic field is zero and the electric field is 
directed along the radius (a central field), which is an important 
case for applications. We will consider the problem of an electron 
in a central field in the next chapter. 



Fundamentals of Quantum Mechanics 

11. The kinetic energy of an electron 

If in (9.3) or ( 10.1) we drop the term with the scalar potential, 
we come to the operator 

T = c (alPx + a2Py + aaPz) + mc2a4 (11.1) 
or 

T =CPa (axPx + 11yP y + 11zPz) + mc2Pc (11.2) 

which can be interpreted as the kinetic-energy operator in con
trast to the Hamiltonian H, which is the total-energy operator. 
This new operator is the quantum counterpart of the classical 
quantity 

(11.3) 

where u is the speed of the electron, and p is its momentum. 
Such an interpretation is justified by (a) that there is an analogy 
between the quantum and classical expressions for the time de· 
rivative of T and (b) that the eigenvalues of T are greater than 
mc2 in absolute value. This analogy becomes still greater if in
stead of operator T we associate with the classical kinetic energy 
the mean value of the Heisenberg matrix for this operator. We 
will find t,he mean value of the matrix in the next section. 

Let us ~rst construct the time derivative of operator T. By the 
general formula we have 

(11.4) 

where 
H=T-e<D (11.5) 

But T depends on time only through the vector potential, which 
appears in the operators Px, Py, Pz. On the other hand, the only 
term in H that does not commute with T is -e<D. For this reason 

dT ( aAx. aAy aAz) ( a<D a<D a<D) 
y,=e a17it+ a2ar + «aar + ec «1 ax +~au +aa az 

(11.6) 
or 

(11.6*) 

But in Section 9 we have seen that according to the Dirac equa· 
tion 

z=caa ( 11. 7) 
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Whence we can write ( 11.6*) as 

~~ =- e (x~ x + !i~u + z~z) (11.8) 
• 

This equation formally coincides with Eq. (2.3) 
To make sure that the eigenvalues of T exceed mc2 in absolute 

value we must find the square of T. If we use ( 11.2) and the prop
erties of the matrices p, we get 

T2 = m2c4 + c2P2 (11.9) 

The second term on the right-hand side is c2 times the square of 
the hermitian operator 

p = GxP X+ GyPg + azPz (11.10) 

[we studied this operator in the part devoted to Pauli's theory 
(Part III)]. If we denote the eigenvalues (real quantities) by P', 
the eigenvalues of T2 will be 

T'2 = c2 (m2c2 + P'2) (11.11) 
so that 

and hence 
T' = ± c (m2c2 + P'2)'1• 

IT'I ~mc2 

(11.12) 

(11.13) 

Let us show that the theory does give two signs of the eigen
values of T. We write the eigenvalue equation 

T'¢ =CPa (axP X+ GyP g + GzPz) '¢ + mc2pc'¢ = T''¢ (11.14) 

If '¢ is a solution of this equation corresponding to eigenvalue T', 
then 

(11.15) 

will be the eigenfunction corresponding to eigenvalue -T'. 
Indeed, in virtue of the fact that matrix Pb commutes with matric
es CJx, CJy, CJz and anticommutes with pa and Pc we find that 

T'¢* = Tpb'¢ =- PbTlJl =- PbT''¢ =- T' PbW 
that is, 

which proves our statement. 

12. The second intrinsic degree of freedom 
of the electron 

(11.16) 

The fact that the theory predicts negative values for kinetic 
energy presents a substantial difficulty. This difficulty is connected 
with the above-mentioned paradox that the eigenvalues of the vel
ocity operators for an electron are ±c. Both corollaries are due 

20-2186 
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to a second degree of freedom of the electron, and this is de
scribed by the operators pa, pb, Pc (we consider the first degree of 
freedom to be described by the spin vector with components 
ax, ay, az). This second degree of freedom is of a relativistic na
ture. Apparently, its physical meaning is that the Dirac equation, 
in a sense, describes not only electrons but positrons as well (a 
positron is an elementary particle with electron mass and positive 
charge equal to that of the electron). 

If we are to interpret the Dirac equation in such a way, it is 
impossible to preserve the usual interpretation of the wave func· 
tion as describing a one-particle state. The usual interpretation 
can still be applied, in a sense, to quantities that are not con
nected with transitions from states with positive energies to states 
with negative energies (or with the inverse transitions). (This 
concerns first of all the corresponding elements of Heisenberg's 
matrices.) If we want to isolate such quantities, we must build for 
each operator the corresponding Heisenberg matrix and then 
discard the matrix elements that correspond to transitions be
tween states with energies of opposite signs (that is, between 
energies of the order of + mc2 and -mc2). Since these elements 
contain rapidly oscillating factors e±lmt, where ro is of the order 
of 2mc2/li discarding these matrix elements is equivalent to aver
aging ower a time interval that is much greater than 1/ro but 
smaller 'iiian the reciprocal of the frequencies of ordinary transi
tions. Let us illustrate this by the following example. 

We construct Heisenberg's matrices of the operators pa, pb, pc, 
which enter into the Hamiltonian 

H = CPa(axPx + ayPg + O~z) + mC2Pc- e<I> (12.1) 

According to (4.8) these operators satisfy the following relation
ships: 

p~= 1, p~= 1, p~= 1 

PbPo = iPa• PeP a = ipb, 

If we then use the notation 

P= CJxP X+ ayPg + C1zPz 

we can write the Hamiltonian as 

H = cpaP + mc2pc - ecD 

By using formula (10.8), that is, 
dP 
dt= -e (ax~ x + ay<Wy + Oz~z) 

(12.2) 

(12.3) 

(12.4) 

(12.5) 

we can maintain that, in the absence of an electric field, P is a 
constant of the motion. 
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In order to build Hei5enberg'.s matrices for the operators pa, 
pb, pc we construct the equations of motion for them. If for the 
sake of brevity we put 

we get 

dpa 
(if""= - ropb, 

2mc2 

ro=-b- (12.6) 

The rest of this section is devoted to the case without an elec
tric field. Since here P. is a constant of the motion, in Eqs. (12.7) 
we can consider P to be this constant and not the operator (12.3). 
Then the equations will have constant coefficients and can be 
solved in a straightforward manner. 

Instead of pa, pb, Pc we introduce three matrices 

'ta = [I+ p2j~m2c2)]'1• (Pa- :c Pc) 

'tb = Pb 

'tc = [l + p2f~m2c2)]'1• ( :c Pa + Pc) (12.8) 

These matrices satisfy the same relationships ( 12.2) as pa, pb, and 
pc, namely 

't2=1, a 

'tb'tc = i'ta, 

't~ = 1, 

'tc'ta = i'tb, 

't~ = 1 

'ta'tb = i'tc (12.9) 

We can express the p's in terms of the 't's in the following way: 

Pa = [I+ P2j~m2c2)J'f• ( 'ta + :c 'tc) 

Pb=Tb 

Pc = [I + p 2/(m2c2)]'f• (- :c 'ta + 'tc) (12.10) 

where the constant factors differ from the ones in (12.8) only in 
the sign of P. 

The equations of motion for the 't's are 

d-r:a d-r:b 
dt = - 'V'tb, dt = 'V'ta, (12.11) 

where for the sake of brevity we have put 

- (1 + p2 )''•- ~( 2 2+P2)''• v-ro m2c2 - b m c (12.12) 
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We can now easily solve Eqs. ( 12.11) if we take into account 
conditions (12.9). We have 

'ta = - 'tt sin vt - 1:2 cos vt 

'tb = 'tt cos vt - 1:2 sin vt 

(12.13) 

where Tt, 't2, Ta are constant matrices that satisfy the conditions 

-ri = 1, .. ~ = 1, 't~ = 1 

't2't3 = ht. Ta'tt = h2, Tt't2 = i-r3 (12.14) 

similar to ( 12.9). 
Let us apply the averaging process to the Heisenberg matrices 

just obtained. (We mentioned the need for this process at the 
beginning of this section.) We have 

('ta)=O, (-rb)=O, (-rc)='ta (12.15) 

Thus the mean values of Heisenberg's matrices for the operators 
p are 

(Pa)= (m2c2 :P2>''• 'ta, (pb)=O, (Pc)= (m2c2:P2)'/• 't3 (12.16) 

Substituting these values into the expression for the Hamiltonian 
(12.4), we get 

(12.17) 

If we remember that -r3 is a constant whose square is unity, the 
last formula is the same as that of the classical kinetic energy, 
(11.3). 

13. Second-order equations 

The Dirac equation is a system of four differential equations of 
the first order in four unknown functions. We can exclude two 
functions and construct a system of two second-order equations 
in two unknown functions. If we then perform a limiting process 
by tending c to infinity, we come to a nonrelativistic wave equa
tion for an electron in a magnetic field. This brings us to Pauli's 
theory, which we considered in Part III. 

Since the derivation of the Pauli equation from the Dirac equa
tion is interesting in itself, we will do it here although we already 
know the result. 

In order to find a system of two second-order equations using 
the Dirac equation we write the latter as 

T'i' = eq,p + lh ~I (13.1) 
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where T is the electron's kinetic-energy operator considered in 
Section 11. Let us apply operator T to both sides of this equation. 
After some manipulations we get 

f2lll = [-ill ~~ + e (TID- IDT)] ,P + ilie ~~ ,p 

+ e21D~ + 2ihe(J) ~~ - li2 ~2~~ (13.2) 

The expression in brackets on the right-hand side is, as can be 
seen, -iii times the total time derivative of operator T, which we 
have already calculated [see ( 11.5) ]. We also calculated the expres
sion for f2, but we must modify it. If we determine P2 in the 
second term ( 11.9), we get on the basis of (9.11) and the proper
ties of matrices a the following: 

T2 = m2c4 + c2 (P~ + P~ + PD + hec (ax~x + ay~g + az~z) (13.3) 

We use the expressions of type 

p 2 = (P + .!. A ) 2 = p'l + ~ A p _ ilie aAx + ~ A2 
X X C X X C :1& X C ax c2 X 

and also for brevity the vector notations, and we get 

T2 = m2c4 + c2p2 + 2ec (A·p)- iltec divA+ e2A2 + liec (a·1C) (13.4) 

We insert this expression into (13.2) and use ( 11.8) and the 
Lorentz condition 

This yields 

div A + ...!.. ac» = 0 
c at (13.5) 

[m2c• + c2p2 + 2ec (A • p) + e2 (A2 -ID2) + hec (a· 1t) + ilte (x · cf)] ,p 
a1jl 2 aa1j! 

= 2llle «Dar -It ata (13.6) 

This equation can also be written as 

_ v2. .. + _1 a2'1Jl _ 2te [<A. d•h) + .!._ a111] + m2c2 .h 
'I' c2 at2 be gra 'I' c at It~ 'I' 

e2 2 m2\ e 'IP ie · + 1i2ci (A - w 1 ,P + 1iC (a· 17&- ),P + lic2 (x ·<f) ,P = 0 (13.7) 

This is a system of four equations for the four functions ,p1, w2, 

1fl3, 1fl•· With our choice of matrices a, the first two equations 
include only the first two functions 1fl1 and 1fl2, and the second two 
equations only 1jl3 and W•• so that Eq. (13.7) separates into two 
systems. 

Equation (13.7) differs from the relativistic generalization of 
the Schrodinger equation proposed by various authors before the 
concept of the electron spin was introduced and before Dirac's 



310 Fundamentals of Quantum Mechanics 

theory. The difference lies in the two last terms, which contain the 
matrices a and X. 

Let us see what equation we get from (13.6) or (13.7) if we 
omit the relativistic correction, that is, if we effect the limiting 
process c-+ oo on the assumption that the energy of the particle 
is close to its rest energy mc2• 

For this we put 
(13.8) 

and assume that '¢* varies slowly in time in comparison with '~'· 
For stationary states this assumption means that in 

we have put 
W=mc2 +E 

(13.9) 

(13.10) 

and consider E to be very small in comparison with mc2• If we 
insert (13.8) into Eq. ( 13.6) and divide the result by 2mc2, we get 
the exact equation 

[ 2~ (P + ~ A r- e<D + 2~c (a ·1t')] '¢•- iii aa~· 

= 2~c2 [- ilie (:X: • cf) + ( e<D + ih ;t YJ 'i'• (13.11) 

We must remember that when passing to the limit c-+ oo the 
factor 1/c in the terms containing the magnetic quantities A 
and lC appears from the use of the Gaussian units, that is, the 
factor is a constant. Because of this we must retain all the terms 
on the left-hand side of ( 13.11), whereas we replace the right
hand side with zero. The approximate equation is then 

[ - 1- (P + !.. A)2
- e<D + ...!!!__ (a • 1t')] '¢• = ih a11>• (13.12) 

2m c 2mc at 

The operator on the left-hand side of ( 13.12) 

H• = -1- (P +!.. A)2
- e<l> + .J!..:..... (a· 1t') 2m c 2mc 

( 13.13) 

is hermitian. If we take a to be the set of the 2 X 2 Pauli matri
ces, the Hamiltonian H* will coincide with the Pauli operator 
examined in Section 5, Part III, and the wave equation (13.12) 
will coincide with the Pauli equation. Introduction of 4 X 4 matri
ces makes no essential change because the equation for four 
component functions, (13.12), splits into two equivalent systems 
of equations for two component functions. 

The fact that the Pauli equation is obtained from the Dirac 
equation as an approximation is additional proof that it is valid. 
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In conclusion we write the wave equation (13.12) in explicit 
form. If by H0 in accordance with (5.18) Part Ill, we denote 

Ho=- P+-A -e<l> I ( e )2 
2m c 

which does not contain matrices, we get 

lr= H0 + J.L0 (o ·lf) 
where 

0 eh 
J.L = 2mc 

is the Bohr magneton. 

(13.14) 

(13.15) 

(13.16) 

If we assume that a are the 2 X 2 Pauli matrices introduced 
in Section 1, Part II I, 

( 0 -i) 
02 = i 0 

and w• is the two component wave function (the first two com
ponents of the four component Dirac function), we can with our 
choice of matrices O'x,a11,az [see (4.26)] write Eq. (13.12) as 

a~· 
flOw;+J.LO[J'ISz'¢;+(J'IS -i~11)'¢;]-ih a/ =0 

a • 
fl0w;+J.L0 [(~x+i~11)'1jl~-J'ISz'i>;]-ih a~2 =0 (13.18) 

The equations for the last two components (w; and '¢:) will be 
similar. They will differ from (13.18) in the signs of the terms 
that derive from O't and O'a (in other words, the terms proportional 
to ~x and ~ ... ) If we choose the matrices according to Dirac [see 
(4.18)], the equations for the last two components will be a 
simple repetition of the equations for the first two. 



Chapter II 

THE USE OF THE DIRAC EQUATION 
IN PHYSICAL PROBLEMS 

1. The free electron 

The wave equation for a free electron has the form 

H1J>- ih ~~ = 0 (1.1) 

where according to (3. 7) and ( 4.13), Chapter I, 

H = c (a,px + «2Py + «aPz) + mc2a4 (1.2) 
or 

H =CPa (0' xPx + O'yPy + C1zPz> + mC2Pc (1.3) 

Since the law of conservation of energy holds for a free electron, 
we can add to the wave equation the eigenvalue equation for the 
Hamiltonian 

H1J>= W1J> (1.4) 

Further, the operators Px, py, Pz commute with H and therefore 
are constants of the motion. Since they also commute with each 
other, we can consider the momentum components to be given 
numbers p~, p;, p~ and subject 1J> to the additional conditions 

P '"= -ih~= p''l> x't' OX X 

p 1J> = - ih o¢ = p' 1J> u ay u 

Pz 1J> = -ih ~~ = P~ 1J> (1.5) 

Mathematically this means we have assumed the dependence of 
all four functions ¢1 on the coordinates and time to be 

1J> = 1J>0 exp [ f ( xp~ + yp; + zp~- Wt)] (1.6) 

that is, we are considering a plane wave. 
Another constant of the motion is the operator 

p = 0' xPx + O'yPy + O'zPz (1.7) 

which commutes with both H and Px, py, Pz· Hence we can sub· 
ject 1jJ to yet another condition 

P1J> = P'1J> (1.8) 

312 
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We met operator Pin Pauli's theory, but there we had no occasion 
h~ calculate its eigenfunctions since the Pauli equation contains 
only its square, which in the absence of a field is 

p2 = p~ + p~ + p'; (1.9) 

For this reason, when p~. p~, p~ are given, eigenvalue P' can 
only have two values: 

P' = + (P~2 + p~2 + p~2)'1• and P' =- (P~2 + p~2 + p'})''• (1.10) 

The Hamiltonian expressed in terms of P will have the form 

H = cpaP + mc2pc (1.11) 
Since 

H2 = m2c4 + c2P2 (1.12) 

the eigenvalues W of H will be 

W = + (m2c4 + c2P2)'1• and W = - (m2c4 + c2P2)'1' (1.13) 

Thus for a given value of momentum we have four solutions: 

first w = +I W 1. P = +I P I 
second W=+IWI, P=--IPI 
third w = -I w 1. P =+I P I 
fourth W=-IWI, P=-IPI (1.14) 

The first two correspond to positive kinetic energy. Of these 
the first corresponds to the magnetic moment or the spin vector 
coinciding in direction with the direction of motion; the second 
corresponds to motion in the opposite direction. The second two 
correspond to negative energy and have no physical meaning in 
ordinary quantum mechanics, which deals only with fixed number 
of charged particles. In the general case we established the ex
istence of these solutions in Section 11, Chapter I. 

Now let us find the eigenfunctions that describe these four 
states. 

We have a set of simultaneous algebraic equations ( 1.4) and 
(1.8), which we write (ignoring the primes) as 

(UxPx + UyPy + UzPz) '¢ = P'¢ 
(cpaP + mc2pc) '¢ = W'¢ 

(1.15) 

(1.16) 

These serve to determine the four component function \jl. But 
Eq. ( l.l5) also holds for the two component iunction of Pauli's 
theory. 

If according to formulas in Section 1, Chapter III, we consider 
Ox, 0 11 , Oz to be the Pauli matrices 

(1.17) 
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we can write (1.15) as 
(Px- ipy) '1Jl2 + Pz'¢1 = P'¢1 

(Px + ipy) '1Jl1- Pz'¢2 = P'¢2 (1.18) 

Owing to the relationship ( 1.9) the system determinant vanishes. 
We can put 

(1.19) 

where "A is constant. 
If, on the other hand, we view (1.15) as the equation for a four 

component function and, in accordance with formulas ( 4.26), 
Chapter I, bike for Ox, Oy, Oz the matrices 

where 
0 l 0 0 

l, 0 0 0 

0 0 0 - l 

0 0 -l 0 

ou = s2, 

0 -i 0 

0 

0 0 

0 0 
0 i 

(1.20) 

0 0 0 
-l 0 0 

0 -l 0 

0 0 l 
(1.21) 

then the equations for the functions '¢1 and '¢2, ( 1.18), will keep 
their form but will be joined by two similar equations for func
tions '¢3 and '¢4, namely 

- (Px + ipy) '¢4- Pz'¢3 = P'¢3 

- (Px- ipu) '¢3 + Pz'¢4 = P'¢4 (1.22) 

We can write the solution to these equations as 
'¢3 = ~ (Px + ipu), "¢4 =- ~ (P + Pz) (1.23) 

Hence the solution of ( 1.15) for the four component function 1jJ 
will contain two arbitrary constants, ')., and ~· Their ratio can be 
determined from ( 1. t 6). 

With our choice of matrices we have, according to ( 4.27), 
Chapter I, the following: 

l 0 0 0 0 0 0 - i 

0 l 0 0 0 0 i 0 

Pa = o o - 1 o ' Pb = o - i o o ' 
0 0 0 -l 0 0 0 

and Eq. ( t.t6) in expanded form will be 
cP'¢1 - mc21j)4 = W 'ljl, 

cP'¢2 + mc2'¢a = W'¢2 

- cPwa + mc2'¢2 = W'¢3 

- cPI.j>4 - mc2'¢1 = W '¢4 

[ ~~~-~~ Pc = 0 I 0 0 

-t o o oJ 
(1.24) 

(1.25) 
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Expressing by (1.19) and (1.23) the components of the wave 
function in terms of 'A and f..t, we get two equations 

(W - cP) 'A - mc21-1 = 0 

- mc2'A + (W + cP) f..t = 0 (1.26) 

each of which appears two times in ( 1.25). These equations yield 

A. W + cP -= 
mc2 

mc2 

\V- cP 
(1.27) 

It follows that the ratio 'A/f..t is real and its sign coincides with 
the sign of W. Another corollary of ( 1.27) is 

(1.28) 

Substituting the found values ( 1.19) and ( 1.23) of the compo
nents of the wave function into the expressions for the current 
density given in Section 8, Chapter I, and using the relationship 
(1.28), we get 

As=O (1.29) 

and for the space-time components of current density 

w ~ ~ ~ 
Ao=-2 A4, A1=-A4, A2=- A4, A3=-A4 (1.30) me me me me 

At W > 0 we can normalize function 'iJ in a way such that 
A4 = mc2, and at W < 0 so that A4 = -mc2• Then at W > 0 

A0 = W, A 1 = CPx• A2 =cpu, A3 = cp~ (1.31) 

and at W < 0 

A0 =-W, A1=-cpx, A2 =-cpu, A3 =-cp~ (1.32) 

Hence the spatial components of the current density are propor· 
tiona! to the momentum, and the ratios between them and the 
time component correspond to the ratio of the speed of particle 
to the speed of light. 

In conclusion we note that in the nonrelativistic limit, when W 
is close to + mc2, the values of the constants 'A and J.1 are close to 
each other and in consequence we arrive at the approximate 
equalities 

'¢z ~ 'lila at W > 0 (1.33) 

But if IPI « me and W is negative, 

'¢1 ~ '¢4, '¢2 ~ - lp3 at \r < 0 ( 1.34) 
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2. An electron in a homogeneous magnetic field 

We examined the influence of a homogeneous magnetic field on 
the energy levels of an electron in the nonrelativistic approxima
tion at the end of Chapter III, devoted to Pauli's theory. Here we 
will consider a simple problem, assuming that no forces other 
than a homogeneous magnetic field act on the electron, but we 
will solve the problem on the basis of Dirac's theory with no fur
ther omissions. 

We assume that the field is directed along the z axis and in 
absolute value is equal to I de 1. We can put the vector potential 
equal to 

(2.1) 

which in cylindrical (polar) coordinates 

X =p COS cp, y = p sin cp (2.2) 
correspond to 

Aq> = ~ I Jt' I p2, 

We will formulate our problem in Cartesian coordinates and only 
at the end of the calculations shift to polar (non-Cartesian) coor
dinates. 

The Hamiltonian will have the form 

(2.3) 
where 

Px=Px- ;c I J'Ciy, P 11 = Py + ;c I Jt' I X, Pz= Pz (2.4) 

Here, as with the free electron, the operator 
J 

P = CfxP x + Cf11P 11 + ClzPz (2.5) 

which enters into the expression for H will be a constant of the 
motion. Another constant of the motion will be operator Pz, which 
commutes with P. 

We can therefore consider the complete system of equations 

H'IJ = W\1> (2.6) 

P11J = P'\1> (2.7) 

Pz'IJ=p~11J (2.8) 

As in the case of the free electron every eigenvalue of P will 
have corresponding to it two values of W: 

W = ± (m2c4 + c2p'2)''2 (2.9) 
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·"The problem reduces to finding the eigenfunctions of P, that is, 
to solving Eq. (2.7). With our choice of matrices Eq. (2.7) can be 
written as 

(a1P x + a2P y + a3P z) 'ljJ = P''ljl (2.10) 

where ak are the 2 X 2 Pauli matrices. Once we find '¢1 and '¢2 
from these equations, we can obtain ljl3 and '¢4 from ( 1.16). 

If we apply P to (2.10) and make use of the commutation re
lations between Px, Py, Pz [see Section 5, Part III, and Section 9, 
Chapter I, Part VI], we get 

(P2 + P2 + P2 +.!!..:.. cr3 1 K I) 'Ill= P'2'1Jl (2.11) 
X Y Z C 

If we divide this equation by 2m, we get on the left-hand side an 
operator that enters into Pauli's operator [see ( 5.I9), Part III] 
and coincides with it when the electric field is zero. 

Now Eq. (2.11) has only one matrix, cr3, which moreover is 
diagonal. For this reason (2.II) splits into two equations, each 
of which has only one function '¢i· Bearing in mind (2.3) and (2.8), 
we can write them as 

[ e 11& I e2 1.1& 12 ] P~ + p~ + -c- (xpy- YPx + li) + 4c2 (x2 + y2) 'ljll 

= (P'2- p~2) 'ill (2.12) 

[P~ + p~ + e I ~I (xpy- YPx -h)+ e21~12 (x2 + y2)] '1'2 
= (P'- p:) 'i' (2.12*) 

These equations differ only in the sign in front of the term con
taining 1i. Let us express the operators Px and Pu in terms of de
rivatives and put for brevity 

~ = b _I_ (P'2- p'2) -l (2.I3) 
21ic ' 4li 2b z -

We get 

_ a2'1jlt _ a2'1jl1 _ 2ib (x a"' I _ Y a"' I ) + b2 (r + y2) .... 
ax2 ay2 ay ax 't'l 

= 2b (21 - I) 'ljl1 (2.14) 
_ a2"'2 _ a2"'2 _ 2ib (x a"'2 _ Y a"'2 ) + b2 (r + y2) .... 

ax2 ay2 ay ax '1'2 

= 2b (21 + I) 'ljl2 (2.14*) 

In polar coordinates, (2.2), these equations take the form 

a2'11lt +.!.. a"' I +_I a2"'1 + 2 .b a"'1 _ b2 2 • .., + 2b (21 _ I) .1, = o ap2 P ap p2 a<p2 t a<p P 't'I '1'1 

(2.15) 
a2"'2 + _.!.._ a¢2 +_I a2"'2 + 2ib a"'2 - b2p2.t, + 2b (21 + I),~, = o ap2 P ap p2 o<p2 a<p '1'2 r2 

(2.15*) 



318 Fundamentals of Quantum Mechanics 

We could arrive at these equations more directly if we used the 
operator P transformed to cylindrical coordinates according to 
the formulas in Section 6, Part III. 

Equations (2.15) and (2.15*) are easily solved by separating 
the variables. In this case it is sufficient to consider the equation 
for one of the functions '¢ 1 or "¢2, since owing to (2.7) these func· 
tions are connected in the following way: 

o"¢2 - i a"¢2 + b (x- iy) '11'2 =..!:... (P' - p') 'II' ax ay h z I 
(2.16) 

a"¢, + . a"¢, b ( + . ) .. , _ i (P' + ') .. , - l -- X ty 't'l-- P 't'2 ax ay n z 
(2.16") 

which are a generalization of (I.l8) when there is a magnetic 
field. 

Equations (2.14) and (2 14*) are obtained from (2.16) and 
(2.16*) by excluding one of the functions, '¢1 or 'II'2· 

We put 
(2.17) 

where A. is a constant factor, m is an integer, and f depends only 
on p, and we introduce a new independent variable 

s = bp2 (2.18) 

The equation for f that follows from (2.15*) will be 

- .!!_ (s .!!!... ) + ( _5_ + ~) f = ( l + m + 1 ) f (2 .19) 
d£ as 4 45 2 

This equation differs only in notation from the equation for 
functions connected with the generalized Laguerre polynomials, 
which was considered in Chapter V, Part II, devoted to Schro· 
clinger's theory [see Eq. (3.3*), Chapter V, Part II]. We saw that 
the eigenvalues of the operator on the left-hand side of (2.19) are 

l + m ~ 1 = I m ~ + I + p, p = 0, 1, 2, ••. 

so that l will be a nonnegative integer: 

l = 0, I, 2, •.• (2.20) 

With the value of 1 given, the number m will assume the values 

m=-1, -1+1, ... ,1-1,1 (2.21) 

At m > 0 we can take as eigenfunctions 

ftm (S) = e-~12sm12Q[ (s) (2.22) 
and at m < 0 

(2.22*) 
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where Q are the generalized Laguerre polynomials, which we 
studied in detail in Section 4, Chapter V, Part II. With such a 
definition of ftm (£) we can put 

'¢2 = ')..e- lm<rf l m (s) (2.23) 

Function ~' 1 is expressed in terms of '¢2 by (2. I 6), which in po
lar coordinates can be written as 

•h ili e-t<r ( 81JJ2 • 81JJ2 + b 2•1,) 
'!'I=- I I -- p--l- P '1'2 

P - Pz P 8p 8cp 
(2.24) 

Substituting (2.23) for '¢2, we find that 

..P1 =-A. P~~'':: e- 1 <m+o (!) ~~1• [ 2s d;t + (s- m)f] (2.25) 

On the basis of the properties of the polynomials Q~ (x) 

dQ~ (x) - Qs+l ( ) 
dx --p p-1 X 

[(4.9), Chapter V, Part II] 

dQ~ (x) 5 s-1 ) 
x dx + sQp (x) = (p + s) Qp (x 

[(4.12), Chapter V, Part II] 

it is easy to show that for both positive and negative values of m 
there is the relationship 

~!,,[2s d;t +(s-m>fzm]=-2lfz-1m+1 (2.26} 

Substituting (2.26) into (2.25), we get 

'lib''• 
'¢1 = ').. ~ 2le-' (m+l) (i)ft-1 m+1 (s} (2.27) -pz 

For brevity we rewrite (2.27) and (2.23) as 

(2.28) 

where '¢~ and ..pg are the functions defined above. 
Equations (2.10) for the two component function are the first 

two equations in the set of equations for four component func
tions 

(s1P x + s2P y + s3P z) '¢ = P1 '¢ (2.29) 

In (2.10) cr1, cr2, cr3 are the 2 X 2 Pauli matrices, and in (2.29) 
s1, s2, s3 are the 4 X 4 matrices ( 1.21). The structure of these 
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4 X 4 matrices is such that the first two equations in (2.29) coin
cide, as we have just noted, with Eqs. (2.1 0), and the last two 
are obtained from them by replacing '¢1 with -'¢4 and '¢2 with '¢a. 
Hence, if functions (2.28) satisfy the first two equations in (2.29), 
then along with 

(2.30) 

they will satisfy all the equations in (2.29). This holds regardless 
of the form of operators Px, Py, Pz, for one, in the case of the free 
electron considered in Section 1, and ( l.l9) and ( 1.23) corre
spond to (2.28) and (2.30). 

In view of this correspondence there is no need to repeat the 
manipulations of Section 1. We only need to remember ( 1.13), 
which connects the eigenvalues W and P': 

(2.31) 

and the expression that follows from (2.13) for P': 

P' = ± (p~2 + 4n2bl)''• (2.32) 

In conclusion we note that the dependence of the functions 
(2.23) and (2.27) on angle <p shows that they are the eigenfunc
tions of the operator 

11 11 
.Jlz=XPu- YPx + 2 O'z= Pq~+ 2<13 (2.33) 

for the eigenvalue 
(2.34) 

Operator .Jtz commutes with all three operators H, P and Pz that 
enter into Eqs. (2.6), (2.7), and (2.8). This fact expresses the 
axial symmetry of the problem under consideration. 

3. Constants of the motion 
in the problem with spherical symmetry 

Let us examine the problem of describing electronic states in 
a field with spherical symmetry according to Dirac's theory. We 
explored the same problem according to SchrOdinger's theory in 
Chapters IV and V, Part II. In addition, in Part III, devoted to 
Pauli's theory, we studied the properties of the angular momen
tum of an electron possessing spin. Now we will see the distinc
tions that Dirac's theory introduces; this theory explains the 
existence of doublets and gives a complete picture of the splitting 
of energy levels in a magnetic field. 
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It is convenient to follow the method used in classical mechan
ics, that is, to first consider the problem in rectangular Cartesian 
coordinates and only then go on to spherical coordinates. 

In rectangular coordinates the Hamiltonian for our problem has 
the form 

H =CPa ((JxPx + (JuPu + (JzPz) + mC2Pc + u (r) (3.1) 
or 

where 
(3.2} 

(3.3} 

is the operator introduced when we considered the Pauli equation 
[see (5.11), Part III]. The difference here is only that in Dirac's 
theory the operators for the components of spin, (Jx, (Jg, (Jz, are 
represented by 4 X 4 matrices and in Pauli's theory by 2 X 2 
matrices. 

Pauli's theory introduces the operators 

I 
.Lx=mx+2h(Jx 

1 
.Lu=m,+ 2 h(Ju 

1 
.Lz=mz + 2 h(Jz (3.4) 

for the components of total (orbital and spin) angular momentum. 
These operators satisfy the commutation relations 

.Lg.Lz- Jlz.Jlg = ih.Lx 

.Jl z,L x - .Jl x.J( z = ih.Jl g 

Jl x.J( g - .Jl g.Jl x = ih.ft z 

The operator composed of the three components, namely 
1 

.L = (J XJ{ X + (J g.ft g + (J ZJ{ Z - 2 h 

can be represented as 

(3.5) 

(3.6) 

.Jl = (Jxmx + (Jgmg + (Jzmz + h (3.7) 

We also see that the last operator commutes with each of the 
operators Jtx, Jty, Jtz. In addition, as we saw in Section 5, 
Part Ill, the operator Jt anticommutes with P, which is deter
mined by (3.3): 

(3.8) 

The Hamiltonian (3.2) in Dirac's theory includes operator P 
multiplied by matrix pa, and also two terms that commute with pc. 

21-2186 
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Since the matrices pa and pc anticommute, it follows directly that 
the operator 

(3.9) 

will commute with paP and hence with all the terms in H, so that 
we get 

and consequently 
(3.10) 

(3.11) 

Hence the quantity corresponding to operator Jt o will be constant 
for a field with spherical symmetry. We calculated the time de
rivative of this quantity for an arbitrary field in Section 10. Chap
ter I [formula ( l 0.11) ]. 

We have seen that in the problem with spherical symmetry the 
three operators H, Jto = pcJt. and Jfz commute with each other. 
For this reason we can consider the set of equations 

H,P= Jf'l' 

Jf D,P = kh'l' 

Jfz'l'= ( m +!) h'l' (3.12) 

The last two equations are closely connected with the equations 
for spherical harmonics with spin, which we examined in Part III. 

Here we have designated the integer proportional to an eigen
value of Jt o by the same letter k as the integer proportional to an 
eigenvalue of Jt in Pauli's theory [formula ( 1.22), Part I II]. This 
should not arouse confusion because in both cases k assumes the 
same values and the physical meaning of Jt and Jt o in the cor
responding theories is similar. 

4. Generalized spherical harmonics 

To find the simultaneous eigenfunctions of the operators Jto = 
= pcJt and Jfz we must transform them to spherical coordinates. 
At the same time we will perform a canonical transformation of 
the four component wave function similar to the one that we used 
in Section 2, Part III, for the two component wave function of 
Pauli's theory. 

We will denote the 4 X 4 matrices cr..-, cry, O"z that correspond to 
our choice of the Dirac matrices as s 1, s2, s3• 2 According to formu-

2 There is no reason to fear confusion of these matrices with the operators 
s,., s •. sz, introduced in Part IV, for the components of the spin angular momen
tum of a system of electrons. 
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las ( 4.26), Chapter 1, we have 

ro 1 0 Ol (0 -i 0 Ol f I 0 0 Ol 

0 0 0 0 0 0 0 -1 0 0 
s1= 

0 0 0 -I 
, s2= 

0 0 0 -i 
, Sa= 

0 0 -1 0 

0 0 -1 OJ 0 0 0 tO 0 0 1 
( 4.1) 

To express the operators Jfz and Jt in spherical coordinates we 
can use the formulas derived in Section 2, Part III, on the basis 
of Pauli's theory, the only difference being that we must change 
the matrices <11, <12, a3 to s~, s 2, sa. Let us write the most important 
of these formulas using the new notation. 

In the spherical coordinates r, e, <p, which are connected with 
the rectangular coordinates x, y, z by the relationships 

X= f sin 8 COS <p, y = r sin e sin <p, z=rcose (4.2) 

the operators .Az and .A have the form 
1i 

.Az= P~p+ 2Sa 

.A=(- s1 sin <p + s2 cos <p) Pe 

+ (- s1 cote cos <p - s2 cot 9 sin <p + s3) P~p + h 

where, as usual, p,, pe, pq> stand for the operators 

·t. a . h a . 6. a 
~=-tu~, ~=t T• ~=-tn~ 

(4.3) 

(4.4) 

(4.5) 

(the operator p, does not enter into the expressions for Jfz 
and .A). 

We perform the canonical transformation of the operators and 
functions according to formulas similar to (6. 7) and (6.8), 
Part III, namely 

where 
S cp+ •• cp = cos 2 tsa sm 2• 

After transformation we have 

1Jl' = S1jl 

S + cp • • cp = cos-- tsa sm -2 2 

(4.6) 

(4.7) 

.11: = p'f' (4.8) 

.A'=- sl cote PIP+ s2 (Pe- i: cote)+ SaP~p + ~ (4.9) 

Then we perform a transformation similar to (6.21), Part II I, 
namely 

.A" = T ..K'T+, 'I>" = T 'If>' (4.10) 

21* 
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where 
T a+. . a = cos2" ts2 sm 2 • 

As in Pauli s theory we get 

.J(" = .J(' = p z z (j) 

T+ a . . a 
=cos 2 -ts2 sm2 (4.11) 

Jt" = - 8~ a p, + s2 (Pa- i: cot 9) (4.12) 

Finally, putting 
.Jt• =(sin 9)'1• .Jl" (sin 8)-'1•, $• =(sin 9)'1• $" (4.13) 

we have 
(4.14) 

According to ( 4. 7) and ( 4.11) the matrices of the canonical 
transformation, S and T, contain the operators s1, s2, s3 but do 
not contain pa, pb, Pc· For this reason the appearance of the latter 
operators does not change in the transformation. Specifically, 
according to ( 4.27), Chapter I, we have 

( 0 0 0 -1) 
• 0 0 1 0 

Pc = Pc = 0 1 0 0 

-1 0 0 0 

(4.15) 

After multiplying by Pc the eigenvalue equation for ~=Per 
we can write it as 

(4.16) 

The system of equations for the four components of \jl•, which 
corresponds to ( 4.16), will be 

- ~~'a $;- ip6$; =- kh,P: 

- _!!j__ ·h· + . ·h· kh·h· sin a ... , tp6't'l = '1'3 

s~'a l)l:- ipa$: = kh$; 

s~n'a ,p; + iPa'l>; ==- kh$; (4.17) 

If we express the operators p, and Pe in terms of derivatives and 
change the sign on both sides of some of these equations, we can 
write them as two like systems of equations for two functions 
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each, namely 

(4.18) 

and 

(4.18*) 

Equations (4.18) and (4.18*) differ only in the sign before k. 
We met these equations in Pauli's theory when we examined 

spherical harmonics with spin [Section 3, Part III]. We wrote 
them in the form 

_I_2l.._ az =kY 
sine iJcp aa 
_I_ iJY +~=kZ (4.19) 
sine iJcp ae 

The solutions of our equations (4.18) and (4.18*) will then be 

11>; = f (r) Y (9, cp) 

11>; = g (r) Z (9, cp) 

11>; = f (r) Z (9, cp) 

11>: = - g (r) Y (9, cp) ( 4.20) 

where the functions f(r) and g(r) no longer depend on 9 and cp. 
Their dependence on r is determined by the eigenvalue equation 
for the Hamiltonian. 

5. The radial equation 

Now let us turn to the Hamiltonian. After going over to sphe
rical coordinates the Hamiltonian can be written as 

(5.1) 

Operator P• for four component functions is obtained from the 
corresponding operator for two component functions by substitut
ing the 4 X 4 matrices s~. s2, s3 for the 2 X 2 Pauli matrices 
<11, <12, <Js. On the basis of (6.37), Part I II, we have 

(5.2) 
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This operator is connected with the operator 

u• s1 + 
oAt = - sin e Pill S2P& (5.3) 

which was examined in Section 4, by the same relationship as in 
Pauli's theory [see (6.38), Part III], namely 

p• =sa(P,+i ~·) (5.4) 

We assume that the four component function 'I>• is an eigenfunc
tion of the operator 

.K;=pcJt• (5.5) 

which (unlike .,K•) commutes with the Hamiltonian. For this rea· 
son we can use formula (4.16) and put 

..H•'¢• = khpc'¢• (5.6) 
In view of (5.4) we have 

and consequently 

P•.l,• - ( + ikli ) .h. .., -sa p, -,-Pe "' 

P• • ( + k1i) • Pa '¢ =Sa PaPr Pb -,- 'I> 

(5.7) 

(5.8) 

Hence the eigenvalue equation for the Hamiltonian can be writ
ten as 

H•'¢• = ( CPaS3Pr + cpbsa k: + mc2Pc + U (r)) '¢• = W'l>• (5.9) 

This equation includes the matrices 

'tc =Pc (5.10) 

which satisfy the same relationships as pa, pb, pc: 

(5.11) 

To simplify further calculations we write the matrices fa, 'tb, Tc 

in explicit form. We have 

1 o o ol o o o -0i1 
0 -1 0 0 0 0 -i 

'ta= 0 0 l 0 ' 'tb = 0 i 0 0 ' 

lO 0 0 -lJ li 0 0 OJ 

We rewrite Eq. (5.9) in the form 

0 0 0 -11 
0 0 1 0 

'tc = 0 1 0 0 

l-1 0 0 0 J 
(5.12) 

H''!J' = ( C'taPr + C't'b ~n + mc2Tc + U (r)) 'Ill• = W'iJ• (5.13) 
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Using the expressions (5.12) for the matrices 't'a, 't'b, 't'c, we can 
write Eq. (5.13) in the expanded form. After shifting the term 
with potential energy to the right side we get 

• • klJ • 2 • (W U) • ep2'l' 1 - te-r- 'l'4 - me ¢ 4 = - 'l'1 

- ep2'l';- ie ~li 'l'; + me2'l'; = (W- U) 'l'; 

ep2'l'; + ie ~li ¢; + me2¢; = (W- U) 'l'; 

• + . kli ·h· 2,,,• (W U) • - ep2'l'4 te -r- ..,1 - me ..,1 = - 'l'4 (5.14) 

Now we substitute the 'l'; from ( 4.20) and replace operator p, 
with the corresponding derivative. For the radial functions f(r) 
and g(r) we get the following set of equations: 

- ieh ddf + ie.!!. g + me2g = (W - U) f r r 

leh ddg - ie.!!. f + me2f = (W- U)g (5.15) 
r r 

repeated twice. 

6. Comparison with the Schrodinger equation 

We can rid ourselves of the complex coefficients in (5.15) by 
putting 

':·/=f .. 
f-g f 
i...f2 = 2 (6.1) 

whence 
fl + if2 = -Y2f, fl- if2 = .y2g (6.2) 

Adding and subtracting the two equations in (5.15), we get 
for the new functions f1 and f2 a system of two equations of the 
first order with real coefficients: 

df 1 _ .!_ f _ - mc2 - W + U f 
dr r 1 - lie 2 

df2 + .!_ f = - mc2 + W- U f 
dr r 2 lie 1 (6.3) 

When the energy W is close to + me2, the coefficient of f2 in the 
first equation is much greater than the coefficient of t. in the 
second. For this reason /2 is extremely small compared with f.: 

(6.4) 

Consequently, the functions f and g in (5.15) are nearly equal 
(and nearly real). To compare the system of equations (6.3) with 
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the Schrodinger equation we put 

W=mc2 +E (6.5) 

and consider the values of E/(mc2) and (E- U)/(mc2) extremely 
small compared with unity. If we ignore them, we get 

df~ k fO 2mc fO 
dr-7 I =--li- 2 

dt'J k 0 _ E-U 0 
Tr + ,-f2- he f1 (6.6) 

where ff and fg are approximate values of f1 and f2. When we 
exclude fg from these equations, we get the following equation 
for ff: 

If here we put 
f?=rR(r) (6.8) 

then the equation for R (r) 
d2R + 1. dR - k (k- l) R + 2m [E- U (r)] R = 0 (6.9) 
dr2 r dr r2 Jj2 

coincides with the Schrodinger equation for the radial function 
[see (3.16), Chapter IV, Part II], provided that the Schrodinger 
quantum number l is linked with our quantum number k by the 
relationship 

k(k-1)=l(l+ 1) (6.10) 
which coincides with (3.17), Part II I. Thus the number I intro
duced in Section 3, Part III (that is, the degree of the ordinary 
spherical harmonics in terms of which spherical harmonics with 
spin are expressed) is nothing but the azimuthal quantum number 
of Schrodinger's theory. 

We can exclude /2 from Eqs. (6.3) without any omissions. We 
then get 

d2ft _ k(k-1) f +2m (E-U)f 
dr2 ,2 1 1'12 1 

1 dU ( df 1 k ) (E- U)2 

=- 2mc2+E-U Tr Tr-7!1 - 1}2c2 f1 (6.11) 

On the right-hand side there are small terms that represent a 
correction for the theory of relativity and for spin. For the two 
values 

k = l + 1 and k = - l (6.12) 
for which the left-hand side of (6.11) is the same, the values of 
this correction are different. The difference of the corrections for 
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the energy levels (the difference of the diagonal elements of the 
matrix for the correction terms) gives the approximate value of 
the distance between the spectral terms, namely 

co 

1i2 f I dU 
flE= E (k)- E (- k + 1) = 4m2c2 (2k-1) j r y, [f? (r)J dr (6.13) 

0 

where fY (r) is the solution to Eq. (6.7) with the following nor
malization: 

co 

~ [f?(r)J dr = 1 (6.14) 
0 

Here let us note one transformation of (6.11). If we put 

f I = ( 1 + ;;c~ r• lp (6.15) 

the equation for «p will be 

d2cp _ k (k- 1) + 2m (E _ U) 
~ ~ lp • lp 

1 ( 1 d2U k dU ) (E- U)2 

= 2mc2 + E- U 2 dr2 + r dr II' - Ji2c2 II' 

3 ( dU )2 + 4 (2mc2 + E- U)2 dr II' (6.16) 

This equation no longer contains the first derivative of the 
unknown function. If we assume that lr(dU/dr) I ~ mc2, the last 
term on the right-hand of (6.16) can be dropped. In the first term 
on the right-hand side we can ignore E- U, which is much smal
ler than 2mc2. 

7. General investigation of the radial equations 

We want to study Eq. (6.3). These two equations have two sin
gular points: 

r=O and r=oo 

We begin by examining the region close to r = 0. Let us 
assume that for small values of r the potential energy U (r) can 
be expanded in a power series: 

U (r) =- ~· +A'+ A"r + . . . (7.1) 

where the e"pansion coefficient -A1 is equal, as we noted in 
Section 7, Chapter IV, Part II, to the product of the charge of the 
nucleus, Ze, by the electron charge, -e, so that A1 = Ze2. 
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In the coefficients of the right-hand sides of Eqs. (6.3) we drop 
all terms but those that become infinite at r = 0 and we get 

!!b. - ~ It - - ~ _!_ 12 + 
dr r - he r • • • 

~:+~12=~;+1·+··· (7.2) 

We assume that near r = 0 

It= atr8 + a~rs+ 1 + .. . 
l2 = a2r8 + a~rs+ 1 + .. . (7.3) 

and we insert these expansions into Eq. (7.2). Equating the coef
ficients of r•-•, we get a system of homogeneous linear equations 

at{8-k)+ ~; a2 =0 

- ~; a1 + (8 + k) a2 = 0 (7.4) 

to determine at and a2. These equations have a solution if the 
system determinant vanishes: 

A2 
82 - k 2 + - 1 -0 (7.5) h2c2 -

From this for exponent 8 we get two values 

(7.6) 

where eo is a positive quantity: 

eo= [ k2 _ z2( Z: )j·'· 
We know that e2/lic is a dimensionless quantity approximately 
equal to 1/137. For this reason for all possible values of Z and k 
the quantity in parentheses will be positive. The constant 

e2 1 
'V = he = 137 (7.7) 

is called the fine-structure constant. 
Hence near r = 0 the general solution to Eqs. (6.3) has the 

form 

ft=ar•o(1 + ... )+br-•o[lte(~~+k) + ... ] 
f2 = ara.[ he (~1+ k) + ... ] +br-a. (1 + ... ) (7.8) 
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For the functions ft and f2 to vanish at r = 0 the constant b 
must be zero. 

If k2 = 1, then e0 = [1 - (Z/137) 2]''• < 1. For this reason, 
though ft and f2 and, consequently, "'* as well will vanish at r=O, 
the initial function "'= "'*/(r sin''•S) will become (for lkl = 1) 
infinite as r-+ 0 and it will grow as 

s.-t ll-(Z/137)') 11•-1 r =r (7.9) 

This constitutes a certain defect in the theory. It may arise from 
the fact that the Coulomb law of attraction cannot be extrapolated 
to distances so small that 

that is, 

Ze2 

->mc2 
r 

r < Z X 3 X 10-13 em 

(7.10) 

(7.11) 

Now let us investigate the equations for large values of r. We 
assume as in Section 7, Chapter IV, Part II, that the potential 
energy far away from the nucleus is 

A B U(r)=--,:-+ 7 + ... (7.12) 

We ask for the solution to (6.3) in the form 

ft =ear (atra + btra-t + ... ) 
f2 =ear (a2ra + b2ra-t + ... ) (7.13) 

We substitute these expansions into the equations and equalize 
the coefficients of the terms of order ea.rrf> and ea.rrf>-1, We get 

me2 + W 
a1a+ a2 he =0 

(7.14) 

and 
me2 + W A 

b1a+b2 he =-at(~-k) -~he 

me2 - W A 
bt he + b2a = a1 Tc - a2 (~ + k) (7.15) 

If we nullify the system determinant of (7.14), we get the follow
ing values for a: 

a= ± ;c (m2c4 - W2)'" (7 .16) 
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The left-hand sides of (7.15) have the same coefficients as 
Eqs. (7.14). Since the determinant constructed from these coef
ficients is zero, we can exclude b1 and b2 from (7.15) if we mul
tiply the first equation by -a and the second by (mc2 + W)/(lic) 
and add the results. This yields 

( k) A me2 + W A me2 + W ) 
a,a P - + tz:!a Tc + a, he he - lZ:! he (p + k = 0 

whence, expressing a2a. and a2 (mc2 + W)/(lic) in terms of a1 by 
means of Eqs. (7.14), we get after some manipulating 

W A 
2a1ap + 2a1 Tc Tc = 0 

For p this equation gives the value 

AW 
P=- ah2e2 

We will not determine the constants b, and b2• 

(7 .17) 

In conformity with the two signs of a the general integral will 
have the following form: 

me2 + W ( a' ) ft = C I he ear rfl I + -f + ... 
me2 + W -ar _ 6 ( b~ ) +C2 he e r I+,-+ ... 

or 

'2 =- c,aearrfl ( 1 + :~ + ... ) 
+c -ar -fl(t b~ + ) 

2ae r +,- ... 
If we assume that 

I WI> mc2 

(7.18) 

(7.18j 

(7.19) 

then a and p will be pure imaginary and the functions ft and f2 
will remain finite as r-+ oo with any choice of the constants C1 

and C2. But we can select these constants so that f, and f2 will 
vanish at r = 0. We can say, therefore, that the region (7.19) be
longs to the continuous spectrum. There can be no discrete spec
trum in this region because if a is pure imaginary the functions 
f1 and f2 are not square integrable. 

But if 
-mc2 < W < +mc2 (7.20) 

then a will be real (we will consider it positive). For this rea
son f1 and f2 will either rapidly increase (if C, =F 0) or rapidly 
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fall off (if C1 = 0) at infinity, so that in region (7.20) there can 
be no continuous spectrum. There is either a discrete spectrum or 
no eigenvalues at all. 

Finally, if 
W = ± mc2 (7.21) 

then a vanishes and ~ becomes infinite, so that (7.18) and (7.18•) 
break down. We must look for the asymptotic solution of our 
equations in a form similar to (7.11), Chapter IV, Part II. If we 
put 

(7.22) 

we get for the case when W = -mc2 by reasoning in a similar 
way 

f __ C hao a. ,yr -'/4 + + C hao -a, ...;r -'/4 + 
I - I 4mc e r . . . 2 4mc e r , .. 

f 2 = C 1ea• .../rr''• + ... + C#-a'...;; r'1• + , . , 
and for the case when W = + mc2 

/1 = C1e1a. ...;;r1' + ... + C2e-1a....;;r'1• + ... 

(7 .23) 

f2 =-C1 ~~a; eta,..,Jr,-'1•+ ... + C2 ~",;;; e-ta,-Vr,-'1•+ ... (7.24) 

When at great distances from the nucleus there is only attrac
tion, A > 0 and <Xo is real. In this case the value W = + mc2 

belongs to the continuous energy spectrum and W = -mc2 does 
not. But in the case of repulsive forces A < 0 and <Xo is pure imag
inary; then W = -mc2 belongs to the continuous spectrum and 
W = + mc2 does not. 

Hence we have established that in the case of attraction the 
continuous spectrum will be 

W < - mc2, W ~ + mc2, A > 0 

and in the case of repulsion 

W ~ - mc2, W > + mc2, A< 0 

whereas a discrete spectrum is possible only if 

IWI<mc2 

(7.25) 

(7.25°) 

(7.26) 

From Eqs. (6.3) for radial functions we can derive some gen· 
era! corollaries regarding the distribution of the energy levels in 
the discrete spectrum. If we multiply the first equation in (6.3) 
by /2 and the second by /J and add the results, we get 

:, (fd2) =- ~c [(mc2 + w- U) f~ + (mc2 - W + u) fi] (7.27) 
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By integrating this expression from 0 to oo and bearing in mind 
the behaviour of the functions of the discrete spectrum we get 
zero on the left, and the right-hand side yields 

00 00 

~ u (ti- tD dr =- ~ [(mc2 + W) ~~ + (mc2 - w) tn dr (7.28) 
0 0 

But we know that in the discrete spectrum W lies between -mc2 
and + mc2• Whence the right-hand side is negative, and we have 
the inequality 

00 

~ U (fi - fD dr < 0 (7.29) 
0 

It follows from this that at a negative U (attraction) fi is on 
the average greater than f~. As we saw in (6.4), this is the case 
when W is close to + mc2, that is, when W > 0. Consequently, in 
the case of attraction there are no negative energy levels belong
ing to the discrete spectrum. 

But in the case of repulsion ( U > 0) there are no positive ener
gy levels but there may be negative levels. These negative levels 
can have no direct physical meaning. (The same was true of the 
states with negative kinetic energy mentioned in Section 12, 
Chapter 1.) 

8 Quantum numbers 

According to the results of our investigation the stationary 
state of an electron in a central field can be characterized by the 
energy parameter and the quantum numbers k and m, the first of 
which is connected with the total angular momentum and the sec
ond with its projection on the z axis. For the discrete spectrum 
the energy W will depend on a third (principal or radial) quan
tum number, which is introduced when solving the radial equa· 
tion, and also on the number k, which enters this equation as a 
parameter. Hence here, as in Schrodinger's theory, the electronic 
state in the discrete spectrum is described by three quantum num· 
hers. and the energy depends on two of them. 

As we found in Section 6, the leading terms of the second
order equation analogous to the Schrodinger equation contain 
the quadratic expression k (k- 1), whereas the number k alone 
enters only into the correction term. The second-order equation 
contains k (k - 1) in the same way that the Schrodinger equation 
contains l (l + 1). Hence we can put 

k(k-1)=1(1+1) (8.1) 
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whence 

lk-;j=t+; (8.2) 

For this reason the two energy levels that correspond to the 
same principal quantum number n and to the same l (or I k-1/2l) 
but to two different values of k: 

k=l+ 1, k=-l (8.3) 

are quite close to each other and form a doublet. The exception is 
when l = 0. Since k cannot take on a zero value, only one level 
remains, and that is with k = + l. 

The doublet separation was calculated in Section 6 [see (6.13)]. 
Thus Dirac's theory gives us what is required by experiment

the doubling (compared with Schrodinger's theory) of energy le
vels; and the level with l = 0 is nondegenerate as experiments 
require. This doubling expresses one of the two additional (intrin
sic) degrees of freedom of the electron, which were mentioned in 
Section 12, Chapter I. 

It is customary to distinguish between the two levels of a dou
blet by the values of a new quantum number, which we denote 
by j. The quantum number j, like I, is uniquely determined by k, 
namely 

i=lkl-.!. 2 
(8.4) 

Hence j can take on positive values that are equal to an integer 
and a half. 

Since the number of values of the magnetic quantum number m 
for a given k is 21 k 1. the value of j gives the multiplicity of the 
level, which is 

21 k 1=2i + 1 (8.5) 

It follows from a comparison of (8.4) with (8.2) that j differs 
from I by ± 1/2. namely 

j =I+.!. at k > 0 2 

. l 1 t k 0 J= -2 a < (8.6) 

Going by this formula, if we know l and j, we can find the sign 
of k and hence k itself. 

Spectroscopy usually denotes spectral terms with different val
ues of I, that is, I = 0, 1, 2, ... , by the letters S, P, D, ... , and 
the value of j is given as the lower index to these letters. We can 
relate different quantum numbers to different spectral terms in 
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the form of the following table: 

k=+ 1, 1=0, . II ]= 2• s 
k=-1, I= 1, i= 1/2. p,,, 
k=+2. I= 1, j = 3/2, p.,, 
k=-2, 1=2, j = 3'2· D•t, 
k=+3. 1=2, i=%. D•t. 

It is the selection rule that determines between which spectral 
terms transitions are possible. 

9. Heisenberg's matrices and the selection rule 

We will denote the wave function corresponding to the quantum 
numbers n, k, m (where n is the principal quantum number) by 1j) 
or another letter without a prime, and the wave function with the 
quantum numbers n', k', m' by 11'' or the alternative letter with 
a prime (here we discard the asterisk, which in Section 4 was 
used to distinguish wave functions in spherical coordinates). 

If the wave function is normalized so that 

~ ~ ~ ,"jJ11J dr da dcp = 1 (9.1) 

any element of Heisenberg's matrix for any one of the coordi· 
nates, say, x, will be 

(nkm I x I n' k' m') = ~ ~ ~ x,j,11J' dr d9 dcp 

= ~ ~ ~ x( ,j,1¢; + ,j,2¢~ + ;j,31j)~ + ,"j>41J1~) dr d6 dcp (9.2) 

If we Insert in (9.1) the expressions for ¢1, ¢2, 1J1a, ¢•• ( 4.20), the 
normalization condition will be 

~ ~ ~ <ff + gg) (YY + ZZ) dr d6 dcp = 1 

This holds if 
00 

~ <ff + gg) dr = 1 
0 

and 
n 2n 

~ ~ (YY + ZZ) d6 dcp = 1 
e-o cp-o 

(9.3) 

(9.4) 

(9.5) 
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Now if we insert (4.20) into (9.2), we get 

(nkm I xI n'k'm') = ~ ~ ~ x (ff' + gg') (YY' + ZZ') dr d9 dcp (9.6) 

Similar expressions can be written for the other coordinates, y 
and z. 

As in Schrodinger's theory, the triple integrals of type (9.6) 
separate into the products of simple integrals. And if we put 

00 

rD (nk; n'k') = ~ r (ff' + gg') dr (9.7) 
0 

then the elements of Heisenberg's matrices for the coordinates 
x, y, z will be equal to the product of (9.7) multiplied respectively 
by 

(km I sin 9 cos cp I k' m') = ~ ~ sine cos cp (YY' + Z Z') d9 dcp (9.8) 

(km 1 sin 9 sin cp I k' m') = ~ ~ sin 9 sin cp (YY' + ZZ') d9 dcp (9.9) 

(km I cos 91 k' m') = ~ ~cos 9 (YY' + ZZ') d9 dcp (9.10) 

To evaluate these integrals we express Y and Z in terms of y1 
and y2 by means of (3.4) and (3.13), Part III. We get 

YY' + ZZ' = 4~ el<m'-m)q> (YIY~ + Y2Y~) sine (9.11) 

We first evaluate the integral (9.1 0). It will obviously differ 
from zero only if m' = m; in this case it will be 

n 

(km I cos e I k' m) = ~ ~ cos 9 (Y 1y; + y2y~) sin 9 d9 (9.12) 
0 

or, if we use the notations of Section 4, Part III, 
n 

(kmlcos91k'm)= ~ ~cos9y(k, m, 9)y(k', m, 9)sin9d9 (9.12•) 
u 

If we now express the product y(k, m, 9) cos 9 in accordance with 
( 4.9), Part II I, 

y (k, m, 9) cos e 
2m+ I [(k- m) (k + m + 1)]'1• 

=- 4k2 _ 1 y(-k, m, 9)+ 12k+ll y(k+1, m, 9) 

+ [(k + m) (k- m- t))''• (k- 1 9) (9.13) 
l2k -II y 'm, 

22-2186 
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then on the basis of the orthogonality of functions y we conclude 
that the integral (9.12) is nonzero in only three cases: 

k1 =-k, k1 =k+1, k 1 =k-1 (9.14) 

In these cases it is equal to the respective coefficients in (9.13), 
namely 

2m+l 
(km I cos a 1-k m) = - 4kl- I 

(k I a I k + 1 ) _ [(k - m) (k + m + 1)]'1• 
m cos m - l2k + II 

(km I cos a I k - 1 m)- £<k + m> <k- m - I)]''• 
- l2k-ll 

(9.15) 

(9.15.) 

(9.15j 

We compute the first two integrals, (9.8) and (9.9), in a similar 
way. For this it is convenient to do as we did in Section 9, Chap
ter IV, Part II, that is, construct their linear combination 
(km I sin a e1(p I k' m1 ) 

= 4~ ~ ~et<m'-m+t>(psin2 ay(k, m, a)y(k1 ,m1 , a1)dadcp (9.16) 

which, obviously, will differ from zero only if m1 = m- 1. With 
this condition it is 
km I sin a e1(p I k1 m- 1) 

n 

=! ~ sin2 a y (k, m, a) y (k1 , m- 1, a) da (9.17) 
0 

If we now express the product y(k1, m- 1, a) sin a by means of 
(4.10), Part III, 

I (k'l- m2)1/ 1 1 
y(k,m-l,a)sina=2 4k;2 _ 1 y(-k,m,a) 

_ [(k'- m- I) (k'- m)) (k1 _ 1 a) 
2k' -I Y ' m, 

+ [(k' + m + I) (k' + m))'t. (k1 + 1 a) 
211' + 1 Y 'm, (9.18) 

we find that the integral in (9.17) does not vanish in only three 
cases (9.14), when it is 

(k'2 _ m2)'/1 
(- k' m I sin a e1(p I k1 m - 1) = 2 4k'2 _ 1 

(k1 - 1 m I sin a e1'P I k' m- 1) = l(k'- m ;,'~<~'- mH''• 

(k' + 1 ml sin a el(p I k1 m- 1)- [(k' + m+ I) (k' +m))'t. 
- 2k'+ I (9.19) 



Dirac's Theory of the Electron 

or, if we express k' in terms of k, 

(k2 - m2)'1• 
(km 1 sine e1C~~I- k m- 1) = 2 4k2 _ 1 

(km I sin e e1Cill k + I m- 1) = - [(k- m) ~~ ~ 7 + ol''• 

(kml sin9e1C~~Ik -1 m-1) = [(k + m)i!! ~- 1>1''• (9.19*) 

From this we get the matrix elements (9.8) and (9.9) according 
to formulas similar to (9.23) and (9.24), Chapter IV, Part II. We 
write these elements in the form of a table: 

(km I sin 9 cos cp I k' m') (km I sin 9 sin cp I k'm') 

k'=-k (k2 - m1)'/s . (k2- m2)''• 
m'=m-l 4k2 -1 -t 4k2 - I 

k'=-k [kl- (m + I)2J''• [k2- (m + J)2J''• 
m'=m + 1 4k2 -1 i 4k2 - I 

k'=k+ 1 [(k- m) (k- m + l)J''• l [(k- m) (k- m + I)J''• 
m'=m- I -2 2k+ I 2 2k+ 1 

k'=k+l 1 [(k + m +I) (k + m + 2))''• i [(k + m + 1) (k + m + 2)]'1• 
m'=m +I 2 2k + 1 2 2k + 1 

k'=k-l 1 [(k + m) (k + m- I)J''• l [(k + m) (k + m- I)]''• 
m'=m- 1 2 2k- 1 -2 2k- I 

k'=k- 1 1 [(k- m- 1)(k-m -2))'1• i [(k- m- 1) (k- m- 2))''• 
m'=m+ 1 -2 2k- I 2 2k -1 

These results reflect the selection rule that determines between 
which terms transitions are possible or impossible. 

The selection rule with respect to quantum number m will be 
the same as in Schrodinger's theory; namely, for coordinate z 
(light polarized along the z axis) 

m'=m (9.20) 

and for coordinates x and y (light polarized on the xy plane) 

m' = m ± 1 (9.21) 

Levels that differ from each other by the value of the quantum 
number m can be distinguished only in a magnetic field directed 
along the z axis. It is not surprising then that the z axis plays 

22* 
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such a special role in the selection rule with respect to m - the 
direction of this axis is physically selected by the direction of the 
magnetic field. 

The selection rule with respect to k is 

k' = - k, k' = k + 1, k' = k - 1 (9.22) 

This rule states that quantum number l = lk- 1/ 2 1 - 1/ 2 always 
changes by unity, as in Schrodinger's theory. However, not all 
transitions of the type l' = l ± I are possible. There is a second 
condition for quantum number j: it must either remain unchanged 
or change only by unity. For example, a transition is possible 
between the P•ts and D•t. terms but not between the P•ts and v.,, 
terms. 

10. Alternative derivation of the selection rule 

In view of the importance of the selection rule we will note 
another derivation, less elementary but not requiring a knowledge 
of spherical harmonics. The idea of this derivation belongs to 
Dirac. 

Consider the operator 

with eigenvalues 

(m+ ~)11 
The matrix representing this operator will be diagonal fn quan
tum number m. If we write only this quantum number and assume 
the rest, we get 

(mi.Azl m')= ( m + ~) Mmm' 

Now we consider the matrix for coordinate z with elements 

(ml z lm') 

From the commutation relation 
.A;zZ- z.A2 = 0 (10J) 

we get the following relationship between the matrix elements: 

(m+ ~)ll(mlzlm')-(mlzlm')(m'+ ~)11=0 (10.2) 
or 

(m - m') (m I z I m') = 0 (10.2j 

Consequently, the only matrix elements of z that differ from zero 
are those for which m' = m. As we know, this reflects the se
lection rule for z with respect to quantum number m. 
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Now we note that the selection rules for x, y, z are the .same as 
for X = CpaOx, [/ = CpaOg, i = CpaOz. This is why instead of X, y, z 
we can deal with the matrices 

which in some cases is simpler. For instance, from 

Aza3- a3.Lz = 0 
or 

it follows that 

(m - m') (m I z I m') = 0 

which is what we obtained before. 

(10.3) 

(10.4) 

We will derive the selection rule for x and y or for x and [/, 
which is the same. We have 

.llzi- xJlz =CPa (.LzOx- Ox.Lz) = ihCp4 0g 

or 

• -~·~• ... I 
(10.5) 

and in the same way 

.Lzfj- fi.Lz =CPa (.Lzcr11 - Og.L2 ) = -lhtP4 0x. 
or 

(10.6) 

If we multiply (I 0.6) by i and add the product to (1 0.5), we get 

.Lz (x + ifl)- (x + ifl) .;Kz = 1t (x + lfl) (10.7) 

Transferring to matrix elements we get 

(m - m' - I) (m I x + lfll m') = 0 (10.8) 

which is thE! result that can be obtained from (9.16). 
In a similar manner we obtain · 

(m- m' + l)(ml x- ifllm')=O (10.9) 

Whence the condition that the matrix elements for x and for y do 
not vanish is 

m'=m±l (10.10) 

The way we proceeded can be somewhat altered. It follows 
from (10.5) and (10.6) that 

(10.11) 
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Transferring to matrix elements we get 

( m + ~ Y (m I x I m') - 2 ( m + ~ ) (m I x I m') ( m' + ~ ) 
+ (m I x' I m') ( m' + ~ r- (mIx lm') = 0 

or 
[ (m - m')2 - 1] (m I x I m') = 0 (10.12) 

from which we get the previous result ( 1 0.10). 
We now seek the selection rule with respect to quantum num

ber k. The quantity kh is the eigenvalue of the operator 

.Lo=Pc.Jl (10.13) 
where 

.A= f1xmx + crymy + crzmz + h (10.14) 

We considered Jtv in Section 3 (it is the generalization of the cor· 
responding operator in Pauli's theory). By formula ( 1.18), 
Part III, operator .It satisfies the relationship 

Jl2 = hJt + (m~ + m! + m;) 
Let us consider the operator 

!£ = Jto (.ll'bz- zJt'b)- (Jt'bz- zJt1) Jto 

In view of ( 1 0.13) and the equality 

Jib= J(2 

we can write !£ in the following form: 

!£ = (pc.Jl) (Jt2z- zJt2) - (Jt2z - zJt2) (pc.Jl) 

(10.15) 

(10.16) 

(10.17) 

(10.18) 

Since matrix Pc commutes with .It and anticommutes with i = 
= Cpacrz, we can write !£ as 

!£ = Pc [Jt (Jt2z- zJt2) + (Jt2z- zJt2) ...K] 

But owing to (10.15) 
Jl2z- zJt2 = h (Jtz- zJt) 

which yields 
!£ = hpc [Jt (..Kz- zJt) +(.liz- zJt) Jt] 

(l 0.19) 

(10.20) 

(10.19*) 

instead of (10.19). The terms of type .ltz.lt cancel out and we get 

!£ = hpc (Jt2:i- zJl2) (10.21) 

After applying (10.20) once more we arrive at 

!£ = h2Pc (Jtz- :i.ll) (10.22) 
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If we return to operator Jf D of Dirac's theory and take into 
account that i and Pc anticommute, we can write 

P=n2 (vllDz+z.JtD> (10.23) 

By equating the initial and final expressions (10.16) and (10.23) 
for !l', we come to the equality 

..K1z- JtDzvl{~- .Jt'bzvllD + zvl{1- n2 (..KDz + z.JtD) = o (10.24) 

Now we transfer from operators to matrices and use the repre
sentation in which .AD is diagonal. The matrix element for each 
term in (1 0.24) is obtained from the matrix element (k IiI k') by 
multiplying the latter into the eigenvalues lik and lik', the eigen
values of .It D, in the proper degree (into lik if .AD is to the left 
of z and by lik' if .It D is to the right of i). Dividing out h3, we get 

(k3 - kk'2 - k2k' + k'3 - k- k') (k 1 z 1 k') = o (10.25) 
or 

(k + k') (k- k'- 1) (k- k' + 1) (k 1 z I k') = o (10.25*) 

From this follows the selection rule with respect to k: 

k'=-k, k'=k+1. k'=k-1 (10.26) 

which we have already derived in a different way. 

11. The hydrogen atom. Radial functions 

For the hydrogen atom, for which the potential energy is 
e2 

U(r) =- r (11.1) 

radial equations (6.3) permit an exact solution. In the given case 
these equations have the form 

dJ; - ~ f 1 = ic (-mc2 - W - e; ) f z 

~: +: f2= r}c ( -mc2+ W + e; )!1 (11.2) 

We will confine ourselves to examining the discrete spectrum, 
that is, when W2 < m2c4• We put 

(11.3) 

and consider a. positive. Having in mind the asymptotic formu
las (7.18), we introduce a new independent variable 

x=2ar (11.4) 
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We also put 

W =mc2 coss, me • a= 71 sm s, 

Finally, we recall the value of the fine-structure constant 
e2 1 

v=TC"= 137 

After we change variables Eqs. (11.2) appear as 

!!I..!.-.! f1 =(-!cot.!.-.!.) f2 dx X 2 2 X 

d/2 +.! f2 =(-..!..tan.!.+.!.) f1 
dx X 2 2 X 

(11.5) 

(11.6) 

(11.7) 

Angle s is a parameter here. We must determine it in such a way 
that Eqs. ( 11.7) have solutions that are finite and continuous 
throughout the interval 0 < x < oo and that vanish at x = 0 
and x = oo. 

Let us introduce two new functions, F and G, such that 
F-G F+G 

f 1 = 2 sin (e/2) ' f 2 = 2 cos (e/2) (ll.S) 

The new functions are expressed in terms of f1 and f2 In the fol
lowing way: 

F(x)=f1sin; + f2cos; 

G (x) =- f1 sin ~ + f2 cos~ (11.9) 

Multiplying the first equation in ( 11.7) by ±sin (e/2), the second 
by cos (s/2), and adding, we get 

dF k 1 V ( 
dx + x-G=-2F+ xsine Fcoss-G) 
dG k 1 V 
Tx + % F = 2 G + xsln e (F- G cos s) (11.10) 

We can exclude G or F from these equations. The result will be 

r:~ +x :~ + [-! x2 +x ( ycots+ ~)- k2+y2]F=0 (11.11) 

or 

x2 ~~+x~~+[-! x2 +x(vcots- ~)-k2 +v2]G=O (11.11*) 

These equations are of the same type as 

- d~ (X :~ ) + ( = + :: ) y = (P + s -;- 1 ) y (11.12) 
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which we considered in detail in the chapter devoted to a nonrel
ativistic electron in a Coulomb field (Sections 3, 4, and 5, Chap
ter V, Part II). To make Eq. (11.11) for F coincide with (11.12) 
for y it is sufficient to put 

s=2(k2 -V2)''•, P+ ~ =vcote (11.13) 

For (ll.Jt•) parameter s will have the same value and p will 
be less by one unit. Hence the eigenvalues are 

v cote= p + (k2 - v2)''•. p = 0, 1, 2, • • • (11.14) 

and the eigenfunctions are 

F (x) = Cx812e-"12Q', (x) (11.15) 

G (x) = C' x812e-"12Q~-I {x) (11.15*) 

Since F and G are linked by the system of equations {11.10), the 
ratio of the constants, C/C', will be a definite number. 

Solving the first of the equations in (11.10) with respect to G, 
we get 

G (x) = k +~/sin 8 [X ~= + ( P + ~ - ; ) F] 

C . .s/2 -x/2 ( s d'f,) 
= k + v/sln 8 x e pQp- X --;:[X {11.16) 

But in view of the property of polynomial Q~ derived earlier we 
have 

Q!J dQ~ { + )Q!J P P- X dx = P P s p-1 

[(4.13*), Chapter V, Part II] 
It also follows from (11.13) that 

p(p+s>=+- k2 
sin 8 

For this reason 

G (x) = C (sf: 8 - k) x812e-"12Q;_ 1 (x) 

{11.17) 

{11.18) 

Hence we have expressed the constants in (11.15•), C', in terms 
of C. 

To determine C we turn to the normalization condition. As we 
did in Schrodinger's theory, we introduce the atomic unit of 
length 

(11.19) 
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and denote the distance from the nucleus in atomic units by 
r 

'•=c; 
Constant a introduced by ( 11.3), will be 

(11.20) 

(m2c4 - W2)'/• • 
a= he = sm e /(av) (11.21) 

so that variable x is connected with '• by the relationship 
sine x=2ar=2- r 1 (11.22) y 

We take 
00 

~ (fi + fi) dr 1 = 1 
0 

as the normalization condition, which also means that 
00 

~ (ff + fD dx = 2 s~n e 
0 

If we express f1 and f2 in terms of F and G, we get 
1 

fj + fi = sin2 e (P + 0 2 - 2FG cos e) 

(11.23) 

(11.23*) 

(11.24) 

Substituting ( 11.24) into ( 11.23•) and remembering that F 
and G are orthogonal to each other, we can write the normaliza 4 

tion condition as follows: 
00 

~ (P + G2) dx = 2 si;a e 

0 

From this we can find the normalization constant C: 

C2- 1 sin• e 
- (p- 1)1 r (p + s) (- k + y/sin e) y2 

or by (11.17) 
C2 _ k + yjsin e sin4 e 

- plf(p+s+l) y2 

From this, if we introduce 
•s 1 

Qp (x) = [pi r (p + s + t)]''• Q~ (x) 
we get 

F (x) = sin2 e (+ + k)''• xs/2e-x/2Q;s (x) 
y sme 

G ( ) sin2 e ( v k)''• s/2 -x12Q•s ( ) X = -- -.- - X e p-l X v sme 

(11.23**) 

(11.25) 

(11.25*) 

(11.26) 

(11.26*) 
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It is convenient to denote v/sin e by n•: 

n·=-l--
sms 

Its square is 
n*2 = p2 + 2p (k2 - v2)''• + k2 

so that n• differs only slightly from the integer 

n=p+lkl 
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(11.27) 

(11.28) 

(11.29) 

which can be interpreted as the principal quantum number. 
By inserting n• into ( 11.26) and ( 11.26*) we can write the two 

expressions as 

F = n~2 (n* + k)''• ( ~ .. r'2 e-rJn•Q;11 ( ~ .. ) (11.30) 

G = n!2 (n*- k)'1• ( ;;.• ) s{2 e -r,tn•Q;&_, ( ~ .. ) (11.30*) 

For a given value of the principal quantum number n the num
ber k can take on the following sequence: 

-n+ 1, -n+2, .. . , -1, + 1, ... , n-1, n (11.31) 

in all 2n- 1 values. The number k cannot be equal to -n since 
then the lower index of Q~s_, in ( 11.30) would become negative. 
But the value k = +n is possible because in this case from 
( 11.29) we get p = 0, and from ( 11.28) we get n• = k, so that 
the factor (n•- k) ''• of Q;s_, vanishes. 

The number p is closely connected with the radial quantum 
number n, of Schrodinger's theory. Namely, because of 

n=n,+l + 1 =p+l k I 
and the relationship between l and k we have 

p=n, at k > 0 

p = n, + 1 at k < 0 (11.32) 

Thus, we have found the eigenfunctions corresponding to the 
discrete spectrum. It presents no difficulty to solve our equations 
for the value W = + mc2, which corresponds to the boundary be
tween the discrete and continuous spectra, and for the continuous 
spectrum. But we will not do so. 

12. Fine-structure levels of hydrogen 

Now we will express energy in terms of quantum numbers. 
According to (I 1.5) and ( 11.14), 

W = mc2 cos e = mc2 [p + W- v2>''•1 (12.1) 
{[p + w - r>''• ]2 + rl '• 
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or by means of (11.27) 

W = mc2 (I- ;, r· (12.1*) 

Formula ( 12.1) is called the Sommerfeld formula. 
As we noted at the end of Section 7, Dirac's theory gives only 

positive levels.• The lowest level (the ground state of hydrogen) 
corresponds to quantum numbers k = +1, p = 0, (n = 1), and 
is 

W0 = mc2 (1- y2)'1• (12.2) 

The entire discrete spectrum is located in the interval 

mc2 (1 - y2)"• ~ W < mc2 (12.3) 

whereas in the interval 
- mc2 < W < mc2 (1 - y2)''• (12.4) 

there are no energy eigenvalues at all. 
To compare the Sommerfeld formula with the Bohr formula, 

which we derived in Schrodinger's theory, we will go on to approx· 
imate formulas. By approximately extracting the square root in 
(12.1*) we get 

(12.5) 

But by (11.6) and (11.19) 

whereas by ( 11.28) and ( 11.29) 

n"2 = n2 + 2 (n -I k I) [(k2 - 'Y2)''• -I k I] (12.7) 

Usimz these expressions, we get, within terms of the order of 
mc2y6, 

2 e2 e2 'f(4 a) w =me - 2an2 - Ba fiT m -II 0 2·8> 

The first term is a constant (the relativistic rest energy), the 
second is the (nonrelativistic) formula for the Bohr levels of 
hydrogen, and the third term provides a relativistic correction to 
it. This correction depends upon k as well as upon the principal 
quantum number n. For this reason the energy levels of hydrogen, 
which in Schrodinger's theory depended only on n and did not 
change when the azimuthal quantum number l changed, split into 
several levels lying close to each other. These are obtained if we 
give the number k in (12.8) all permissible values (11.31). The 
result is the fine structure of the hydrogen spectral lines observed 
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in experiments. We note that the energy levels depend only on 
the absolute value of k (that is, on I but not on I), so that, say, 
the spectral terms Ps;2 and Ds;2 for hydrogen coincide . 

.Next we will find the doublet separation in the central-field 
problem (the doublet in alkali metals), that is, the valce 

~W = W (n, k)- W (n, - k + l) (12.9) 

If we consider k > 0 and put k = l + 1, the formula (12.8) gives 
e•r 

~W = 2an 1l (l +I) (12.10) 

We computed the same quantity for the general case of a cen
tral field in Section 6 [see formula (6.13)]. Let us apply that for
mula to hydrogen. We have 

00 

AE = 4~:c2 (21 + l) ~ ~: [f~ (r)]2 dr (12.11) 

Here we must put 

r=ar" 
so that 

0 

00 

M: = e~!' (21 + 1) ~ R!1 (r 1) ~1 
0 

(12.12) 

(12.13) 

Using the expression (6.11), Chapter V, Part II, for R,., (r1) 

and introducing the integration variable x = 2rdn, we get 
00 

A 1:'- e1v" 2l + I r x2l-le-J& [Q~+I ( )12 d 
UL - a n• J n-l-1 X J X (12.14) 

0 

We denote the integral by I. If we put n -l- 1 = p and 
2l + 1 = s, we can write the integral as 

00 

I=~ X8 - 2e-J&[Q;8 (x)]2 dx (12.15) 
u 

This integral was calculated in Section 4, Chapter V, Part II 
[formulas (4.21) and (4.23)]. It is 

2p + s +I n 
I= (s- I) s (s + I) = 2 (21 + I) l (I + I) (12.16) 

Substitution of I in (12.14) yields 
e -yt 

~E = 2a n 3t (I+ I) (12.17) 

that is, the previous result (12.10). 
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13. The Zeeman effect. Statement of the problem 

The energy levels for a central field, as we have seen, depend 
only on the quantum numbers n and k. The third quantum num
ber m does not enter into the fine structure formula ( 12.8), so 
that one level can correspond to states with different values of m. 

But if we place the atom in a magnetic field, each level splits 
into several levels that differ by the value of m. This is what is 
called the Zeeman effect. Schrodinger's theory proves insufficient 
to explain this effect. But Dirac's theory, as we will now see, pro
vides a full explanation of this effect and one that corresponds to 
experimental data in every respect. 

In Section 5, Part Ill, we examined a generalization of the 
Schrodinger equation for the case of a magnetic field, namely, 
the Pauli equation. But the Pauli equation disregards relativistic 
corrections. At the same time the splitting of levels in a magnetic 
field is, generally speaking, of the same order of magnitude as 
these corrections. Hence both must be considered simultaneously. 
For this reason to explain the Zeeman effect we must examine the 
Dirac equation, which takes into account both the theory of rel
ativity and the magnetic field. 

We assume that we have a constant magnetic field 11 directed 
along the z axis. As we know, the vector potential of this field 
will be 

(13.1) 

and the generalized component of the vector potential correspond
ing to angle q> can be found by the formula 

Ax dx + A11 dy = Acp dq> 
or 

1 I 2l Hl(xdy- ydx)=2l Hlp2 d<p 
whence 

(13.2) 

The additional term we must add to the Hamiltonian in the 
absence of a field, or the zeroth-order Hamiltonian 

If*= CPa ( ~· Pe + r ~~a Pep+ SaPr) + mC2Pc + U (r) (13.3) 

is found according to the general rule by replacing pep with 

P cp = Pep + -; A., 
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We denote this term by R. It will be 

R = ~ e llt' I PaS2r sin 9 (13.4) 

To find the correction energy due to this term we must apply 
perturbation theory and calculate the matrix elements of R that 
correspond to the various transitions. As we saw in Section 7, 
Chapter II, Part II, the main role is played by the matrix ele
ments that correspond to the transitions between levels that are 
very close to each other, that is, between the levels of one doublet 
in our case. Hence we will consider none but these transitions 
and put 

n'=n 
k' (k'- 1) = k (k - 1) 

(13.5) 

(13.5*) 

As for the quantum number m, operator R commutes with the 
operator of differentiation with respect to q>, that is, with .Lz, 
whose eigenvalues are (m + 1/ 2)h. For this reason (see the second 
derivation of the selection rule in Section 10) the matrix for R 
will be diagonal in m, so that we must put 

m'=m 

Therefore we ask for the following matrix elements: 

(kl R lk), 
(- k + 11 R I k), 

(kl Rl- k+ I) 
(-k+11RI-k+I) 

(for brevity we omit the quantum numbers n and m). 
The total Hamiltonian is 

H=H*+R 

and the eigenvalue equation will be 

(H* + R) 11> = Ww 

(13.6) 

(13.7) 

(13.8) 

Using the method outlined in Section 7, Chapter II, Part II, we 
seek the approximate eigenfunction as 

11> = C1 W~ + C2W:.Ht (13.9) 

where 11>* are the eigenfunctions of the zeroth-order Hamiltonian, 
H•. We substitute (13.9) into (13.8), premultiply by 11>~ and inte
grate. We also multiply the result of the above substitution into 
'lf>:.k+t and integrate. This gives us two equations 

[Wk + (kl R lk)]ct + (kl Rl- k + l)c2 = Wet 
(- k + 11 R lk)ct + [W -Ht +(- k+ 11 R 1-k+ l)]c2 = Wc2 (13.10) 
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with W, the unperturbed energy level corresponding to a given 
value of k. We nullify the system determinant of ( 13.1 0), which 
is constructed from the coefficients of the unknowns c1 and c2• 

This yields for W a quadratic equation whose roots are 

1 
W ='2 (W,+ W-Ht+R,+R-Ht) 

± ! [(W,- W -Ht + R,- iL.t+t)2 + 41 (- k +II R I k) PJ''• (13.11) 

where for brevity we put 

R,=(kiRik) (13.12) 

Equation (13.11) gives the corrected values of the energy level. 

14. Calculation of the perturbation matrix 

Now we turn to computing the matrix elements (13.7). Using 
the value of a2 = pas2 given by (4.29), Chapter I, and the expres
sion (4.20) for the function w•. we get 

(ekl R I k') 

. ! el HI~~~ r sine i(gf' -1g') (ZY'- YZ') dr d9 dcp (14.1) 

Let us express f and g in terms of ft and f2 with the help of (6.2): 

f - fl + ift fl-lf2 
- ,12 ' g = ..;2 (14.2) 

and consider ft and f2 real. As for the functions Y (9, cp) and 
Z (9, q>) of e and cp, we express them as 

Y (9, cp) = (4:>''• e' (m+•t.l IPA (9) 

Z (9 cp) = ~el(m+'IMB (9) 
' (4n)'11 

(14.3) 

in terms of functions A (9) and B (9), which depend only on one 
angle, a [see Section 3, Part III]. Since at m = m' the integrand 
in (14.1) does not depend on cp, integration with respect to cp 
amounts to multiplying by 2n. We get 

00 00 

(k I R I k') =- ! e I HI~ r (f 1f~ + f2f~) dr ~ sin 9(BA' +AB')d9 (14.4) 
0 0 

We will show that the left integral can be found approximately 
without solving the radial equations. According to (6.3) these 
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equations have the form 

df t _ .!_ f _ - mc2 - W + U f 
dr 2 1 - ftc 2 

dft + !f = - mc2 + W- U f 
dr 2 2 lie 1 
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(14.5) 

In Section 7 we saw that the radial functions of a discrete spec
trum fall off at infinity exponentially and vanish at r = 0. For 
this reason we have the identity 
00 00 

~ (f1 f~ + fi~) dr =- ~ r:, (f/~ + fi~ dr 
0 0 

r ( df~ , df I df~ , df 2 ) 
=- .l ' f. Tr + f. Tr + f2 Tr + f 2 Tr dr (14.6) 

0 

On the right-hand side we replace the derivatives with their 
expressions given by differential equations ( 14.5) and we get 

00 00 

~ (fd~ + f2f~) dr =- (k + k') ~ (f 1f~- f2f~) dr 
0 0 

00 

+ 2;c ~ r (f 1 f~ + fi~) dr 
0 

00 

+ W';;W ~r(f1f~-f~f2)dr (14.7) 
0 

The second term on the right-hand side is the sought integral 
that enters into (14.4). We note now that f2 is very small com
pared with f1 and that for the values of k and k' we are consider
ing, for which k(k -1) = k'(k' -1), the difference W'- W (the 
doublet separation) is very small compared with 2mc2, and f~ 
differs very little from f1 [both approximately satisfy the same 
equation (6.7) ]. If we take into account the normalization of the 
functions, we get from (14.7) the approximate formula for the 
integral with respect to r in (14.4): 

00 

~ r (f 1 f~ + fi;) dr = 2!c (k + k' + 1) (14.8) 
0 

If we introduce the Larmor frequency 
e 11t' I 

(i) =--
L 2mc (14.9) 

23-2186 
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and insert (14.8) into (14.4), we get 
:rt 

(k I R I k') =- ! hroL (k + k' + 1) ~sine (BA' + AB') de (14.10) 
0 

Now we have only to compute the integral 
:rt 

J = ~ sin e (BA' + AB') de (14.11) 
0 

Integrating by parts and using Eq. (3.5), Part III, for the func
tions A and B, we get 

:rt 

J = ~ cose :0 (BA' + AB') de 
0 

:rt 

=- (k + k') ~ cos 9 (AA'- BB') d9 (14.12) 
0 

We multiply (14.11) by k + k' and add the result to (14.12). 
This yields 

(k + k' + 1) J =- (k + k') Re (f e1a (A+ iB) (A'+ iB') d9) (14.13) 

Now according to the formula 

A+ iB =(sin e)''• e- 1612 (Yt + iy2) (14.14) 

we introduce the functions Yt and y2. used earlier in Pauli's 
theory [see (3.13), Part III]. Then 

:rt 

(k + k' + 1) I=- (k + k') ~ (Y1Y;- Y2Y~) sin 9 de (14.13*) 
0 

so that 
:rt 

(k I R I k') = {- hroL (k + k') ~ (Y,Y~- Y2Y~) sin a d9 (14.15) 
0 

Owing to the orthogonality of the spherical harmonics p;m, which 
can be used to express Yt and Y2• the integral (14.15) differs from 
zero only when l' = l, that is, when (13.5) holds. Hence the mat
rix elements ( 13. 7) are not only the most important for calculat
ing corrections but the only ones that differ from zero (if n'=n). 

To evaluate the integral (14.15) it is sufficient to express y 1 

and y2 according to (3.24), Part III, in terms of ordinary spheri-
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cal harmonics and the normalization condition for lhc luller. As 
a result we get 

(k I R I k')- _!_ /tro k + k' { (k + m) (k' + m) 
- 4 L )2k- II [I (k + m) (k' + m) 1)1!• 

- [I (k- m- 1) (k'- m- 1) I ]''•} (14.16) 

Giving k' the values k and - k + 1, we obtain 

Rk = (k I R I k) = hroL k !:_ ,12 ( m + ~) (14.17) 

(k I R 1- k + 1) =- /troL [(k + m~ i: = ~- l)l''• (14.18) 

Replacing k by -k + 1 in ( 14.17) yields 

R-k+l=(-k+11RI-k+l)=hroL kk~1~2 (m+ ~) (14.19) 

We have now computed all the matrix elements in (13.7). 

15. Splitting of energy levels in a magnetic field 

To find the shifted energy levels we need only insert the expres
sions found for the matrix elements of R into formula (13.11). 
For brevity we denote the half-sum of the spectral terms in a 
doublet by Wo: 

1 
2 (W k + W -Ht) = Wo 

and put 
w k- w -k+l = ~w 

(15.1) 

(15.2 

We insert these expressions along with (14.17), (14.18), and 
(14.19) into (13.11) and get 

W = Wo + /troL (m + 1/2) 

±.!... (<~W)2 + 2 ~Whro m + 112 + h2ro2 )''• (15.3) 2 L k -1f2 L 

This formula fully describes the Zeeman effect. 
When the magnetic field is weak, so that hroL Is small compared 

with the doublet separation ~ W, we can extract the square root 
approximately by dropping h2rot. The result will be two levels: 

W'=Wo+ ~ ~W+11roL (m+ ~) k.!:_'/2 (15.4) 

W" = Wo- ~ ~W + 11roL ( m + ~) kk.=-,~2 (15.4*) 

23* 
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or, if instead of W0 and l\ W we insert their values (15.1) 
and (15.2), 

W' = W k + hroL ( m + ! ) k !_ 1/ 1 (15.5) 

W" = W -k+J + hroL ( m + ! ) : -=-~~~ (15.5*) 

In a magnetic field each spectral term splits into 21 k I separate 
terms corresponding to 

m=-lkl, -lkl+1, ... ,lkl-1 (15.6) 

The distance between two adjacent terms is 

(15.7) 

where 
g __ k_ (15.8) 

- k- 1/t 

is what is known as the Lande factor (also called the g-factor). 
Since it is always positive, it can be represented as 

lkl /+ 1/a (15.9) 
g = I k- 1/tl = l + 1/2 

where j and l are defined as usual. For different spectral terms, 
corresponding to k = 1, -1, 2, -2, ... , the Lande factor takes 
on the following values: 

k l I term g 
I 0 lfl s 2 

-I lfl Pat, a/a 
2 a/, P,,, 4/a 

-2 2 .,2 D,,, .,, 
3 2 1/a D,,, e/s 

-3 3 s;, F'lr e/, 

The case just considered is referred to as the anomalous Zeeman 
effect. 

We shall now turn to the normal Zeeman effect, to be found in 
strong magnetic fields. When a field is so strong that hoot is great 
compared with l\ W, we can extract the square root approximately 
by ignoring the square of l\ W. We then get two levels 

w·=W0 +1trodm+l)+l\W ;k~1~1 (15.10) 

Woo w + t. Aw m + lfg = o nroLm- u 2k- I (15.11) 
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or, if we ignored W as well, 

w· = Wo + hroL (m + 1) 

w•• = W0 + hro~..m 
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(15.12) 

(15.13) 

In this case the distance between the components of the Zeeman 
multiplet no longer depends on quantum number k and is equal 
to hro~... Thus, when the magnetic field gets stronger, several com
ponents corresponding to one value of m but to different k's 
merge to form one. This is the transition from the anomalous 
Zeeman effect to the normal Zeeman effect. 

If !::. W > 0, then when the field gets stronger the spectral 
term W' becomes W• and the term W" becomes W**. But if 
!::. W < 0, then W' becomes W** and W" becomes W•. Since the 
square root in (15.3) keeps its sign when hroL changes, the two 
spectral terms do not intersect when the magnetic field changes. 

Experimental data confirm this in every detail. In fact, the 
formulas derived here were first found empirically. 

The Zeeman effect makes it possible to compare with experi
ment the relative intensities of the lines that correspond to the 
transitions between spectral terms with given k and k' and differ
ent values of m and m'. These intensities can be calculated with
out a knowledge of radial functions. Indeed, in expressions of 
the type (9.6) for elements of Heisenberg's matrices the factor 
ro(nk; n'k') does not depend on m or m'. For this reason, accord
ing to (3.16), Chapter III, Part II, the intensities will be propor
tional to the quantities 

I= [ I (km I sin e cos q> I k' m') F 
+I (km I sine sin q> I k'm') F +I (km I cos e I k'm') Fl (15.14) 

Using the table in Section 9 and the formulas (9.15), (9.15•), 
and (9.15.,..), for example we get for the value k' = k + 1 and 
for the cases m' = m- 1, m' = m, and m' = m + 1 the follow
ing values of /: 

1 _.!.. (k- m) (k- m +I) m' = m _ 1 
-- 2 (2k + 1)2 ' 

1 _ (k-m)(k+m+l) m'=m 
0- (2k + 1)2 ' 

(15.15) 

(15.16) 

I _ _!_ (k+m+l)(k+m+2) m'=m+l (15.17) 
+- 2 (2k + I)~ ' 

Here lo gives the intensity of light polarized in the direction of 
the magnetic field, and L and I+ give the intensity of light po
larized in the plane perpendicular to this direction. The sum of 
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these quantities 

does not depend on m. 
We note that the factor rD (nk; n'k') primarily depends only on 

the quantum numbers l and l' and is approximately equal to the 
corresponding quantity r(nl; n'l') in Schrodinger's theory [see 
(9.14), Chapter IV, Part II], so that its value is almost the same 
for the two components of a doublet. This makes it possible to 
compare the intensities of the Zeeman components belonging to 
different components of the doublet. 



Chapter III 

ON THE THEORY OF POSITRONS 

1. Charge conjugation 

In Chapter I of Dirac's theory (more exactly, in Section 5) we 
noted that it is possible to select the matrices in such a way that 
the system of four equations for the components of the wave func
tion of a free electron will have real coefficients [Eqs. (5.9) ]. 
According to (5.8), Chapter I, the corresponding Dirac matrices 
will be· 

(1.1) 

where Ot, 02, oa and Pt, P2. pa are the Dirac matrices (3.18) and 
(3.19), Chapter I. The matrix elements of ay, a~, a~ are real, and 
the matrix elements of a~ are pure imaginary. 

Let us write the Dirac equation for an electron in an electro
magnetic field that corresponds to this choice of matrices. We 
have 

H'¢0 = ih ~r (1.2) 

For stationary states, when the wave function depends on time 
via the factor e-iwtfh, we get 

H'¢0 = W'¢0 (1.3) 
where 

H'¢0 = a0 (- i!ic a'¢o + eA '¢0) + a0 (- ihc a'¢o + eA -¢0) 
I 8X X 2 8y Y 

+ ag (- i!ic ~~0 + eAz'¢0 ) + mc2aN°- e<l>'¢0 = W '¢0 (1.4) 

Now we write the equations that are complex conjugate to (1.4), 
and let us change the sign on both sides. We get 

a0 (- i!ic a'¢o - eA 'Po)+ a0 (- ific a'¢o - eA '¢0) 
I OX X 2 8y Y 

+ag(-inc ~~o -eA6 \jl0)+mc2aN°+e<l>'¢0 =-W'¢0 (1.5) 

These equations differ from the previous (aside from the substitu
tion of¢"0 for '¢0) only in the different signs of the electron charge 
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-e and the energy W. Hence the quantity that is complex conju
gate to the wave function of a particle with a negative charge and 
negative energy (that is, to the wave function of an electron with 
negative energy) can in a certain sense be associated with the 
wave function of a particle that has a positive charge and positive 
energy (that is, with the wave function of a positron in a state 
with positive energy). This is not a direct association, however, 
and cannot be interpreted in the context of the one-body problem. 
Such an interpretation would conflict with the fundamental con· 
cepts of quantum mechanics. But it does clear the way for an 
interpretation of the mysterious states of the electron with nega
tive kinetic energy and the related second internal degree of free
dom of the electron, which we noted in Section 12, Chapter I. 

2. Basic ideas of positron theory 

The physical interpretation of the second internal degree of 
freedom of the electron is based on the study of the problem of a 
physical system that consists of a variable number of charged 
particles but in which the total charge does not change (the law 
of conservation of the total charge). 

The mathematical statement of this problem requires introduc
ing operators of a new kind, namely, operators that act not on 
the wave function of a fixed number of variables (corresponding 
to the number of particles) but on a sequence of wave functions 
that depend on the variables for one, two, three, etc. particles. 
These new operators convert each of these functions into a func
tion of variables for a number of particles greater by one (the 
creation operator) or less by one (the annihilation operator). 

These operators of a new kind are a formal generalization of 
the one-particle wave function. The creation operators generalize 
the wave function itself, and the annihilation operators generalize 
the quantity complex conjugate to it. 

Operators that represent a formal generalization of the wave 
function are sometimes referred to as the quantized wave func
tion, and the transition from an ordinary wave function to a 
quantized is known as second quantization. Second quantization is 
also applied to systems consisting of an indefinite number of 
uncharged particles - light quanta, or photons. This is the sub
ject of quantum electrodynamics. 

The theory of second quantization will not be considered in this 
book. It can be found in the author's Studies in Quantum Field 
Theory. 3 

8 V. A. Fock. Studies in Quantum Field Theory, Leningrad University Press, 
Leningrad, 1957 (in Russian). (The book contains articles that were first pub
lished in 1928-37.) 
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3. Positrons as unfilled states 

In conclusion, a few words about the model proposed by Dirac 
for positrons as unfilled states (vacancies, or holes) in some ficti
tious "sea" (sometimes called the Dirac sea) of electrons in states 
with negative kinetic (and total) energy. The electric charge of 
this "sea" is somehow neutralized. 

In a certain sense the model of a "sea" of filled negative-energy 
states is a generalization (or extrapolation) of the concept of a 
filled electron shell in an atom, whose negative charge is neutral
ized by the positive charge of the atomic nucleus. The lack of one 
electron in the atomic shell is expressed in the existence of one 
positive charge equal in absolute value to the electron charge and 
constitutes a kind of analogue or model of the positron. 

However, application of the concept of a "sea" to the theory of 
positrons has logical faults. First, it is not understandable why 
this "sea" proves to be neutralized. Hence the initial concept of a 
"neutralized sea" is nonphysical. Second, the concept of a full 
set of states (which the Dirac sea is supposed to be) has mathe
matical meaning only when these states are discrete. In the case 
of a continuous spectrum a full set of states cannot be distin
guished from a partially filled set, and the initial concept of the 
theory loses mathematical meaning. 

Therefore we must recognize that there is still no closed, logi
cally faultless theory of positrons. Construction of such a theory 
will probably require essentially new physical concepts in addi
tion to those used in ordinary quantum mechanics. 

For this reason this book did not set out to give a full picture 
of the present state of the theory of positrons but confined itself 
to general remarks about the fundamentals of the theory. 
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